Feynman’s Preface 


These are the lectures in physics that I gave last year and the year before to the 
freshman and sophomore classes at Caltech. The lectures are, of course, not 
verbatim—they have been edited, sometimes extensively and sometimes less so. 
The lectures form only part of the complete course. The whole group of 180 
students gathered in a big lecture room twice a week to hear these lectures and 
then they broke up into small groups of 15 to 20 students in recitation sections 
under the guidance of a teaching assistant. In addition, there was a laboratory 
session once a week. 

The special problem we tried to get at with these lectures was to maintain the 
interest of the very enthusiastic and rather smart students coming out of the high 
schools and into Caltech. They have heard a lot about how interesting and excit- 
ing physics ts-—the theory of relativity, quantum mechanics, and other modern 
ideas. By the end of two years of our previous course, many would be very dis- 
couraged because there were really very few grand, new, modern ideas presented 
to them, They were made to study inclined planes, electrostatics, and so forth, 
and after two years it was quite stultifying. The problem was whether or not we 
could make a course which would save the more advanced and excited student by 
maintaining his enthusiasm. 

The lectures here are not in any way meant to be a survey course, but are very 
serious. I thought to address them to the most intelligent in the class and to make 
sure, if possible, that even the most intelligent student was unable to completely 
encompass everything that was in the lectures—by putting in suggestions of appli- 
cations of the ideas and concepts in various directions outside the main line of 
attack. For this reason, though, I tried very hard to make all the statements as 
accurate as possible, to point out in every case where the equations and ideas fitted 
into the body of physics, and how—-when they learned more—things would be 
modified. I also felt that for such students it is important to indicate what it is 
that they should—if they are sufficiently clever—be able to understand by deduc- 
tion from what has been said before, and what is being put in as something new. 
When new ideas came in, | would try either to deduce them if they were deducible, 
or to explain that it was a new idea which hadn’t any basis in terms of things they 
had already tearned and which was not supposed to be provable—but was just 
added in. 

At the start of these lectures, | assumed that the students knew something when 
they came out of high school—such things as geometrical optics, simple chemistry 
ideas, and so on. | also didn’t see that there was any reason to make the lectures 
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A great triumph of twentieth-century physics, the theory of quantum mechanics, 
is now nearly 40 years old, yet we have generally been giving our students their 
introductory course in physics (for many students, their last) with hardly more 
than a casual allusion to this central part of our knowledge of the physical world. 
We should do better by them. These lectures are an attempt to present them with 
the basic and essential ideas of the quantum mechanics in a way that would, 
hopefully, be comprehensible. The approach you will find here is novel, particu- 
larly at the level of a sophomore course, and was considered very much an experi- 
ment. After seeing how easily some of the students take to it, however, I believe 
that the experiment was a success. There is, of course, room for improvement, 
and it will come with more experience in the classroom. What you will find here 
is a record of that first experiment. 

In the two-year sequence of the Feynman Lectures on Physics which were given 
from September 1961 through May 1963 for the introductory physics course at 
Caltech, the concepts of quantum physics were brought in whenever they were 
necessary for an understanding of the phenomena being described. In addition, 
the last twelve lectures of the second year were given over to a more coherent 
introduction to some of the concepts of quantum mechanics. It became clear as 
the lectures drew to a close, however, that not enough time had been left for the 
quantum mechanics. As the material was prepared, it was continually discovered 
that other important and interesting topics could be treated with the elementary 
tools that had been developed. There was also a fear that the too brief treatment 
of the Schrédinger wave function which had been included in the twelfth lecture 
would not provide a sufficient bridge to the more conventional treatments of many 
books the students might hope to read. It was therefore decided to extend the 
series with seven additional lectures; they were given to the sophomore class in 
May of 1964. These lectures rounded out and extended somewhat the material 
developed in the earlier lectures. 

In this volume we have put together the lectures from both years with some 
adjustment of the sequence. In addition, two lectures originally given to the fresh- 
man class as an introduction to quantum physics have been lifted bodily from 
Volume I (where they were Chapters 37 and 38) and placed as the first two chapters 
hereto make this volume a self-contained unit, relatively independent of the 
first two. A few ideas about the quantization of angular momentum (including a 
discussion of the Stern-Gerlach experiment) had been introduced in Chapters 34 
and 35 of Volume IT, and familiarity with them is assumed; for the convenience 
of those who will not have that volume at hand, those two chapters are reproduced 
here as an Appendix. 

This set of lectures tries to elucidate from the beginning those features of the 
quantum mechanics which are most basic and most general. The first lectures 
tackle head on the ideas of a probability amplitude, the interference of amplitudes, 
the abstract notion of a state, and the superposition and resolution of states—and 
the Dirac notation is used from the start. In each instance the ideas are introduced 
together with a detailed discussion of some specific examples—to try to make the 
physical ideas as real as possible. The time dependence of states including states 
of definite energy comes next, and the ideas are applied at once to the study of 
two-state systems. A detailed discussion of the ammonia maser provides the frame- 
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work for the introduction to radiation absorption and induced transitions. The 
lectures then go on to consider more complex systems, leading to a discussion of 
the propagation of electrons in a crystal, and to a rather complete treatment of the 
quantum mechanics of angular momentum. Our introduction to quantum me- 
chanics ends in Chapter 20 with a discussion of the Schrédinger wave function, 
its differential equation, and the solution for the hydrogen atom. 

The last chapter of this volume is not intended to be a part of the “course. 
It is a “seminar” on superconductivity and was given in the spirit of some of the 
entertainment lectures of the first two volumes, with the intent of opening to the 
students a broader view of the relation of what they were learning to the general 
culture of physics. Feynman’s “epilogue” serves as the period to the three- 
volume series. 

As explained in the Foreword to Volume I, these lectures were but one aspect 
of a program for the development of a new introductory course carried out at the 
California Institute of Technology under the supervision of the Physics Course 
Revision Committee (Robert Leighton, Victor Neher, and Matthew Sands). The 
program was made possible by a grant from the Ford Foundation. Many people 
helped with the technical details of the preparation of this volume: Marylou 
Clayton, Julie Curcio, James Hartle, Tom Harvey. Martin Israel, Patricia Preuss, 
Fanny Warren, and Barbara Zimmerman. Professors Gerry Neugebauer and 
Charles Wilts contributed greatly to the accuracy and clarity of the material by 
reviewing carefully much of the manuscript. 

But the story of quantum mechanics you will find here is Richard Feynman's. 
Our labors will have been well spent if we have been able to bring to others even 
some of the intellectual excitement we experienced as we saw the ideas unfold in 
his real-life Lectures on Physics. 


December, 1964 MATTHEW SANDS 
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APPENDIX 


Quantum Behavior 


1-1 Atomic mechanics 


“Quantum mechanics” is the description of the behavior of matter and light 
in all its details and, in particular, of the happenings on an atomic scale. Things 
on a very small scale behave like nothing that you have any direct experience 
about. They do not behave like waves, they do not behave like particles, they do 
not behave like clouds, or billiard balls, or weights on springs, or like anything 
that you have ever seen. 

Newton thought that light was made up of particles, but then it was discovered 
that it behaves like a wave. Later, however (in the beginning of the twentieth 
century), it was found that light did indeed sometimes behave like a particle. 
Historically, the electron, for example, was thought to behave like a particle, and 
then it was found that in many respects it behaved like a wave. So it really behaves 
like neither. Now we have given up. We say: “It is like neither.” 

There is one lucky break, however—electrons behave just like light. The 
quantum behavior of atomic objects (electrons, protons, neutrons, photons, and 
so on) is the same for all, they are all “particle waves,” or whatever you want to 
call them. So what we learn about the properties of electrons (which we shall use 
for our examples) will apply also to all “particles,” including photons of light. 

The gradual accumulation of information about atomic and small-scale be- 
havior during the first quarter of this century, which gave some indications about 
how small things do behave, produced an increasing confusion which was finally 
resolved in 1926 and 1927 by Schrédinger, Heisenberg, and Born. They finally 
obtained a consistent description of the behavior of matter on a small scale. We 
take up the main features of that description in this chapter. 

Because atomic behavior is so unlike ordinary experience, it is very difficult 
to get used to, and it appears peculiar and mysterious to everyone—both to the 
novice and to the experienced physicist. Even the experts do not understand it 
the way they would like to, and it is perfectly reasonable that they should not, 
because all of direct, human experience and of human intuition applies to large 
objects. We know how large objects will act, but things on a small scale just do 
not act that way. So we have to learn about them in a sort of abstract or imagi- 
native fashion and not by connection with our direct experience. 

In this chapter we shall tackle immediately the basic element of the mysterious 
behavior in its most strange form. We choose to examine a phenomenon which is 
impossible, absolutely impossible, to explain in any classical way, and which has 
in it the heart of quantum mechanics. In reality, it contains the only mystery. 
We cannot make the mystery go away by “explaining” how it works. We will just 
tell you how it works. In telling you how it works we will have told you about the 
basic peculiarities of all quantum mechanics. 


1-2 An experiment with bullets 


To try to understand the quantum behavior of electrons, we shall compare 
and contrast their behavior, in a particular experimental setup, with the more 
familiar behavior of particles like bullets, and with the behavior of waves like 
water waves. We consider first the behavior of bullets in the experimental setup 
shown diagrammatically in Fig. 1-1. We have a machine gun that shoots a stream 
of bullets. It is not a very good gun, in that it sprays the bullets (randomly) over a 
fairly large angular spread, as indicated in the figure. In front of the gun we have 
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a wall (made of armor plate) that has in it two holes just about big enough to let a 
bullet through. Beyond the wall is a backstop (say a thick wall of wood) which will 
“absorb” the bullets when they hit it. In front of the wall we have an object which 
we Shall call a “detector” of bullets. It might be a box containing sand. Any bullet 
that enters the detector will be stopped and accumulated. When we wish, we can 
empty the box and count the number of bullets that have been caught. The 
detector can be moved back and forth (in what we will call the x-direction). With 
this apparatus, we can find out experimentally the answer to the question: ‘What 
is the probability that a bullet which passes through the holes in the wall will 
arrive at the backstop at the distance x from the center?’’ First, you should 
realize that we should talk about probability, because we cannot say definitely 
where any particular bullet will go. A bullet which happens to hit one of the holes 
may bounce off the edges of the hole, and may end up anywhere at all. By “‘prob- 
ability” we mean the chance that the bullet will arrive at the detector, which we can 
measure by counting the number which arrive at the detector in a certain time and 
then taking the ratio of this number to the roral number that hit the backstop during 
that time. Or, if we assume that the gun always shoots at the same rate during the 
measurements, the probability we want is just proportional to the number that 
reach the detector in some standard time interval. 
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For our present purposes we would like to imagine a somewhat idealized 
experiment in which the bullets are not real bullets, but are indestructible bullets— 
they cannot break in half. In our experiment we find that bullets always arrive in 
lumps, and when we find something in the detector, it is always one whole bullet. 
If the rate at which the machine gun fires is made very low, we find that at any given 
moment either nothing arrives, or one and only one—exactly one—bullet arrives 
at the backstop. Also, the size of the lump certainly does not depend on the rate 
of firing of the gun. We shall say: “Bullets a/wayy arrive in identical lumps.” What 
we measure with our detector is the probability of arrival of alump. And we meas- 
ure the probability as a function of x. The result of such measurements with this 
apparatus (we have not yet done the experiment, so we are really imagining the 
result) are plotted in the graph drawn in part (c) of Fig. !~1. In the graph we plot 
the probability to the right and x vertically, so that the x-scale fits the diagram of 
the apparatus. We call the probability Py. because the bullets may have come 
either through hole | or through hole 2. You will not be surprised that P,, is 
large mear the middle of the graph but gets small if x is very large. You may 
wonder, however, why P2 has its maximum value at x = 0. We can understand 
this fact if we do our experiment again after covering up hole 2, and once more 
while covering up hole 1. When hole 2 is covered, bullets can pass only through 
hole 1, and we get the curve marked P, in part (b) of the figure. As you would 
expect, the maximum of P, occurs at the value of x which is on a straight line with 
the gun and hole |. When hole ! is closed, we get the symmetric curve Py drawn 
in the figure. Py is the probability distribution for bullets that pass through hole 
2. Comparing parts (b) and (c) of Fig. I-!, we find the important result that 


Pig = Py + Po. (1.1) 


The probabilities just add together. The effect with both holes open is the sum of 
the effects with each hole open alone. We shall call this result an observation of 
“no interference,’ for a reason that you will see later. So much for bullets. They 
come in lumps, and their probability of arrival shows no interference. 


1-3 An experiment with waves 


Now we wish to consider an experiment with water waves. The apparatus is 
shown diagrammatically in Fig. 1-2. We have a shallow trough of water. A small 
object labeled the ‘wave source” is jiggled up and down by a motor and makes 
circular waves. To the right of the source we have again a wall with two holes, 
and beyond that is a second wall, which, to keep things simple, is an ‘‘absorber,” 
so that there is no reflection of the waves that arrive there. This can be done by 
building a gradual sand “‘beach.’’ In front of the beach we place a detector which 
can be moved back and forth in the x-direction, as before. The detector is now a 
device which measures the “intensity” of the wave motion. You can imagine a 
gadget which measures the height of the wave motion, but whose scale is calibrated 
in proportion to the square of the actual height, so that the reading is proportional 
to the intensity of the wave. Our detector reads, then, in proportion to the energy 
being carried by the wave—or rather, the rate at which energy is carried to the 
detector. 
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With our wave apparatus, the first thing to notice is that the intensity can 
have any size. If the source just moves a very smal] amount, then there is just a 
little bit of wave motion at the detector. When there is more motion at the source, 
there is more intensity at the detector. The intensity of the wave can have any 
value at all. We would nof say that there was any ‘“‘lumpiness” in the wave intensity. 

Now let us measure the wave intensity for various values of x (keeping the 
wave source operating always in the same way). We get the interesting-looking 
curve marked J,» in part (c) of the figure. 

We have already worked out how such patterns can come about when we 
studied the interference of electric waves in Volume I. In this case we would 
observe that the original wave is diffracted at the holes, and new circular waves 
spread out from each hole. If we cover one hole at a time and measure the intensity 
distribution at the absorber we find the rather simple intensity curves shown in part 
(b) of the figure. /, is the intensity of the wave from hole | (which we find by 
measuring when hole 2 is blocked off) and /, is the intensity of the wave from hole 
2 (seen when hole | is blocked). 

The intensity 7,2 observed when both holes are open is certainly not the sum 
of J, and Jy. We say that there is “interference” of the two waves. At some places 
(where the curve J; has its maxima) the waves are “in phase” and the wave 
peaks add together to give a large amplitude and, therefore, a large intensity. We 
say that the two waves are “interfering constructively” at such places. There will 
be such constructive interference wherever the distance from the detector to one 
hole is a whole number of wavelengths larger (or shorter) than the distance from 
the detector to the other hole. 
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At those places where the two waves arrive at the detector with a phase differ- 
ence of m (where they are ‘out of phase’’) the resulting wave motion at the detector 
will be the difference of the two amplitudes. The waves “interfere destructively,” 
and we get a Jow vajue for the wave intensity. We expect such low values wherever 
the distance between hole 1 and the detector is different from the distance between 
hole 2 and the detector by an odd number of half-wavelengths. The low values of 
J, in Fig. 1-2 correspond to the places where the two waves interfere destructively. 

You will remember that the quantitative relationship between /1. /2, and /,, 
can be expressed in the following way: The instantaneous height of the water wave 
at the detector for the wave from hole | can be written as (the real part of) 4,e°%%, 
where the “amplitude” /, is, in general, a complex number. The intensity is 
proportional to the mean squared height or, when we use the complex numbers, 
to the absolute value squared |A,|”. Similarly, for hole 2 the height is fae! and the 
intensity is proportional 10 |/9|7.. When both holes are open, the wave heights 
add to give the height(2, + Ay)e* and the intensity |4, + 42/7. Omitting the 
constant of proportionality for our present purposes, the proper relations for 
interfering waves are 


Ty = \hy 


2 Ta = |hel® Ian = JA + Ad|?. (1.2) 


You will notice that the result is quite different from that obtained with bullets 
(Eq. I-1). If we expand |, + /y|? we see that 


lay + hol? = |hy|? + |hol? + 2\hallhe 


cos 6, (1.3) 


where 6 is the phase difference between A, and fy. In terms of the intensities, we 
could write 
Iho = Ty + Ig + 2\/IqI2 cos é. (1.4) 


The last term in (1.4) is the “interference term.” So much for water waves. The 
intensity can have any value, and it shows interference. 


1-4 An experiment with electrons 


Now we imagine a similar experiment with electrons. It is shown diagram- 
matically in Fig. 1-3. We make an electron gun which consists of a tungsten wire 
heated by an electric current and surrounded by a metal box with a hole in it. If 
the wire is at a negative voltage with respect to the box, electrons emitted by the 
wire will be accelerated toward the walls and some will pass through the hole. 
All the electrons which come out of the gun will have (nearly) the same energy. 
In front of the gun is again a wall (just a thin metal plate) with two holes in it. 
Beyond the wall is another plate which will serve as a “backstop.”” In front of the 
backstop we place a movable detector. The detector might be a geiger counter or, 
perhaps better, an electron multiplier, which is connected to a loudspeaker. 

We should say right away that you should not try to set up this experiment 
(as you could have done with the two we have already described). This experiment 
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has never been done in just this way. The trouble is that the apparatus would have 
to be made on an impossibly small scale to show the effects we are interested in. 
We are doing a “thought experiment,” which we have chosen because it is easy to 
think about. We know the results that would be obtained because there are many 
experiments that have been done, in which the scale and the proportions have 
been chosen to show the effects we shall describe. 

The first thing we notice with our electron experiment is that we hear sharp 
“clicks” from the detector (that is, from the loudspeaker). And all ‘“‘clicks”’ are 
the same. There are no “half-clicks.” 

We would also notice that the “clicks” come very erratically. Something like: 
click... .. click-click ...click........ click ....click-click...... click. .., 
etc., just as you have, no doubt, heard a geiger counter operating. If we count 
the clicks which arrive in a sufficiently long time—say for many minutes—and 
then count again for another equal period, we find that the two numbers are very 
nearly the same. So we can speak of the average rate at which the clicks are heard 
(so-and-so-many clicks per minute on the average). 

As we move the detector around, the rate at which the clicks appear is faster 
or slower, but the size (loudness) of each click is always the same. If we lower the 
temperature of the wire in the gun, the rate of clicking slows down, but still each 
click sounds the same. We would notice also that if we put two separate detectors 
at the backstop, one or the other would click, but never both at once. (Except that 
once in a while, if there were two clicks very close together in time, our ear might 
not sense the separation.) We conclude, therefore, that whatever arrives at the 
backstop arrives in “Jumps.” All the “lumps” are the same size: only whole 
“dumps” arrive, and they arrive one at a time at the backstop. We shall say: 
“Electrons always arrive in identical lumps.” 

Just as for our experiment with bullets, we can now proceed to find experi- 
mentally the answer to the question: “What is the relative probability that an 
electron ‘lump’ will arrive at the backstop at various distances x from the center?” 
As before, we obtain the relative probability by observing the rate of clicks, holding 
the operation of the gun constant. The probability that lumps will arrive at a 
particular x is proportional to the average rate of clicks at that x. 

The result ©f our experiment is the interesting curve marked P;, in part (c) 
of Fig. 1-3. Yes! That is the way electrons go. 


1-5 The interference of electron waves 


Now let us try to analyze the curve of Fig. 1-3 to see whether we can under- 
stand the behavior of the electrons. The first thing we would say is that since they 
come in lumps, each lump, which we may as well call an electron, has come either 
through hole 1 or through hole 2. Let us write this in the form of a “Proposition”: 


Proposition A: Each electron either goes through hole | or it goes through 
hole 2. 


Assuming Propositon A, all electrons that arrive at the backstop can be di- 
vided into two classes: (1) those that come through hole 1, and (2) those that come 
through hole 2. So our observed curve must be the sum of the effects of the elec- 
trons which come through hole | and the electrons which come through hole 2. 
Let us check this idea by experiment. First, we will make a measurement for those 
electrons that come through hole |, We block off hole 2 and make our counts of 
the clicks from the detector. From the clicking rate, we get P;. The result of the 
measurement is shown by the curve marked P, in part (b) of Fig. 1-3. The result 
seems quite reasonable. In a similar way, we measure P2, the probability distribu- 
tion for the electrons that come through hole 2. The result of this measurement 
is also drawn in the figure. 

The result P,2 obtained with both holes open is clearly not the sum of P; and 
Py, the probabilities for each hole alone. In analogy with our water-wave experi- 
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ment, we say: “There is interference.” 
For electrons: Pig A Py + Po. (1.5) 


How can such an interference come about? Perhaps we should say: ‘Well, 
that means, presumably, that it is nor rrue that the lumps go either through hole 
1 or hole 2, because if they did, the probabilities should add. Perhaps they go ina 
more complicated way. They split in half and.. ” But no! They cannot, they 
always arrive in lumps... “Well, perhaps some of them go through 1, and then 
they go around through 2, and then around a few more times, or by some other 
complicated path. then by closing hole 2, we changed the chance that an elec- 
tron that started out through hole | would finally get to the backstop ” But 
notice! There are some points at which very few electrons arrive when both holes 
are open, but which receive many electrons if we close one hole, so closing one 
hole increased the number from the other. Notice, however, that at the center 
of the pattern, P; 2 is more than twice as large as Py + Po. Itisas though closing 
one hole decreased the number of electrons which come through the other hole. 
It seems hard to explain both effects by proposing that the electrons travel in 
complicated paths. 

It is all quite mysterious. And the more you look at it the more mysterious 
it seems. Many ideas have been concocted to try to explain the curve for P;» in 
terms of individual electrons going around in complicated ways through the holes. 
None of them has succeeded. None of them can get the right curve for P;, in 
terms of P; and Py». 

Yet, surprisingly enough, the mathematics for relating P, and P: Jo Py2 is 
extremely simple. For P,» is just like the curve Tyo of Fig. 1-2, and dat was 
simple. What is going on at the backstop can be described by two complex numbers 
that we can call ¢, and @2 (they are functions of x, of course). The absolute square 
of $1 gives the effect with only hole 1 open. That is, P, = |@,\? The effect with 
only hole 2 open is given by @» in the same way. That is, Py = |@y|? And the 
combined effect of the two holes is Just Pyy = |6y + |? The mathematics 
is the same as that we had for the water waves! (It is hard to see how one could 
get such a simple result from a complicated game of electrons going back and forth 
through the plate on some strange trajectory.) 

We conclude the following: The electrons arrive in lumps, like particles, and 
the probability of arrival of these lumps is distributed like the distribution of 
intensity of a wave. It is in this sense that an electron behaves “sometimes like a 
particle and sometimes like a wave.” 

Incidentally, when we were dealing with classical waves we defined the in- 
tensity as the mean over time of the square of the wave amplitude, and we used 
complex numbers as a mathematical trick to simplify the analysis. But in quantum 
mechanics it turns out that the amplitudes must be represented by complex num- 
bers. The real parts alone will not do. That is a technical point, for the moment, 
because the formulas look just the same. 

Since the probability of arrival through both holes is given so simply. although 
it is not equal to (P; + Py), that is really all there is to say. But there are a large 
number of subtleties involved in the fact that nature does work this way. We 
would like to illustrate some of these subtleties for you now. First, since the num- 
ber that arrives at a particular point is nor equal to the number that arrives through 
1 plus the number that arrives through 2, as we would have concluded from 
Proposition A, undoubtedly we should conclude that Proposition A is false. \tis 
not true that the electrons go either through hole | or hole 2. But that conclusion 
can be tested by another experiment. 


1-6 Watching the electrons 


We shall now try the following experiment. To our electron apparatus we 
add a very strong light source, placed behind the wall and between the two holes, 
as shown in Fig. 1-4. We know that electric charges scatter light. So when an 
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electron passes, however it does pass, on its way to the detector, it will scatter some 
light to our eye, and we can see where the electron goes. If, for instance, an electron 
were to take the path via hole 2 that is sketched in Fig. 1-4, we should see a flash 
of light coming from the vicinity of the place marked A in the figure. If an electron 
passes through hole 1, we would expect to see a flash from the vicinity of the upper 
hole. If it should happen that we get light from both places at the same time, 
because the electron divides in half... Let us just do the experiment! 

Here is what we see: every time that we hear a ‘‘click’’ from our electron de- 
tector (at the backstop), we also see a flash of light either near hole | or near hole 
2, but never both at once! And we observe the same result no matter where we put 
the detector. From this observation we conclude that when we look at the electrons 
we find that the electrons go either through one hole or the other. Experimentally, 
Proposition A is necessarily true. 

What, then, is wrong with our argument against Proposition A?) Why isn’t 
Py just equal to Py + Py? Back to experiment! Let us keep track of the electrons 
and find out what they are doing. For each position (x-location) of the detector 
we will count the electrons that arrive and a/so keep track of which hole they went 
through, by watching for the flashes. We can keep track of things this way: 
whenever we hear a “click” we will put a count in Column | if we see the flash near 
hole 1, and if we see the flash near hole 2, we will record a count in Column 2. 
Every electron which arrives is recorded in one of two classes: those which come 
through 1 and those which come through 2. From the number recorded in Column 
1 we get the probability P; that an electron will arrive at the detector via hole 1; 
and from the number recorded in Column 2 we get P3, the probability that an 
eléctron will arrive at the detector via hole 2. If we now repeat such a measurement 
for many values of x, we get the curves for P; and P3 shown in part (b) of Fig. 1-4. 

Well, that is not too surprising! We get for P; something quite similar to 
what we got before for P, by blocking off hole 2; and P3 is similar to what we got 
by blocking hole t. So there is not any complicated business like going through 
both holes. When we watch them, the electrons come through just as we would 
expect them to come through. Whether the holes are closed or open, those which 
we see come through hole 1 are distributed in the same way whether hole 2 is open 
or closed. 

But wait! What do we have now for the total probability, the probability that 
an electron will arrive at the detector by any route? We already have that informa- 
tion. We just pretend that we never looked at the light flashes, and we Jump to- 
gether the detector clicks which we have separated into the two columns. We 
must just add the numbers. For the probability that an electron will arrive at the 
backstop by passing through either hole, we do find Pj, = P; + Pz. That is, 
although we succeeded in watching which hole our electrons come through, we 
no longer get the old interference curve Piz, but a new one, Pj2, showing no 
interference! If we turn out the light Py. is restored. 

We must conclude that when we look at the electrons the distribution of them 
on the screen is different than when we do not look. Perhaps it is turning on our 
light source that disturbs things? It must be that the electrons are very delicate, 
and the light, when it scatters off the electrons, gives them a jolt that changes their 
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motion. We know that the electric field of the light acting on a charge will exert 
a force on it. So perhaps we should expect the motion to be changed. Anyway, 
the light exerts a big influence on the electrons. By trying to “‘watch” the electrons 
we have changed their motions. That is, the jolt given to the electron when the 
photon is scattered by it is such as to change the electron’s motion enough so that 
if it might have gone to where Pz was at a maximum it will instead land where 
Pi. was a minimum; that is why we no Jonger see the wavy interference effects. 

You may be thinking: ““Don’t use such a bright source! Turn the brightness 
down! The light waves will then be weaker and will not disturb the electrons so 
much. Surely, by making the light dimmer and dimmer, eventually the wave 
will be weak enough that it will have a negligible effect.” O.K. Let’s try it. The 
first thing we observe is that the flashes of light scattered from the electrons as 
they pass by does not get weaker. /f is always the sume-sized flash. The only thing 
that happens as the light is made dimmer is that sometimes we hear a ‘‘click”’ 
from the detector but see no flash at all. The electron has gone by without being 
“seen.” What we are observing is that light a/so acts [tke electrons, we knew that 
it was “wavy,” but now we find that it is also “lumpy.” [It always arrives—or is 
scattered—in lumps that we call “photons.” As we turn down the intensity of 
the light source we do not change the size of the photons, only the rate at which 
they are emitted. That explains why, when our source is dim, some clectrons get 
by without being seen. There did not happen to be a photon around at the time 
the electron went through. 

This is all a little discouraging. If it is true that whenever we “‘see”’ the electron 
we sec the same-sized flash, then those electrons we see are always the disturbed 
ones. Let us try the experiment with a dim light anyway. Now whenever we hear 
a click in the detector we will keep a count in three columns: in CoJumn (1) those 
electrons seen by hole 1, in Column (2) those electrons seen by hole 2, and in 
Column (3) those electrons not seen at all. When we work up our data (computing 
the probabilities) we find these results: Those “‘seen by hole 1°* have a distribution 
like P;; those ‘‘seen by hole 2” have a distribution like P4 (so that those “seen by 
either hole | or 2” have a distribution like Pj 2): and those “not seen at all’ have a 
“wavy” distribution just like Py, of Fig. 1-3! Jf the electrons are not seen, we 
have interference! 

That is understandable. When we do not see the electron, no photon disturbs 
it, and when we do see it, a photon has disturbed it. There is always the same 
amount of disturbance because the light photons all produce the same-sized effects 
and the effect of the photons being scattered is enough to smear out any inter- 
ference effect. 

Is there not some way we can see the electrons without disturbing them? 
We learned in an earlier chapter that the momentum carried by a “photon” 
is inversely proportional to its wavelength (p = h/yd). Certainly the jolt given 
to the electron when the photon is scattered toward our eye depends on the 
momentum that photon carries. Aha! If we want to disturb the electrons only 
slightly we should not have lowered the intensity of the light, we should have 
lowered its frequency (the same as increasing its wavelength). Let us use light of 
a redder color. We could even use infrared light, or radiowaves (like radar), and 
“see’’ where the electron went with the help of some equipment that can “‘see”’ 
light of these longer wavelengths. If we use “gentler” light perhaps we can avoid 
disturbing the electrons so much. 

Let us try the experiment with Jonger waves. We shall keep repeating our ex- 
periment, each time with light of a longer wavelength. At first, nothing seems to 
change. The results are the same. Then a terrible thing happens. You remember 
that when we discussed the microscope we pointed out that, due to the wave nature 
of the light, there is a limitation on how close two spots can be and still be seen 
as two separate spots. This distance is of the order of the wavelength of light. So 
now, when we make the wavelength longer than the distance between our holes, 
we see a big fuzzy flash when the light is scattered by the electrons. We can no 
longer tell which hole the electron went through! We just know it went somewhere! 
And it is just with light of this color that we find that the jolts given to the electron 
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are small enough so that Pj, begins to look like P,;.—that we begin to get some 
interference effect. And it is only for wavelengths much longer than the separation 
of the two holes (when we have no chance at all of telling where the electron went) 
that the disturbance due to the light gets sufficiently small that we again get the 
curve P;>. shown in Fig. 1-3. 

In our experiment we find that it is impossible to arrange the light in such a 
way that one can tell which hole the electron went through, and at the same time 
not disturb the pattern. It was suggested by Heisenberg that the then new laws of 
nature could only be consistent if there were some basic limitation on our experi- 
mental capabilities not previously recognized. He proposed, as a general principle, 
his uncertainty principle, which we can state in terms of our experiment as follows: 
“It is impossible to design an apparatus to determine which hole the electron passes 
through, that will not at the same time disturb the electrons enough to destroy the 
interference pattern.” If an apparatus is capable of determining which hole the 
electron goes through, it cannot be so delicate that it does not disturb the pattern in 
an essential way. No one has ever found (or even thought of) a way around the 
uncertainty principle. So we must assume that it describes a basic characteristic 
of nature. 

The complete theory of quantum mechanics which we now use to describe 
atoms and, in fact, all matter, depends on the correctness of the uncertainty prin- 
ciple. Since quantum mechanics is such a successful theory, our belief in the 
uncertainty principle is reinforced. But if a way to “beat” the uncertainty principle 
were ever discovered, quantum mechanics would give inconsistent results and 
would have to be discarded as a valid theory of nature. 

“Well,” you say, “what about Proposition A? Is it true, or is it nor true, 
that the electron either goes through hole | or it goes through hole 2?” The only 
answer that can be given is that we have found from experiment that there is a 
certain special way that we have to think in order that we do not get into incon- 
sistencies. What we must say (to avoid making wrong predictions) is the following. 
If one looks at the holes or, more accurately, if one has a piece of apparatus which 
is capable of determining whether the electrons go through hole 1 or hole 2, then 
one can say that it goes either through hole | or hole 2. But, when one does not 
try to tell which way the electron goes, when there is nothing in the experiment to 
disturb the electrons, then one may not say that an electron goes either through 
hole | or hole 2. If one does say that, and starts to make any deductions from the 
statement, he will make errors in the analysis. This is the logical tightrope on 
which we must walk if we wish to describe nature successfully. 


If the motion of all matter—as well as electrons—must be described in terms 
of waves, what about the bullets in our first experiment? Why didn’t we see an 
interference pattern there? It turns out that for the bullets the wavelengths were so 
tiny that the interference patterns became very fine. So fine, in fact, that with any 
detector of finite size one could not distinguish the separate maxima and minima. 
What we saw was only a kind of average, which is the classical curve. In Fig. 1-5 
we have tried to indicate schematically what happens with large-scale objects. 
Part (a) of the figure shows the probability distribution one might predict for 
bullets, using quantum mechanics. The rapid wiggles are supposed to represent 
the interference pattern one gets for waves of very short wavelength. Any physical 
detector, however, straddles several wiggles of the probability curve, so that the 
measurements show the smooth curve drawn in part (b) of the figure. 


1-7 First principles of quantum mechanics 


We will now write a summary of the main conclusions of our experiments. 

We will, however, put the results in a form which makes them true for a general 
class of such experiments. We can write our summary more simply if we first 
define an “ideal experiment” as one in which there are no uncertain external 
influences, i.e., no jiggling or other things going on that we cannot take into ac- 
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Fig. 1-5. Interference pattern with 
bullets: (a) actual (schematic), (b) ob- 
served. 


count. We would be quite precise if we said: “An ideal experiment is one in which 
all of the initial and final conditions of the experiment are completely specified.” 
What we will call “an event” is, in general, just a specific set of initial and final 
conditions. (For example: “an electron leaves the gun, arrives at the detector, and 
nothing else happens.”) Now for our summary. 


SUMMARY 


(1) The probability of an event in an ideal experiment is given by the square of 
the absqlute value of a complex number ¢ which is called the probability 


amplitude: 
P = probability, 
¢@ = probability amplitude, (1.6) 
P = |g? 


(2) When an event can occur in several alternative ways, the probability ampli- 
tude for the event is the sum of the probability amplitudes for each way 
considered separately. There is interference: 


= $1 + bs 
P = |o1 + 92)? (1.7) 


(3) If an experiment is performed which is ca pable of determining whether one or 
another alternative is actually taken, the probability of the event is the sum 
of the probabilities for each alternative. The interference is lost: 


Pos Py bi Po, (1.8) 


One might still like to ask: “‘How does it work? What is the machinery behind 
the law?” No one has found any machinery behind the law. No one can “explain” 
any more than we have just “explained.” No one will give you any deeper repre- 
sentation of the situation. We have no ideas about a more basic mechanism from 
which these results can be deduced. 

We would like to emphasize a very important difference between classical and 
quanium mechanics. We have been talking about the probability that an electron 
will arrive in a given circumstance. We have implied that in our experimental 
arrangement (or even in the best possible one) it would be impossible to predict 
exactly what would happen. We can only predict the odds! This would mean, if 
it were true, that physics has given up on the problem of trying to predict exactly 
what will happen in a definite circumstance. Yes! physics Aas given up. We do 
not know how to predict what would happen in a given circumstance, and we believe 
now that it is impossible—that the only thing that can be predicted is the prob- 
ability of different events. It must be recognized that this is a retrenchment in our 
earlier ideal of understanding nature. It may be a backward step, but no one 
has seen a way to avoid it. 

We make now a few remarks on a suggestion that has sometimes been made 
to try to avoid the description we have given: “Perhaps the electron has some kind 
of internal works—some inner variables—that we do not yet know about. Perhaps 
that is why we cannot predict what will happen. If we could look more closely at 
the electron, we could be able to tell where it would end up.” So far as we know, 
that is impossible. We would still be in difficulty. Suppose we were to assume that 
inside the electron there is some kind of machinery that determines where it is 
going to end up. That machine must a/so determine which hole it is going to go 
through on its way. But we must not forget that what is inside the electron should 
not be dependent on what we do, and in particular upon whether we open or close 
one of the holes. So if an electron, before it starts, has already made up its mind 
(a) which hole it is going to use, and (b) where it is going to land, we should find 
P, for those electrons that have chosen-hole 1, Py for those that have chosen hole 
2, and necessarily the sum P, + Pe for those that arrive through the two holes. 
There seems to be no way around this. But we have verified experimentally that 
that is not the case. And no one has figured a way out of this puzzle. So at the 
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present time we must limit ourselves to computing probabilities. We say “at the 
present time,” but we suspect very strongly that it is something that will be with 
us forever—that it is impossible to beat that puzzle—that this is the way nature 
really is. 


1-8 The uncertainty principle 


This is the way Heisenberg stated the uncertainty principle originally: If you 
make the measurement on any object, and you can determine the x-component of 
its momentum with an uncertainty Ap, you cannot, at the same time, know its 
x-position more accurately than Ax = h/Ap, where A is a definite fixed number 
given by nature. It is called “Planck’s constant,” and is approximately 6.63 X 
10—%* joule-seconds. The uncertainties in the position and momentum of a 
particle at any instant must have their product greater than Planck’s constant. 
This is a special case of the uncertainty principle that was stated above more 
generally. The more general statement was that one cannot design equipment in 
any way to determine which of two alternatives is taken, without, at the same 
time, destroying the pattern of interference. 

Let us show for one particular case that the kind of relation given by Heisen- 
berg must be true in order to keep from getting into trouble. We imagine a modifi- 
cation of the experiment of Fig. 1-3, in which the wall with the holes consists of a 
plate mounted on rollers so that it can move freely up and down (in the x-direction), 
as shown in Fig. 1-6. By watching the motion of the plate carefully we can try to 
tell which hole an electron goes through. Imagine what happens when the detector 
is placed at x = 0. We would expect that an electron which passes through hole 1 
must be deflected downward by the plate to reach the detector. Since the vertical 
component of the electron momentum is changed, the plate must recoil with an 
equal momentum in the opposite direction. The plate will get an upward kick. 
If the electron goes through the lower hole, the plate should feel a downward kick. 
It is clear that for every position of the detector, the momentum received by the 
plate will have a different value for a traversal via hole 1 than for a traversal via 
hole 2. So! Without disturbing the electrons at all, but just by watching the plate, 
we can tell which path the electron used. 

Now in order to do this it is necessary to know what the momentum of the 
screen is, before the electron goes through. So when we measure the momentum 
after the electron goes by, we can figure out how much the plate’s momentum has 
changed. But remember, according to the uncertainty principle we cannot at the 
same time know the position of the plate with an arbitrary accuracy. But if we do 
not know exactly where the plate is, we cannot say precisely where the two holes are. 
They will be in a different place for every electron that goes through. This means 
that the center of our interference pattern will have a different location for each 
electron. The wiggles of the interference pattern will be smeared out. We shall show 
quantitatively in the next chapter that if we determine the momentum of the plate 
sufficiently accurately to determine from the recoil measurement which hole was 
used, then the uncertainty in the x-position of the plate will, according to the un- 
certainty principle, be enough to shift the pattern observed at the detector up and 
down in the x-direction about the distance from a maximum to its nearest minimum. 
Such a random shift is just enough to smear out the pattern so that no interference 
is observed. 

The uncertainty principle “protects” quantum mechanics. Heisenberg recog- 
nized that if it were possible to measure the momentum and the position simultane- 
ously with a greater accuracy, the quantum mechanics would collapse. So he 
proposed that it must be impossible. Then people sat down and tried to figure out 
ways of doing it, and nobody could figure out a way to measure the position and 
the momentum of anything—a screen, an electron, a billiard ball, anything—with 
any greater accifracy. Quantum mechanics maintains its perilous but still correct 
existence. 


ROLLERS 


WALL BACKSTOP 


Fig. 1-6. An experiment in which 
the recoil of the wall is measured. 
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The Relation of Wave and 
Particle Viewpoints 


2-1 Probability wave amplitudes 


In this chapter we shall discuss the relationship of the wave and particle 
viewpoints. We already know, from the last chapter, that neither the wave view- 
point nor the particle viewpoint is correct. We would always like to present things 
accurately, or at least precisely enough that they will not have to be changed when 
we learn more—it may be extended, but it will not be changed! But when we try 
to talk about the wave picture or the particle picture, both are approximate, and 
both will change. Therefore what we learn in this chapter will not be accurate in a 
certain sense; we will deal with some half-intuitive arguments which will be made 
more precise later. But certain things will be changed a little bit when we interpret 
them correctly in quantum mechanics. We are doing this so that you can have 
some qualitative feeling for some quantum phenomena before we get into the 
mathematical details of quantum mechanics. Furthermore, all our experiences 
are with waves and with particles, and so it is rather handy to use the wave and 
particle ideas to get some understanding of what happens in given circumstances 
before we know the complete mathematics of the quantum-mechanical amplitudes. 
We shall try to indicate the weakest places as we go along, but most of it is very 
nearly correct—it is just a matter of interpretation. 

First of all, we know that the new way of representing the world in quantum 
mechanics—the new framework—is to give an amplitude for every event that can 
occur, and if the event involves the reception of one particle, then we can give the 
amplitude to find that one particle at different places and at different times. The 
probability of finding the particle is then proportional to the absolute square of 
the amplitude. In general, the amplitude to find a particle in different places at 
different times varies with position and time. 

In some special case it can be that the amplitude varies sinusoidally in space 
and time like e“’~**", where r is the vector position from some origin. (Do not 
forget that these amplitudes are complex numbers, not real numbers.) Such an 
amplitude varies according to a definite frequency w and wave number k. Then 
it turns out that this corresponds to a classical limiting situation where we would 
have believed that we have a particle whose energy E was known and is related to 
the frequency by 

E = he, (2.1) 


and whose momentum p is also known and is related to the wave number by 
p = hk. (2.2) 


(The symbol # represents the number hf divided by 27; 4 = h/27.) 

This means that the idea of a particle is limited. The idea of a particle—its 
location, its momentum, etc.—which we use so much, is in certain ways unsatis- 
factory. For instance, if an amplitude to find a particle at different places is given 
by e“’-*"), whose absolute square is a constant, that would mean that the prob- 
ability of finding a particle is the same at all points. That means we do not know 
where it is—it can be anywhere—there js a great uncertainty in its location. 

On the other hand, if the position of a particle is more or less well known and 
we can predict it fairly accurately, then the probability of finding it in different 
places must be confingd to a certain region, whose Jength we call Ax. Outside this 
region, the probability is zero. Now this probability is the absolute square of an 
amplitude, and if the absolute square is zero, the amplitude is also zero, so that 
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we have a wave train whose length is Ax (Fig. 2-1), and the wavelength (the 
distance between nodes of the waves in the train) of that wave train is what corre- 
sponds to the particle momentum. 7 

Here we encounter a strange thing about waves; a very simple thing which has 
nothing to do with quantum mechanics strictly. It is something that anybody 
who works with waves, even if he knows no quantum mechanics, knows: namely, 
we cannot define a unique wavelength for a short wave train. Such a wave train does 
not have a definite wavelength; there is an indefiniteness in the wave number that 
is related to the finite length of the train, and thus there is an indefiniteness in 
the momentum. 


2-2 Measurement of position and momentum 


Let us consider two examples of this idea—to see the reason that there is an 
uncertainty in the position and/or the momentum. if quantum mechanics is right. 
We have also seen before that if there were not such a thing—if it were possible to 
measure the position and the momentum of anything simultaneously—we would 
have a paradox; it is fortunate that we do not have such a paradox, and the fact 
that such an uncertainty comes naturaJly from the wave picture shows that every- 
thing is mutually consistent. 

Here is one example which shows the relationship between the position and 
the momentum in a circumstance that is easy to understand. Suppose we have a 
single slit, and particles are coming from very far away with a certain energy—so 
that they are all coming essentially horizontally (Fig. 2-2). We are going to 
concentrate on the vertical components of momentum. All of these particles have 
a certain horizontal momentum po, say, in a classical sense. So, in the classical 
sense, the vertical momentum py, before the particle goes through the hole, is 
definitely known. The particle is moving neither up nor down, because it came from 
a source that is far away—and so the vertical momentum is of course zero. But 
now let us suppose that it goes through a hole whose width is B. Then after it has 
come out through the hole, we know the position vertically—the y-position—with 
considerable accuracy—namely + B.t That is, the uncertainty in position, Ay, is 
of order B. Now we might also want to say, since we known the momentum is 
absolutely horizontal, that Ap, is zero; but that is wrong. We once knew the mo- 
mentum was horizontal, but we do not know it any more. Before the particles 
passed through the hole, we did not know their vertical positions. Now that we 
have found the vertical position by having the particle come through the hole, we 
have lost our information on the vertical momentum! Why? According to the 
wave theory, there is a spreading out, or diffraction, of the waves after they go 
through the slit, just as for light. Therefore there is a certain probability that 
particles coming out of the slit are not coming’ exactly straight. The pattern is 
spread out by the diffraction effect, and the angle of spread, which we can define 
as the angle of the first minimum, is a measure of the uncertainty in the final angle. 

How does the pattern become spread? To say it is spread means that there 1s 
some chance for the particle to be moving up or down, that is, to have a component 
of momentum up or down. We say chance and particle because we can detect this 
diffraction pattern with a particle counter, and when the counter receives the 
particle, say at C in Fig. 2-2, it receives the entire particle, so that, in a classical 
sense, the particle has a vertical momentum, in order to get from the slit up to C. 

To get a rough idea of the spread of the momentum, the vertical momentum 
Py has a spread which is equal to po A9, where py is the horizontal momentum. 
And how big is A@ in the spread-out pattern? We know that the first minimum 
occurs at an angle Aé@ such that the waves from one edge of the slit have to travel 
one wavelength farther than the waves from the other side—we worked that out 
before (Chapter 30 of Vol. I). Therefore A@ is \/B, and so Ap, in this experiment 
is po\/B. Note that if we make B smaller and make a more accurate measurement 


+ More precisely, the error in our knowledge of » is + B/2. But we are now only in- 
terested in the general idea, so we won’t worry about factors of 2. 
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of the position of the particle, the diffraction pattern gets wider. So the narrower 
we make the slit, the wider the pattern gets, and the more is the likelihood that we 
would find that the particle has sidewise momentum. Thus the uncertainty in the 
vertical momentum is inversely proportional to the uncertainty of y. In fact, we 
see that the product of the two is equal to pod. But \ is the wavelength and po is 
the momentum, and in accordance with quantum mechanics, the wavelength times 
the momentum is Planck’s constant 4. So we obtain the rule that the uncertainties 
in the vertical momentum and in the vertical position have a product of the order A: 


Ay Apy = h. (2.3) 


We cannot prepare a system in which we know the vertical position of a particle 
and can predict how it will move vertically with greater certainty than given by 
(2.3). That is, the uncertainty in the vertical momentum must exceed A/Ay, where 
Ay is the uncertainty in our knowledge of the position. 

Sometimes people say quantum mechanics is all wrong. When the particle 
arrived from the left, its vertical momentum was zero. And now that it has gone 
through the slit, its position is known. Both position and momentum seem to 
be known with arbitrary accuracy. It is quite true that we can receive a particle, 
and on reception determine what its position is and what its momentum would 
have had to have been to have gotten there. That is true, but that is not what the 
uncertainty relation (2.3) refers to. Equation (2.3) refers to the predictability 
of a situation, not remarks about the past. It does no good to say “I knew what 
the momentum was before it went through the slit, and now I know the position,” 
because now the momentum knowledge is lost. The fact that it went through the 
slit no longer permits us to predict the vertical momentum. We are talking about 
a predictive theory, not just measurements after the fact. So we must talk about 
what we can predict. 

Now let us take the thing the other way around. Let us take another example 
of the same phenomenon, a little more quantitatively. In the previous example 
we measured the momentum by a classical method. Namely, we considered the 
direction and the velocity and the angles, etc., so we got the momentum by classical 
analysis. But since momentum is related to wave number, there exists in nature 
still another way to measure the momentum of a particle—photon or otherwise— 
which has no classical analog, because it uses Eq. (2.2). We measure the wave- 
lengths of the waves. Let us try to measure momentum in this way. 

Suppose we have a grating with a large number of lines (Fig. 2-3), and send 
a beam of particles at the grating. We have often discussed this problem: if the 
particles have a definite momentum, then we get a very sharp pattern in a certain 
direction, because of the interference. And we have also talked about how accu- 
rately we can determine that momentum, that is to say, what the resolving power 
of such a grating is. Rather than derive it again, we refer to Chapter 30 of Volume 
I, where we found that the relative uncertainty in the wavelength that can be 
measured with a given grating is |/Nm, where N is the number of lines on the grat- 
ing and m is the order of the diffraction pattern. That is, 


Ad/d = 1/Nm. (2.4) 
Now formula (2.4) can be rewritten as 
AN/d? = 1/Nm = 1/L, (2.5) 


where L is the distance shown in Fig. 2-3. This distance is the difference between 
the total distance that the particle or wave or whatever it is has to travel if it is 
reflected from the bottom of the grating, and the distance that it has to travel if 
it is reflected from the top of the grating. That is, the waves which form the diffrac- 
tion pattern are waves which come from different parts of the grating. The first 
ones that arrive come from the bottom end of the grating, from the beginning of 
the wave train, and the rest of them come from later parts of the wave train, coming 
from different parts of the grating, until the last one finally arrives, and that involves 
a point in the wave train a distance L behind the first point. So in order that we 
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Fig. 2-3. Determination of momen- 
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Scattering of waves by 


shall have a sharp line in our spectrum corresponding to a definite momentum, 
with an uncertainty given by (2.4), we have to have a wave train of at least length 
L. If the wave train is too short, we are not using the entire grating. The waves 
which form the spectrum are being reflected from only a very short sector of the 
grating if the wave train is too short, and the grating will not work right—we will 
find a big angular spread. In order to get a narrower one, we need to use the whole 
grating, so that at least at some moment the whole wave train is scattering simul- 
taneously from all parts of the grating. Thus the wave train must be of length L 
in order to have an uncertainty in the wavelength less than that given by (2.5). 
Incidentally, 

Ad/d? = AC/X) = Ak/2r. (2.6) 
Therefore 


Ak = 2n/L, (2.7) 


where L is the length of the wave train. 

This means that if we have a wave train whose length is less than Z, the un- 
certainty in the wave number must exceed 27/L. Or the uncertainty in a wave 
number times the length of the wave train—we will call that for a moment Ax— 
exceeds 27. We call it Ax because that is the uncertainty in the location of the 
particle. If the wave train exists only in a finite length, then that is where we could 
find the particle, within an uncertainty Ax. Now this property of waves, that the 
length of the wave train times the uncertainty of the wave number associated with 
it is at least 27, is a property that is known to everyone who studies them. It has 
nothing to do with quantum mechanics. It is simply that if we have a finite train, 
we cannot count the waves in it very precisely. 

Let us try another way to see the reason for that. Suppose that we have a 
finite train of length L; then because of the way it has to decrease at the ends, as 
in Fig. 2-1, the number of waves in the length Z is uncertain by something like +1. 
But the number of waves in L is KL/27. Thus k is uncertain, and we again get the 
result (2.7), a property merely of waves. The same thing works whether the waves 
are in space and k is the number of radians per centimeter and L is the length of 
the train, or the waves are in time and w is the number of oscillations per second 
and T is the “length” in time that the wave train comes in. That is, if we have 
a wave train lasting only for a certain finite time 7, then the uncertainty in the fre- 
quency is given by 


Aw = 2n/T. (2.8) 


We have tried to emphasize that these are properties of waves alone, and they are 
well known, for example, in the theory of sound. 

The point is that in quantum mechanics we interpret the wave number as 
being a measure of the momentum of a particle, with the rule that p = nk, so 
that relation (2.7) tells us that Ap ~ h/Ax. This, then, is a limitation of the classi- 
cal idea of momentum. (Naturally, it has to be limited in some ways if we are 
going to represent particles by waves!) It¥s nice that we have found a rule that 
gives us some idea of when there is a failure of classical ideas. 


2-3 Crystal diffraction 


Next let us consider the reflection of particle waves from a crystal. A crystal 
is a thick thing which has a whole lot of similar atoms—we will include some com- 
plications later—in a nice array. The question is how to set the array so that we 
get a strong reflected maximum in a given direction for a given beam of, say, light 
(x-rays), electrons, neutrons, or anything else. In order to obtain a strong reflection, 
the scattering from all of the atoms must be in phase. There cannot be equal num- 
bers in phase and out of phase, or the waves will cancel out. The way to arrange 
things is to find the regions of constant phase, as we have already explained; 
they are planes which make equal angles with the initial and final directions 
(Fig. 2-4). 

If we consider two parallel planes, as in Fig. 2-4, the waves scattered from the 
two planes will be in phase, provided the difference in distance traveled by a wave 
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front is an integral number of wavelengths. This difference can be seen to be 
2d sin 6, where d is the perpendicular distance between the planes. Thus the 
condition for coherent reflection is 


2d sin @ = nd (a = 1,2,...). (2.9) 


If, for example, the crystal is such that the atoms happen to lie on planes obey- 
ing condition (2.9) with n = 1, then there will be a strong reflection. If, on the 
other hand, there are other atoms of the same nature (equal in density) halfway 
between, then the intermediate planes will also scatter equally strongly and will 
interfere with the others and produce no effect. So d in (2.9) must refer to ad- 
Jacent planes; we cannot take a plane five layers farther back and use this formula! 

As a matter of interest, actual crystals are not usually as simple as a single 
kind of atom repeated in a certain way. Instead, if we make a two-dimensional 
analog, they are much like wallpaper, in which there is some kind of figure which 
repeats all over the wallpaper. By “figure”? we mean, in the case of atoms, some 
arrangement—calcium and a carbon and three oxygens, etc., for calcium carbonate, 
and so on—which may involve a relatively large number of atoms. But whatever 
it is, the figure is repeated in a pattern. This basic figure is called a unit cell. 

The basic pattern of repetition defines what we call the Jattice type; the lattice 
type can be immediately determined by looking at the reflections and seeing what 
their symmetry is. In other words, where we find any reflections at all determines 
the lattice type, but in order to determine what is in each of the elements of the 
lattice one must take into account the intensity of the scattering at the various 
directions. Which directions scatter depends on the type of lattice, but how strongly 
each scatters is determined by what is inside each unit cell, and in that way the 
structure of crystals is worked out. 

Two photographs of x-ray diffraction patterns are shown in Figs. 2-5 and 
2-6; they illustrate scattering from rock salt and myoglobin, respectively. 

Incidentally, an interesting thing happens if the spacings of the nearest planes 
are less than \/2. In this case (2.9) has no solution for n. Thus if \ is bigger 
than twice the distance between adjacent planes, then there is no side diffraction 
pattern, and the light—or whatever it is—will go right through the material with- 
out bouncing off or getting lost. So in the case of light, where ) is much bigger 
than the spacing, of course it does go through and there is no pattern of reflection 
from the planes of the crystal. 

This fact also has an interesting consequence in the case of piles which make 
neutrons (these are obviously particles, for anybody’s money!). If we take these 
neutrons and let them into a long block of graphite, the neutrons diffuse and 
work their way along (Fig. 2-7). They diffuse because they are bounced by the 
atoms, but strictly, in the wave theory, they are bounced by the atoms because 
of diffraction from the crystal planes. It turns out that if we take a very long piece 
of graphite, the neutrons that come out the far end are all of long wavelength! 
In fact, if one plots the intensity as a function of wavelength, we get nothing except 
for wavelengths longer than a certain minimum (Fig. 2-8). In other words, we 
can get very slow neutrons that way. Only the slowest neutrons come through; 
they are not diffracted or scattered by the crystal planes of the graphite, but keep 
going right through like light through glass, and are not scattered out the sides. 
There are many other demonstrations of the reality of neutron waves and waves 
of other particles. 


2-4 The size of an atom 


We now consider another application of the uncertainty relation, Eq. (2.3). 

It must not be taken too seriously; the idea is right but the analysis is not very 
accurate. The idea has to do with the determination of the size of atoms, and the 
fact that, classically, the electrons would radiate light and spiral in until they settle 
down right on top of the nucleus. But that cannot be right quantum-mechanically 
because then we would know where each electron was and how fast it was moving. 
2-5 


Fig. 2-5. The pattern produced by 
the diffraction of a beam of x-rays in a 
crystal of sodium chloride. 


Fig. 2-6. The x-ray diffraction pat- 
tern of myoglobin. 
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Fig. 2-7. Diffusion of pile neutrons 
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Fig. 2-8. Intensity of neutrons out of 
graphite rod as function of wavelength. 


spectral frequencies was noted before quantum mechanics was discovered, and it is 
called the Ritz combination principle. This is again a mystery from the point of 
view of classical mechanics. Let us not belabor the point that classical mechanics 
is a failure in the atomic domain; we seem to have demonstrated that pretty well. 

We have already talked about quantum mechanics as being represented by 
amplitudes which behave like waves, with certain frequencies and wave numbers. 
Let us observe how it comes about from the point of view of amplitudes that the 
atom has definite energy states. This is something we cannot understand from what 
has been said so far, but we are all familiar with the fact that confined waves have 
definite frequencies. For instance, if sound is confined to an organ pipe, or any- 
thing like that, then there is more than one way that the sound can vibrate, but 
for each such way there is a definite frequency. Thus an object in which the waves 
are confined has certain resonance frequencies. It is therefore a property of waves 
in a confined space—a subject which we will discuss in detail with formulas later 
on—that they exist only at definite frequencies. And since the general relation 
exists between frequencies of the amplitude and energy, we are not surprised to 
find definite energies associated with electrons bound in atoms. 


2-6 Philosophical implications 


Let us consider briefly some philosophical implications of quantum mechanics. 
As always, there are two aspects of the problem: one is the philosophical implica- 
tion for physics, and the other is the extrapolation of philosophical matters to 
other fields. When philosophical ideas associated with science are dragged into 
another field, they are usually completely distorted. Therefore we shall confine 
our remarks as much as possible to physics itself. 

First of all, the most interesting aspect is the idea of the uncertainty principle; 
making an observation affects the phenomenon. It has always been known that 
making observations affects a phenomenon, but the point is that the effect cannot 
be disregarded or minimized or decreased arbitrarily by rearranging the apparatus. 
When we look for a certain phenomenon we cannot help but disturb it in a certain 
minimum way, and the disturbance is necessary for the consistency of the viewpoint. 
The observer was sometimes important in prequantum physics, but only in a 
trivial sense. The problem has been raised: if a tree falls in a forest and there 
is nobody there to hear it, does it make a noise? A real tree falling in a real forest 
makes a sound, of course, even if nobody is there. Even if no one is present to hear 
it, there are other traces left. The sound will shake some leaves, and if we were 
careful enough we might find somewhere that some thorn had rubbed against a 
leaf and made a tiny scratch that could not be explained unless we assumed the 
leaf were vibrating. So in a certain sense we would have to admit that there is a 
sound made. We might ask: was there a sensation of sound? No, sensations have 
to do, presumably, with consciousness. And whether ants are conscious and 
whether there were ants in the forest, or whether the tree was conscious, we do not 
know. Let us leave the problem in that form. 

Another thing that people have emphasized since quantum mechanics was 
developed is the idea that we should not speak about those things which we cannot 
measure. (Actually relativity theory also said this.) Unless a thing can be defined 
by measurement, it has no place in a theory. And since an accurate value of the 
momentum of a localized particle cannot be defined by measurement it therefore 
has no place in the theory. The idea that this is what was the matter with classical 
theory is a false position. Jt is a careless analysis of the situation. Just because we 
cannot measure position and momentum precisely does not a priori mean that we 
cannot talk about them. It only means that we need not talk about them. The 
situation in the sciences is this: A concept or an idea which cannot be measured 
or cannot be referred directly to experiment may or may not be useful. It need 
not exist in a theory. In other words, suppose we compare the classical theory of 
the world with the quantum theory of the world, and suppose that it is true ex- 
perimentally that we can measure position and momentum only imprecisely. The 
question is whether the ideas of the exact position of a particle and the exact 
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momentum of a particle are valid or not. The classical theory admits the ideas: 
the quantum theory does not. This does not in itself mean that classical physics 
is wrong. When the new quantum mechanics was discovered, the classical people— 
which included everybody except Heisenberg, Schrédinger, and Born—said: 
“Look, your theory is not any good because you cannot answer certain questions 
like: what is the exact position of a particle?, which hole does it go through?, 
and some others.” Heisenberg’s answer was: “I do not need to answer such ques- 
tions because you cannot ask such a question experimentally.” It is that we do 
not have to. Consider two theories (a) and (b); (a) contains an idea that cannot be 
checked directly but which is used in the analysis, and the other, (b), does not 
contain the idea. If they disagree in their predictions, one could not claim that 
(b) is false because it cannot explain this idea that is in (a), because that idea is 
one of the things that cannot be checked directly. It is always good to know which 
ideas cannot be checked directly, but it is not necessary to remove them all. It is 
not true that we can pursue science completely by using only those concepts which 
are directly subject to experiment. 

In quantum mechanics itself there is a probability amplitude, there is a 
potential, and there are many constructs that we cannot measure directly. The basis 
of a science is its ability to predict. To predict means to tell what will happen in an 
experiment that has never been done. How can we do that? By assuming that we 
know what is there, independent of the experiment. We must extrapolate the 
experiments to a region where they have not been done. We must take our con- 
cepts and extend them to places where they have not yet been checked. If we do 
not do that, we have no prediction. So it was perfectly sensible for the classical 
physicists to go happily along and suppose that the position—which obviously 
means something for a baseball—meant something also for an electron. It was 
not stupidity. It was a sensible procedure. Today we say that the law of relativity 
is supposed to be true at all energies, but someday somebody may come along and 
say how stupid we were. We do not know where we are “stupid” until we “stick 
our neck out,” and so the whole idea is to put our neck out. And the only way to 
find out that we are wrong is to find out what our predictions are. It is absolutely 
necessary to make constructs. 

We have already made a few remarks about the indeterminacy of quantum 
mechanics, That is, that we are unable now to predict what will happen in physics 
in a given physical circumstance which is arranged as carefully as possible. If 
we have an atom that is in an excited state and so is going to emit a photon, we 
cannot say when it will emit the photon. It has a certain amplitude to emit the 
photon at any time, and we can predict only a probability for emission; we cannot 
predict the future exactly. This has given rise to all kinds of nonsense and questions 
on the meaning of freedom of will, and of the idea that the world is uncertain. 

Of course we must emphasize that classical physics is also indeterminate, in a 
sense. It is usually thought that this indeterminacy, that we cannot predict the 
future, is an important quantum-mechanical thing, and this is said to explain the 
behavior of the mind, feelings of free will, etc. But if the world were classical—if 
the laws of mechanics were classical—it is not quite obvious that the mind would 
not feel more or less the same. It is true classically that if we knew the position and 
the velocity of every particle in the world, or in a box of gas, we could predict ex- 
actly what would happen. And therefore the classical world is deterministic. 
Suppose, however, that we have a finite accuracy and do not know exactly where 
Just one atom is, say to one part in a billion. Then as it goes along it hits another 
atom, and because we did not know the position better than to one part in a billion, 
we find an even larger error in the position after the collision. And that is amplified, 
of course, in the next collision, so that if we start with only a tiny error it rapidly 
magnifies to a very great uncertainty. To give an example: if water falls over a dam, 
it splashes. If we stand nearby, every now and then a drop will land on our nose. 
This appears to be completely random, yet such a behavior would be predicted 
by purely classical laws. The exact position of all the drops depends upon the 
precise wigglings of the water before it goes over the dam. How? The tiniest 
irregularities are magnified in falling, so that we get complete randomness. Ob- 
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viously, we cannot really predict the position of the drops unless we know the 
motion of the water absolutely exactly. 

Speaking more precisely, given an arbitrary accuracy, no matter how precise, 
one can find a time long enough that we cannot make predictions valid for that 
long a time. Now the point is that this length of time is not very large. It is not 
that the time is millions of years if the accuracy is one part in a billion. The time 
goes, in fact, only logarithmically with the error, and it turns out that in only a 
very, very tiny time we lose all our information. If the accuracy is taken to be one 
part in billions and billions and billions—no matter how many billions we wish, 
provided we do stop somewhere—then we can find a time less than the time it 
took to state the accuracy—after which we can no longer predict what is going 
to happen! It is therefore not fair to say that from the apparent freedom and 
indeterminacy of the human mind, we should have realized that classical ‘“‘deter- 
ministic’’ physics could not ever hope to understand it, and to welcome quantum 
mechanics as a release from a ‘‘completely mechanistic” universe. For already in 
classical mechanics there was indeterminability from a practical point of view. 
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Probability Amplitudes 


3-1 The laws for combining amplitudes 


When Schrédinger first discovered the correct laws of quantum mechanics, 
he wrote an equation which described the amplitude to find a particle in various 
places. This equation was very similar to the equations that were already known 
to classical physicists—equations that they had used in describing the motion of 
air in a sound wave, the transmission of light, and so on. So most of the time at 
the beginning of quantum mechanics was spent in solving this equation. But at the 
same time an understanding was being developed, particularly by Born and Dirac, 
of the basically new physical ideas behind quantum mechanics. As quantum 
mechanics developed further, it turned out that there were a Jarge number of things 
which were not directly encompassed in the Schrédinger equation—such as the 
spin of the electron, and various relativistic phenomena. Traditionally, all courses 
in quantum mechanics have begun in the same way, retracing the path followed in 
the historical development of the subject. One first learns a great deal about clas- 
sical mechanics so that he will be able to understand how to solve the Schrédinger 
equation. Then he spends a long time working out various solutions. Only after 
a detailed study of this equation does he get to the “advanced” subject of the 
electron’s spin. 

We had also originally considered that the right way to conclude these lectures 
on physics was to show how to solve the equations of classical physics in compli- 
cated situations—such as the description of sound waves in enclosed regions, modes 
of electromagnetic radiation in cylindrical cavities, and so on. That was the original 
plan for this course. However, we have decided to abandon that plan and to give 
instead an introduction to the quantum mechanics. We have come to the con- 
clusion that what are usually called the advanced parts of quantum mechanics are, 
in fact, quite simple. The mathematics that is involved is particularly simple, 
involving simple algebraic operations and no differential equations or at most 
only very simple ones. The only problem is that we must jump the gap of no 
longer being able to describe the behavior in detail of particles in space. So this 
is what we are going to try to do: to tell you about what conventionally would be 
called the “advanced” parts of quantum mechanics. But they are, we assure you, 
by all odds the simplest parts—in a deep sense of the word—as well as the most 
basic parts. This is frankly a pedagogical experiment; it has never been done 
before, as far as we know. 

In this subject we have, of course, the difficulty that the quantum mechanical 
behavior of things is quite strange. Nobody has an everyday experience to lean 
on to get a rough, intuitive idea of what will happen. So there are two ways of 
presenting the subject: We could either describe what can happen in a rather 
rough physical way, telling you more or less what happens without giving the 
precise laws of everything; or we could, on the other hand, give the precise laws 
in their abstract form. But, then because of the abstractions, you wouldn’t know 
what they were all about, physically. The latter method is unsatisfactory because 
it is completely abstract, and the first way leaves an uncomfortable feeling because 
one doesn’t know exactly what is true and what is false. We are not sure how to 
overcome this difficulty. You will notice, in fact, that Chapters 1 and 2 showed 
this problem. The first chapter was relatively precise; but the second chapter was 
a rough description of the characteristics of different phenomena. Here, we will 
try to find a happy medium between the two extremes. 
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3-1. Interference experiment with electrons. 


We will begin in this chapter by dealing with some general quantum me- 
chanical ideas. Some of the statements will be quite precise, others only partially 
precise. It will be hard to tell you as we go along which is which, but by the time 
you have finished the rest of the book, you will understand in looking back which 
parts hold up and which parts were only explained roughly. The chapters which 
follow this one will not be so imprecise. In fact, one of the reasons we have tried 
carefully to be precise in the succeeding chapters is so that we can show you one of 
the most beautiful things about quantum mechanics—how much can be deduced 
from so little. 

We begin by discussing again the superposition of probability amplitudes. 
As an example we will refer to the experiment described in Chapter !, and shown 
again here in Fig. 3-1. There is a source s of particles, say electrons; then there 
is a wall with two slits in it; after the wall, there is a detector located at some 
position x. We ask for the probability that a particle will be found at x. Our first 
general principle in quantum mechanics is that the probability that a particle will 
arrive at x, when let out at the source s, can be represented quantitatively by the 
absolute square of a complex number called a probability amplitude—in this case, 
the “amplitude that a particle from s will arrive at x.” We will use such amplitudes 
so frequently that we will use a shorthand notation—invented by Dirac and 
generally used in quantum mechanics—to represent this idea. We write the proba- 
bility amplitude this way: 


(Particle arrives at x | particle leaves s). (3.1) 


In other words, the two brackets ( ) are a sign equivalent to ‘‘the amplitude that”; 
the expression at the right of the vertical line always gives the starting condition, 
and the one at the left, the fina/ condition. Sometimes it will also be convenient to 
abbreviate still more and describe the initial and final conditions by single letters. 
For example, we may on occasion write the amplitude (3.1) as 


(x | s). (3.2) 


We want to emphasize that such an amplitude is, of course, just a single number— 
a complex number. : 

We have already seen in the discussion of Chapter | that when there are two 
ways for the particle to reach the detector, the resulting probability is not the 
sum of the two probabilities, but must be written as the absolute square of the 
sum of two amplitudes. We had that the probability that an electron arrives at the 
detector when both paths are open is 


Pie = |o1 + $2)”. (3.3) 


ference experiment. 
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We wish now to put this result in terms of our new notation. First, however, we 
want to state our second general principle of quantum mechanics: When a particle 
can reach a given state by two possible routes, the total amplitude for the process 
is the sum of the amplitudes for the two routes considered separately. In our new 
notation we write that 


(x | S)both holes open = (x | S) through it (x | S)through 2° (3.4) 


Incidentally, we are going to suppose that the holes | and 2 are small enough that 
when we say an electron goes through the hole, we don’t have to discuss which part 
of the hole. We could, of course, split each hole into pieces with a certain amplitude 
that the electron goes to the top of the hole and the bottom of the hole and so on. 
We will suppose that the hole is small enough so that we don’t have to worry about 
this detail. That is part of the roughness involved; the matter can be made more 
precise, but we don’t want to do so at this stage. 

Now we want to write out in more detail what we can say about the amplitude 
for the process in which the electron reaches the detector at x by way of hole 1. 
We can do that by using our third general principle: When a particle goes by some 
particular route the amplitude for that route can be written as the product of the 
amplitude to go part way with the amplitude to go the rest of the way. For the 
setup of Fig. 3-1 the amplitude to go from s to x by way of hole 1 is equal to the 
amplitude to go from s to 1, multiplied by the amplitude to go from | to x. 


1){1 | s). (3.5) 


Again this result is not completely precise. We should also include a factor for the 
amplitude that the electron will get through the hole at 1; but in the present case 
it is a simple hole, and we will take this factor to be unity. 

You will note that Eq. (3.5) appears to be written in reverse order. It is to 
be read from right to left: The electron goes from s to 1 and then from 1 to x. 
In summary, if events occur in succession—that is, if you can analyze one of the 
routes of the particle by saying it does this, then it does this, then it does that—the 
resultant amplitude for that route is calculated by multiplying in succession the 
amplitude for each of the successive events. Using this law we can rewrite Eq. 
(3.4) as 


(x | S)via1 = 


(x | s)both = (%| 11 | 5) + | 2)(2 | 5). 


Now we wish to show that just using these principles we can calculate a much 
more complicated problem like the one shown in Fig. 3-2. Here we have two 
walls, one with two holes, | and 2, and another which has three holes, a, 5, and c. 
Behind the second wall there is a detector at x, and we want to know the amplitude 
for a particle to arrive there. Well, one way you can find this is by calculating the 
superposition, or interference, of the waves that go through; but you can also do 
it by saying that there are six possible routes and superposing an amplitude for 
each. The electron can go through hole 1, then through hole a, and then to x; or 
it could go through hole 1, then through hole 5, and then to x; and so on. Accord- 
ing to our second principle, the amplitudes for alternative routes add, so we should 
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be able to write the amplitude from s to x as a sum of six separate amplitudes. 
On the other hand, using the third principle, each of these separate amplitudes 
can be written as a product of three amplitudes. For example, one of them is the 
amplitude for s to 1, times the amplitude for | to a, times the amplitude for a to x. 
Using our shorthand notation, we can write the complete amplitude to go from 
§ tO x as 


(x|s) = (| apa] 1)1 | s) + bb | IY] s) + ++ + Gel ede | 2)2 | 5). 


We can save writing by using the summation notation 


(x[s) = DP Gado] GIs). (3.6) 

i=1,2 

a=a,b,c 
In order to make any calculations using these methods, it is, naturally, neces- 
sary to know the amplitude to get from one place to another. We will give a rough 
idea of a typical amplitude. It leaves out certain things like the polarization of 
light or the spin of the electron, but aside from such features it is quite accurate. 
We give it so that you can solve problems involving various combinations of slits. 
Suppose a particle with a definite energy is going in empty space from a location 
r, toa locationry. In other words, it is a free particle with no forces on it. Except 

for a numerical factor in front, the amplitude to go from ry, to rg is 


, (3.7) 


where ry2 = Fo — Fy, and p is the momentum which is related to the energy E 
by the relativistic equation 


pec? = B® — (moc), 


or the nonrelativistic equation 


So Kinetic energy. 
Equation (3.7) says in effect that the particle has wavelike properties, the amplitude 
propagating as a wave with a wave number equal to the momentum divided by %. 

In the most general case, the amplitude and the corresponding probability 
will also involve the time. For most of these initial discussions we will suppose 
that the source always emits the particles with a given energy so we will not need to 
worry about the time. But we could, in the general case, be interested in some 
other questions. Suppose that a particle is liberated at a certain place P at a certain 
time, and you would like to know the amplitude for it to arrive at some location, 
say r, at some later time. This could be represented symbolically as the amplitude 
(r,t = t,|P,t = 0). Clearly, this will depend upon both r and ¢. You will get 
different results if you put the detector in different places and measure at different 
times. This function of r and f¢, in general, satisfies a differential equation which is 
a wave equation. For example, in a nonrelativistic case it is the Schrédinger equa- 
tion. One has then a wave equation analogous to the equation for electromagnetic 
waves or waves of sound in a gas. However, it must be emphasized that the wave 
function that satisfies the equation is not like a real wave in space; one cannot 
picture any kind of reality to this wave as one does for a sound wave. 

Although one may be tempted to think in terms of “particle waves’’ when 
dealing with one particle, it is not a good idea, for if there are, say, two particles, 
the amplitude to find one at r; and the other at ra is not a simple wave in three- 
dimensional space, but depends on the six space variables r; and rg. If we are, 
for example, dealing with two (or more) particles, we will need the following 
additional principle: Provided that the two particles do not interact, the amplitude 
that one particle will do one thing and the other one something else is the product 
of the two amplitudes that the two particles would do the two things separately. 
For example, if (a | 5,) is the amplitude for particle 1 to go from s, to a, and (6 | s2) 
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is the amplitude for particle 2 to go from sg to 6, the amplitude that both things 
will happen together is 


(a|s1)(b | S2). 


There is one more point to emphasize. Suppose that we didn’t know where 
the particles in Fig. 3-2 come from before arriving at holes 1 and 2 of the first 
wall. We can still make a prediction of what will happen beyond the wall (for 
example, the amplitude to arrive at x) provided that we are given two numbers: 
the amplitude to have arrived at 1 and the amplitude to have arrived at 2. In other 
words, because of the fact that the amplitude for successive events multiplies, as 
shown in Eq. (3.6), all you need to know to continue the analysis is two numbers— 
in this particular case (1 | s) and (2|s). These two complex numbers are enough 
to predict all the future. That is what really makes quantum mechanics easy. It 
turns out that in later chapters we are going to do just such a thing when we specify 
a starting condition in terms of two (or a few) numbers. Of course, these numbers 
depend upon where the source is located and possibly other details about the 
apparatus, but given the two numbers, we do not need to know any more about 
such details. 
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Fig. 3-3. An experiment to deter- 
mine which hole the electron goes through. 


3-2 The two-slit interference pattern 


Now we would like to consider a matter which was discussed in some detail 
in Chapter 1. This time we will do it with the full glory of the amplitude idea 
to show you how it works out. We take the same experiment shown in Fig. 
3-I, but now with the addition of a light source behind the two holes, as shown 
in Fig. 3-3. In Chapter 1, we discovered the following interesting result. If 
we looked behind slit 1 and saw a photon scattered from there, then the distribu- 
tion obtained for the electrons at x in coincidence with these photons was the same 
as though slit 2 were closed. The total distribution for electrons that had been . 
“seen” at either slit 1 or slit 2 was the sum of the separate distributions and was 
completely different from the distribution with the light turned off. This was true 
at least if we used light of short enough wavelength. If the wavelength was made 
longer so we could not be sure at which hole the scattering had occurred, the 
distribution became more like the one with the light turned off. 

Let’s examine what is happening by using our new notation and the principles 
of combining amplitudes. To simplify the writing, we can again let ¢, stand for 
the amplitude that the electron will arrive at x by way of hole 1, that is, 


o; = (x| 11/5). 


Similarly, we'll let ¢2 stand for the amplitude that the electron gets to the detector 
by way of hole 2: 


o2 = (x/| 2){2|5). 


These are the amplitudes to go through the two holes and arrive at x if there is no 
light. Now if there is light, we ask ourselves the question: What is the amplitude 
for the process in which the electron starts at s and a photon is liberated by the 
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Fig. 3-4. The probability of count- 
ing an electron at x in coincidence with a 
photon at D in the experiment of Fig. 
3.3: (a) for b -- 0; (b) for b ~ a; (c) 
forO <b~ a. 


light source L, ending with the electron at x and a photon seen behind slit 1? 
Suppose that we observe the photon behind slit 1 by means of a detector D;, as 
shown in Fig. 3-3, and use a similar detector Dz to count photons scattered 
behind hole 2. There will be an amplitude for a photon to arrive at D, and an 
electron at x, and also an amplitude for a photon to arrive at D» and an electron 
at x. Let’s try to calculate them. 

Although we don’t have the correct mathematica! formula for all the factors 
that go into this calculation, you will see the spirit of it in the following discussion. 
First, there is the amplitude (1 | s) that an electron goes from the source to hole 1. 
Then we can suppose that there is a certain amplitude that while the electron is at 
hole 1 it scatters a photon into the detector D,. Let us represent this amplitude by 
a. Then there is the amplitude (x | 1) that the electron goes from slit J] to the elec- 
tron detector at x. The amplitude that the electron goes from s to x via slit 1 and 
scatters a photon into D, is then 


(x|l)a djs). 


Or, in our previous notation, it is just a@,. 

There is also some amplitude that an electron going through slit 2 will scatter 
a photon into counter D,. You say, “That’s impossible; how can it scatter into 
counter D, if it is only looking at hole 1?” If the wavelength is long enough, there 
are diffraction effects, and it is certainly possible. If the apparatus is built well and 
if we use photons of short wavelength, then the amplitude that a photon will be 
scattered into detector 1, from an electron at 2 is very small. But to keep the 
discussion general we want to take into account that there is always some such 
amplitude, which we will call b. Then the amplitude that an electron goes via 
slit 2 and scatters a photon into D, is 


(x |2)b(2|s) = boo. 


The amplitude to find the electron at x and the photon in Dy, is the sum of 
two terms, one for each possible path for the electron. Each term is in turn made 
up of two factors: first, that the electron went through a hole, and second, that the 
photon is scattered by such an electron into detector 1; we have 


/electron at x | electron from s\ _ 


\photon at D, | photon from L/ > “** + bd». (3.8) 


We can get a similar expression when the photon is found in the other detector 
Dy. If we assume for simplicity that the system is symmetrical, then a is also the 
amplitude for a photon in Dz when an electron passes through hole 2, and 6 is 
the amplitude for a photon in Dz. when the electron passes through hole |. The 
corresponding total amplitude for a photon at Dz» and an electron at x is 


/electron at x | electron from s 
\photon at D, | photon from L/ — abet Od: ey) 

Now we are finished. We can easily calculate the probability for various 
situations. Suppose that we want to know with what probability we get a count 
in D, and an electron at x. That will be the absolute square of the amplitude 
given in Eq. (3.8), namely, just |a@; + bd2|°. Let's look more carefully at this 
expression. First of all, if 6 is zero—which is the way we would like to design the 
apparatus—then the answer is simply |¢,|? diminished in total amplitude by the 
factor |a|?, This is the probability distribution that you would get if there were 
only one hole—as shown in the graph of Fig. 3-4(a). On the other hand, if the 
wavelength is very long, the scattering behind hole 2 into D, may be Just about 
the same as for hole 1. Although there may be some phases involved in a and 8, 
we can ask about a simple ease in which the two phases are equal. Ifa is practically 
equal to 5, then the total probability becomes |¢; + ¢2|” multiplied by |a/?, 
since the common factor a can be taken out. This, however, is just the probability 
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light source LZ, ending with the electron at x and a photon seen behind slit 1? 
Suppose that we observe the photon behind slit 1 by means of a detector D;, as 
shown in Fig. 3-3, and use a similar detector Dz to count photons scattered 
behind hole 2. There will be an amplitude for a photon to arrive at D, and an 
electron at x, and also an amplitude for a photon to arrive at D» and an electron 
at x. Let’s try to calculate them. 

Although we don’t have the correct mathematica! formula for all the factors 
that go into this calculation, you will see the spirit of it in the following discussion. 
First, there is the amplitude (1 | s) that an electron goes from the source to hole 1. 
Then we can suppose that there is a certain amplitude that while the electron is at 
hole 1 it scatters a photon into the detector D,. Let us represent this amplitude by 
a. Then there is the amplitude (x | 1) that the electron goes from slit J] to the elec- 
tron detector at x. The amplitude that the electron goes from s to x via slit 1 and 
scatters a photon into D, is then 


(x|l)a djs). 


Or, in our previous notation, it is just a@,. 

There is also some amplitude that an electron going through slit 2 will scatter 
a photon into counter D,. You say, “That’s impossible; how can it scatter into 
counter D, if it is only looking at hole 1?” If the wavelength is long enough, there 
are diffraction effects, and it is certainly possible. If the apparatus is built well and 
if we use photons of short wavelength, then the amplitude that a photon will be 
scattered into detector 1, from an electron at 2 is very small. But to keep the 
discussion general we want to take into account that there is always some such 
amplitude, which we will call b. Then the amplitude that an electron goes via 
slit 2 and scatters a photon into D, is 


(x |2)b(2|s) = boo. 


The amplitude to find the electron at x and the photon in Dy, is the sum of 
two terms, one for each possible path for the electron. Each term is in turn made 
up of two factors: first, that the electron went through a hole, and second, that the 
photon is scattered by such an electron into detector 1; we have 


/electron at x | electron from s\ _ 


\photon at D, | photon from L/ > “** + bd». (3.8) 


We can get a similar expression when the photon is found in the other detector 
Dy. If we assume for simplicity that the system is symmetrical, then a is also the 
amplitude for a photon in Dz when an electron passes through hole 2, and 6 is 
the amplitude for a photon in Dz. when the electron passes through hole |. The 
corresponding total amplitude for a photon at Dz» and an electron at x is 


/electron at x | electron from s 
\photon at D, | photon from L/ — abet Od: ey) 

Now we are finished. We can easily calculate the probability for various 
situations. Suppose that we want to know with what probability we get a count 
in D, and an electron at x. That will be the absolute square of the amplitude 
given in Eq. (3.8), namely, just |a@; + bd2|°. Let's look more carefully at this 
expression. First of all, if 6 is zero—which is the way we would like to design the 
apparatus—then the answer is simply |¢,|? diminished in total amplitude by the 
factor |a|?, This is the probability distribution that you would get if there were 
only one hole—as shown in the graph of Fig. 3-4(a). On the other hand, if the 
wavelength is very long, the scattering behind hole 2 into D, may be Just about 
the same as for hole 1. Although there may be some phases involved in a and 8, 
we can ask about a simple ease in which the two phases are equal. Ifa is practically 
equal to 5, then the total probability becomes |¢; + ¢2|” multiplied by |a/?, 
since the common factor a can be taken out. This, however, is just the probability 
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distribution we would have gotten without the photons at all. Therefore, in the 
case that the wavelength is very long—and the photon detection ineffective—you 
return to the original distribution curve which shows interference effects, as shown 
in Fig. 3-4(b). In the case that the detection is partially effective, there is an inter- 
ference between a lot of ¢, and a little of @2, and you will get an intermediate 
distribution such as is sketched in Fig. 3-4(c). Needless to say, if we look for 
coincidence counts of photons at D2 and electrons at x, we will get the same kinds 
of results. If you remember the discussion in Chapter 1, you will see that these 
results give a quantitative description of what was described there. 

Now we would like to emphasize an important point so that you will avoid 
a common error. Suppose that you only want the amplitude that the electron ar- 
rives at x, regardless of whether the photon was counted at D, or Dz. Should you 
add the amplitudes given in Eqs. (3.8) and (3.9)? No! You must never add 
amplitudes for different and distinct final states. Once the photon is accepted by 
one of the photon counters, we can always determine which alternative occurred 
if we want, without any further disturbance to the system. Each alternative has a 
probability completely independent of the other. To repeat, do not add amplitudes 
for different final conditions, where by “‘final’’ we mean at that moment the 
probability is desired—that is, when the experiment is “finished.”” You do add the 
amplitudes for the different indistinguishable alternatives inside the experiment, 
before the complete process is finished. At the end of the process you may say that 
you “‘don’t want to look at the photon.”’ That’s your business, but you still do not 
add the amplitudes. Nature does not know what you are looking at, and she 
behaves the way she is going to behave whether you bother to take down the data 
or not. So here we must not add the amplitudes. We first square the amplitudes 
for all possible different final events and then sum. The correct result for an 
electron at x and a photon at either D, or Dg is 

efroms \ 


C at x 
ph at Dz | ph from L/ 
= lad + bol? + lade + boi|?. (3.10) 
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3-3 Scattering from a crystal 


Our next example is a phenomenon in which we have to analyze the inter- 
ference of probability amplitudes somewhat carefully. We look at the process of 
the scattering of neutrons from a crystal. Suppose we have a crystal which has a 
lot of atoms with nuclei at their centers, arranged in a periodic array, and a neutron 
beam that comes from far away. We can label the various nuclei in the crystal by 
an index 7, where 7 runs over the integers 1, 2, 3,... 4, with N equal to the total 
number of atoms. The problem is to calculate the probability of getting a neutron 
into a counter with the arrangement shown in Fig. 3-5. For any particular atom 
i, the amplitude that the neutron arrives at the counter C is the amplitude that the 
neutron gets from the source S to nucleus /, multiplied by the amplitude a that it 
gets scattered there, multiplied by the amplitude that it gets from i to the counter 
C. Let’s write that down: 


(neutron at C | neutron from S)yia ; = (C| ia di| S). (3.11) 


In writing this equation we have assumed that the scattering amplitude a is the 
same for all atoms. We have here a large number of apparently indistinguishable 
routes. They are indistinguishable because a low-energy neutron is scattered from 
a nucleus without knocking the atom out of its place in the crystal—no “record”’ 
is left of the scattering. According to the earlier discussion, the total amplitude 
for a neutron at C involves a sum of Eq. (3.11) over all the atoms: 


N 


{neutron at C | neutron from S) = > (C| iad] S). (3.12) 


t=1 
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Fig. 3-6. The neutron counting rate 
as a function of angle: (a) for spin zero 
nuclei; (b) the probability of scattering 
with spin flip; (c) the observed counting 
rate with a spin one-half nucleus. 


Because we are adding amplitudes of scattering from atoms with different space 
positions, the amplitudes will have different phases giving the characteristic inter- 
ference pattern that we have already analyzed in the case of the scattering of light 
from a grating. 

The neutron intensity as a function of angle in such an experiment is indeed 
often found to show tremendous variations, with very sharp interference peaks 
and almost nothing in between—as shown in Fig. 3-6(a). However, for certain 
kinds of crystals it does not work this way, and there is—along with the interference 
peaks discussed above—a general background of scattering in all directions. We 
must try to understand the apparently mysterious reasons for this. Well, we have 
not considered one important property of the neutron. It has a spin of one-half, 
and so there are two conditions in which it can be: either spin ‘“‘up” (say perpendicu- 
lar to the page in Fig. 3-5) or spin “down.” If the nuclei of the crystal have no 
spin, the neutron spin doesn’t have any effect. But when the nuclei of the crystal 
also have a spin, say a spin of one-half, you will observe the background of smeared- 
out scattering described above. The explanation is as follows. 

If the neutron has one direction of spin and the atomic nucleus has the same 
spin, then no change of spin can occur in the scattering process. If the neutron and 
atomic nucleus have opposite spin, then scattering can occur by two processes, 
one in which the spins are unchanged and another in which the spin directions are 
exchanged. This rule for no net change of the sum of the spins is analogous to our 
classical law of conservation of angular momentum. We can begin to understand 
the phenomenon if we assume that all the scattering nuclei are set up with spins in 
one direction. A neutron with the same spin will scatter with the expected sharp 
interference distribution. What about one with opposite spin? Ifit scatters without 
spin flip, then nothing is changed from the above; but if the two spins flip over in 
the scattering, we could, in principle, find out which nucleus had done the scatter- 
ing, since it would be the only one with spin turned over. Well, if we can tell which 
atom did the scattering, what have the other atoms got to do with it? Nothing, of 
course. The scattering is exactly the same as that from a single atom. 

To include this effect, the mathematical formulation of Eq. (3.12) must be 
modified since we haven’t described the states completely in that analysis. Let’s 
start with all neutrons from the source having spin up and all the nuclei of the 
crystal having spin down. First, we would like the amplitude that at the counter 
the spin of the neutron is up and all spins of the crystal are still down. This ts 
not different from our previous discussion. We will let a be the amplitude to 
scatter with no flip or spin. The amplitude for scattering from the ith atom is, of 
course, 


(Cup, crystal all down | Sup, crystal all down) = (C |i) a (i| S). 


Since all the atomic spins are still down, the various alternatives (different values 
of i) cannot be distinguished. There is clearly no way to tell which atom did the 
scattering. For this process, all the amplitudes interfere. 

We have another case, however, where the spin of the detected neutron is 
down although it started from S with spin up. In the crystal, one of the spins must 
be changed to the up direction—let’s say that of the Ath atom. We will assume that 
there is the same scattering amplitude with spin flip for every atom, namely Ob. 
(In a real crystal there is the disagreeable possibility that the reversed spin moves 
to some other atom, but let’s take the case of a crystal for which this probability 
is very low.) The scattering amplitude is then 


(Caowns nucleus k up | Sup, crystal all down) = (C|k) 6 (K| S). (3.13) 


If we ask for the probability of finding the neutron spin down and the Ath nucleus 
spin up, it is equal to the absolute square of this amplitude, which is simply \b|? 
times |(C | k)(k | S)|®.. The second factor is almost independent of location in the 
crystal, and all phases have disappeared in taking the absolute square. The 
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probability of scattering from any nucleus in the crystal with spin flip is now 


[| M2 KC | k){k | S)1?, 


which will show a smooth distribution as in Fig. 3-6(b). 

You may argue, “I don’t care which atom is up.’ Perhaps you don’t, but 
nature knows; and the probability is, in fact, what we gave above—there isn’t any 
interference. On the other hand, if we ask for the probability that the spin is up at 
the detector and all the atoms still have spin down, then we must take the absolute 
square of 


>, (C|iaGi| S). 


i=1 


Since the terms in this sum have phases, they do interfere, and we get a sharp 
interference pattern. If we do an experiment in which we don’t observe the spin 
of the detected neutron, then both kinds of events can occur; and the separate 
probabilities add. The total probability (or counting rate) as a function of angle 
then looks like the graph in Fig. 3-6(c). 

Let’s review the physics of this experiment. If you could, in principle, distin- 
guish the alternative final states (even though you do not bother to do so), the total, 
final probability is obtained by calculating the probability for each state (not the 
amplitude) and then adding them together. If you cannot distinguish the final 
states even in principle, then the probability amplitudes must be summed before 
taking the absolute square to find the actual probability. The thing you should 
notice particularly is that if you were to try to represent the neutron by a wave 
alone, you would get the same kind of distribution for the scattering of a down- 
spinning neutron as for an up-spinning neutron. You would have to say that the 
“wave” would come from all the different atoms and interfere just as for the up- 
spinning one with the same wavelength. But we know that is not the way it works. 
So as we stated earlier, we must be careful not to attribute too much reality to the 
waves in space. They are useful for certain problems but not for all. 


3-4 Identical particles 


The next experiment we will describe is one which shows one of the beautiful 
consequences of quantum mechanics. It again involves a physical situation in 
which a thing can happen in two indistinguishable ways, so that there is an inter- 
ference of amplitudes—as is always true in such circumstances. We are going to 
discuss the scattering, at relatively low energy, of nuclei on other nuclei. We 
start by thinking of e-particles (which, as you know, are helium nuclei) bombarding, 
say, oxygen. To make it easier for us to analyze the reaction, we will look at it in 
the center-of-mass system, in which the oxygen nucleus and the a-particle have 
their velocities in opposite directions before the collision and again in exactly 
opposite directions after the collision. See Fig. 3-7(a). (The magnitudes of the 
velocities are, of course, different, since the masses are different.) We will also 
suppose that there ts conservation of energy and that the collision energy is low 
enough that neither particle is broken up or left in an excited state. The reason that 
the two particles deflect each other is, of course, that each particle carries a positive 
charge and, classically speaking, there is an electrical repulsion as they go by. 
The scattering will happen at different angles with different probabilities, and we 
would like to discuss something about the angle dependence of such scatterings. 
(It is possible, of course, to calculate this thing classically, and it is one of the most 
remarkable accidents of quantum mechanics that the answer to this problem 
comes out the same as it does classically. This is a curious point because it happens 
for no other force except the inverse square law—so it is indeed an accident.) 

The probability of scattering in different directions can be measured by an 
experiment as shown in Fig. 3~7(a). The counter at position | could be designed 
to detect only a-particles; the counter at position 2 could be designed to detect 
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The scattering of a-particles from oxygen nuclei, as seen in the center-of-mass system. 


only oxygen—just as a check. (In the laboratory system the detectors would not 
be opposite; but in the CM system they are.) Our experiment consists in measuring 
the probability of scattering in various directions. Let’s call f (6) the amplitude to 
scatter into the counters when they are at the angle 6; then | /(6)|? will be our 
experimentally determined probability. 

Now we could set up another experiment in which our counters would respond 
to either the a-particle or the oxygen nucleus. Then we have to work out what 
happens when we do not bother to distinguish which particles are counted. Of 
course, if we are to get an oxygen in the position 6, there must be an a-particle on 
the opposite side at the angle (7 — @), as shown in Fig. 3-7(b). So if f(6) is the 
amplitude for a-scattering through the angle 6, then f(a — @) is the amplitude 
for oxygen scattering through the angle 6.t Thus, the probability for having 
some particle in the detector at position | is: 


Probability of some particle in D, = [f(8)|? + [f(r — 9|*. (3.14) 


Note that the two states are distinguishable in principle. Even though in this 
experiment we do nor distinguish them, we could. According to the earlier dis- 
cussion, then, we must add the probabilities, not the amplitudes. 

The result given above is correct for a variety of target nuclei—for a-particles 
on oxygen, on carbon, on beryllium, on hydrogen. But it is wrong for a-particles on 
a-particles. For the one case in which both particles are exactly the same, the 
experimental data disagree with the prediction of (3.14). For example, the 
scattering probability at 90° is exactly twice what the above theory predicts and 
has nothing to do with the particles being “helium” nuclei. If the target is He*, 
but the projectiles are a-particles (He*), then there is agreement. Only when the 
target is He*—so its nuclei are identical with the incoming a-particle—does the 
scattering vary in a peculiar way with angle. 

Perhaps you can already see the explanation. There are two ways to get an 
a-particle into the counter: by scattering the bombarding a-particle at an angle 9, 
or by scattering it at an angle of (7 — 6). Howcan we tell whether the bombarding 
particle or the target particle entered the counter? The answer is that we cannot. 
In the case of a-particles with a-particles there are two alternatives that cannot be 
distinguished. Here, we must let the probability amplitudes interfere by addition, 


f In general, a scattering direction should, of course, be described by two angles, the 
polar angle ¢, as well as the azimuthal angle 6. We would then say that an oxygen nucleus 
at (6, @) means that the a-particle is at (r — 0,6 + 7). However, for Coulomb scattering 
(and for many other cases), the scattering amplitude is independent of @. Then the ampli- 
tude to get an oxygen at 6 is the same as the amplitude to get the a-particle at (r — 6). 
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Fig. 3-8. The scattering of electrons on electrons. If the incoming electrons have parallel spins, the 


processes (a) and (b) are indistinguishable. 


and the probability of finding an a-particle in the counter is the square of their sum: 
Probability of an a-particle at D, = |f(@) + f(m — 8)\”. (3.15) 


This is quite a different result than that in Eq. (3.14). We can take an angle 
of 2/2 as an example, because it is easy to figure out. For 6 = 2/2, we obviously 
have f(@) = f(@ — 8), so the probability in Eq. (3.15) becomes | f(m/2) + 
f(a/2)? = Alf (4/2)/?. 

On the other hand, if they did not interfere, the result of Eq. (3.14) gives 
only 2|f(a/2)|?. So there is twice as much scattering at 90° as we might have 
expected. Of course, at other angles the results will also be different. And so you 
have the unusual result that when particles are identical, a certain new thing hap- 
pens that doesn’t happen when particles can be distinguished. In the mathematical 
description you must add the amplitudes for alternative process in which the two 
particles simply exchange roles and there is an interference. 

An even more perplexing thing happens when we do the same kind of experi- 
ment by scattering electrons on electrons, or protons on protons. Neither of the 
above results is then correct! For these particles, we must invoke still a new rule, 
a most peculiar rule, which is the following: When you have a situation in which 
the identity of the electron which is arriving at a point is exchanged with another 
one, the new amplitude interferes with the old one with an opposite phase. It is 
interference all right, but with a minus sign. In the case of a-particles, when you 
exchange the a-particle entering the detector, the interfering amplitudes interfere 
with the positive sign. In the case of electrons, the interfering amplitudes for exchange 
interfere with a negative sign. Except for another detail to be discussed below, the 
proper equation for electrons in an experiment like the one shown in Fig. 3-8 is 


Probability of e at Dy = | (6) — f(a — 8)”. (3.16) 


The above statement must be qualified, because we have not considered the 
spin of the electron (a-particles have no spin). The electron spin may be considered 
to be either “up” or “down” with respect to the plane of the scattering. If the 
energy of the experiment is low enough, the magnetic forces due to the currents 
will be small and the spin will not be affected. We will assume that this is the case 
for the present analysis, so that there is no chance that the spins are changed during 
the collision. Whatever spin the electron has, it carries along with it. Now you 
see there are many possibilities. The bombarding and target particles can have 
both spins up, both down, or opposite spins. If both spins are up, as in Fig. 3-8 
(or if both spins are down), the same will be true of the recoil particles and the 
amplitude for the process is the difference of the amplitudes for the two possibilities 
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The scattering of electrons with antiparallel spins. 


shown in Fig. 3-8(a) and (b). The probability of detecting an electron in D, is 
then given by Eq. (3.16). 

Suppose, however, the ‘tbombarding” spin is up and the “‘target’’ spin is down. 
The electron entering counter | can have spin up or spin down, and by measuring 
this spin we can tell whether it came from the bombarding beam or from the target. 
The two possibilities are shown in Fig. 3-9(a) and (b); they are distinguishable in 
principle, and hence there will be no interference—merely an addition of the two 
probabilities. The same argument holds if both of the original spins are reversed— 
that is, if the left-hand spin is down and the right-hand spin is up. 

Now if we take our electrons at random—as from a tungsten filament in which 
the electrons are completely unpolarized—then the odds are fifty-fifty that any 
particular electron comes out with spin up or spin down. If we don't bother to 
measure the spin of the electrons at any point in the experiment, we have what we 
call an unpolarized experiment. The results for this experiment are best calculated 
by listing all of the various possibilities as we have done in Table 3-1. A separate 
probability is computed for each distinguishable alternative. The total probability 
is then the sum of all the separate probabilities. Note that for unpolarized beams 
the result for @ = 7/2 is one-half that of the classical result with independent 
particles. The behavior of identical particles has many interesting consequences: 
we will discuss them in greater detail in the next chapter. 


Table 3-1 
Scattering of unpolarized spin one-half particles 
Fraction Spin of Spin of Spin at Spin at oe 
of cases particle 1 particle 2 Dd, De Frobabily 
ry up up up up f@) — far — 6)|? 
4 down down down down [f(@) — f(r — 0|? 
up down | f(0)|? 
4 wu down 
< down up [fr — 6)|? 
up down [fr ~ 8)|? | 
4 down up 
down up |f()|? 
Total probability = 3|f(@) — f@r — 0)|? + 3/f@l? + 4/fGr — |? 
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Identieal Particles 


4-1 Bose particles and Fermi particles 


In the last chapter we began to consider the special rules for the interference 
that occurs in processes with two identical particles. By identical particles we 
mean things like electrons which can in no way be distinguished one from another. 
If a process involves two particles that are identical, reversing which one arrives 
at a counter is an alternative which cannot be distinguished and—like all cases of 
alternatives which cannot be distinguished—interferes with the original, un- 
exchanged case. The amplitude for an event is then the sum of the two interfering 
amplitudes; but, interestingly enough, the interference is in some cases with the 
same phase and, in others, with the opposite phase. 

Suppose we have a collision of two particles a and b in which particle a scatters 
in the direction 1 and particle b scatters in the direction 2, as sketched in Fig. 
4-l(a). Let’s call f() the amplitude for this process; then the probability P, of 
observing such an event is proportional to | f(6)|?_ Of course, it could also happen 
that particle 5 scattered into counter | and particle a went into counter 2, as shown 
in Fig. 4-1(b). Assuming that there are no special directions defined by spins 
or such, the probability P2 for this process is just |f(a — 6)|?, because it is just 
equivalent to the first process with counter 1 moved over to the angle 7 — 6. 
You might also think that the amplitude for the second process is just f(a — 6). 
But that is not necessarily so, because there could be an arbitrary phase factor. 
That is, the amplitude could be 


e" f(r — 8). 


Such an amplitude still gives a probability Py equal to | f(a — 6)|” 

Now let’s see what happens if a and 6 are identical particles. Then the two 
different processes shown in the two diagrams of Fig. 4-1 cannot be distinguished. 
There is an amplitude that either a or b goes into counter 1, while the other goes 
into counter 2. This amplitude is the sum of the amplitudes for the two processes 
shown in Fig. 4-1. If we call the first one f(@), then the second one is e”f(a — 8), 
where now the phase factor is very important because we are going to be adding 
two amplitudes. Suppose we have to multiply the amplitude by a certain phase 
factor when we exchange the roles of the two particles. If we exchange them 
again we should get the same factor again. But we are then back to the first process. 


‘ 


4-1 Bose particles and Fermi 
particles 
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4-5 The blackbody spectrum 
4-6 Liquid helium 


4-7 The exclusion principle 


Review: Blackbody radiation in: 
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ian Movement 
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Fig. 4-1. In the scattering of two identical particles, the processes (a) and (b) 


are indistinguishable. 
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The scattering of two a@-particles. In (a) the two particles retain their 


identity; in (b) a neutron is exchanged during the collision. 


The phase factor taken twice must bring us back where we started—its square 
must be equal to |. There are only two possibilities: e is equal to +1, or is equal 
to —1. Either the exchanged case contributes with the same sign, or it contributes 
with the opposite sign. Both cases exist in nature, each for a different class of par- 
ticles. Particles which interfere with a positive sign are called Bose particles and 
those which interfere with a negative sign are called Fermi particles. The Bose 
particles are the photon, the mesons, and the graviton. The Fermi particles are 
the electron, the muon, the neutrinos, the nucleons, and the baryons. We have, 
then, that the amplitude for the scattering of identical particles is: 


Bose particles: 
(Amplitude direct) + (Amplitude exchanged). (4.1) 


Fermi particles: 
(Amplitude direct) — (Amplitude exchanged). (4.2) 


For particles with spin—like electrons—there is an additional complication. 
We must specify not only the location of the particles but the direction of their spins. 
It is only for identical particles with identical spin states that the amplitudes interfere 
when the particles are exchanged. If you think of the scattering of unpolarized 
beams—which are a mixture of different spin states—there is some extra arithmetic. 

Now an interesting problem arises when there are two or more particles bound 
tightly together. For example, an a-particle has four particles in it—two neutrons 
and two protons. When two a-particles scatter, there are several possibilities. 
It may be that during the scattering there is a certain amplitude that one of the 
neutrons will leap across from one a-particle to the other, while a neutron from the 
other a-particle leaps the other way so that the two alphas which come out of the 
scattering are not the original ones—there has been an exchange of a pair of 
neutrons. See Fig. 4-2. The amplitude for scattering with an exchange of a pair 
of neutrons will interfere with the amplitude for scattering with no such exchange, 
and the interference must be with a minus sign because there has been an exchange 
of one pair of Fermi particles. On the other hand, if the relative energy of the two 
a-particles is so low that they stay fairly far apart—say, due to the Coulomb 
repulsion—and there is never any appreciable probability of exchanging any of 
the internal particles, we can consider the a-particle as a simple object, and we do 
not need to worry about its internal details. In such circumstances, there are only 
two contributions to the scattering amplitude. Either there is no exchange, or all 
four of the nucleons are exchanged in the scattering. Since the protons and the 
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neutrons in the e-particle are all Fermi particles, an exchange of any pair reverses 
the sign of the scattering amplitude. So long as there are no internal changes in 
the a-particles, interchanging the two a-particles is the same as interchanging four 
pairs of Fermi particles. There is a change in sign for each pair, so the net result 
is that the amplitudes combine with a positive sign. The e-particle behaves like a 
Bose particle. 

So the rule is that composite objects, in circumstances in which the composite 
object can be considered as a single object, behave like Fermi particles or Bose 
particles, depending on whether they contain an odd number or an even number 
of Fermi particles. 

All the elementary Fermi particles we have mentioned—such as the electron, 
the proton, the neutron, and so on—have a spin j = 1/2. If several such Fermi 
particles are put together to form a composite object, the resulting spin may be 
either integral or half-integral. For example, the common isotope of helium, 
He*, which has two neutrons and two protons, has a spin of zero, whereas Li? 
which has three protons and four neutrons, has a spin of 3/2. We will learn later the 
rules for compounding angular momentum, and will just mention now that every 
composite object which has a half-integral spin imitates a Fermi particle, whereas 
every composite object with an integral spin imitates a Bose particle. 

This brings up an interesting question: Why is it that particles with half-integral 
spin are Fermi particles whose amplitudes add with the minus sign, whereas 
particles with integral spin are Bose particles whose amplitudes add with the posi- 
tive sign? We apologize for the fact that we cannot give you an elementary ex- 
planation. An explanation has been worked out by Pauli from complicated argu- 
ments of quantum field theory and relativity. He has shown that the two must 
necessarily go together, but we have not been able to find a way of reproducing his 
arguments on an elementary level. It appears to be one of the few places in physics 
where there is a rule which can be stated very simply, but for which no one 
has found a simple and easy explanation. The explanation is deep down in rela- 
tivistic quantum mechanics. This probably means that we do not have a complete 
understanding of the fundamental principle involved. For the moment, you will 
just have to take it as one of the rules of the world. 


4-2 States with two Bose particles 


Now we would like to discuss an interesting consequence of the addition rule 
for Bose particles. It has to do with their behavior when there are several particles 
present. We begin by considering a situation in which two Bose particles are scat- 
tered from two different scatterers. We won’t worry about the details of the scatter- 
ing mechanism. We are interested only in what happens to the scattered particles. 
Suppose we have the situation shown in Fig. 4-3. The particle a is scattered into 
the state 1. By a state we mean a given direction and energy, or some other given 
condition. The particle b is scattered into the state 2. We want to assume that the 
two states I and 2 are nearly the same. (What we really want to find out eventually 
is the amplitude that the two particles are scattered into identical directions, or 
States; but it is best if we think first about what happens if the states are almost 
the same and then work out what happens when they become identical.) 

Suppose that we had only particle a; then it would have a certain amplitude 
for scattering in direction 1, say (1 | a). And particle 6 alone would have the ampli- 
tude (2 |b) for landing in direction 2. If the two particles are not identical, the 
amplitude for the two scatterings to occur at the same time is just the product 


(I | a)(2 | 8). 
The probability for such an event is then 
i(1 | a){2 | B)|?, 


(1 | a)|?|(2 | &)|?. 


which is also equal to 
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Fig. 4-3. A double scattering into 
nearby final states. 


To save writing for the present arguments, we will sometimes set 
(l]@) = a1,  (2|6) = bo. 
Then the probability of the double scattering is 
|as|"\bo|?. 


It could also happen that particle 5 is scattered into direction 1, while particle 
a goes into direction 2. The amplitude for this process is 


(2 | aX |b), 
and the probability of such an event is 
\(2 | a){1 | BY? = Jae|?|ba\?. 


Imagine now that we have a pair of tiny counters that pick up the two scattered 
particles. The probability P, that they will pick up two particles together is just 
the sum 


Py = |a1|7|b2\? + |a2}?|by|?. (4.3) 


Now let’s suppose that the directions | and 2 are very close together. We 
expect that a should vary smoothly with direction, so a; and ag must approach 
each other as | and 2 get close together. If they are close enough, the amplitudes a, 
and ay will be equal. We can set a} = ay and call them both just a; similarly, we 
set b, = by = b. Then we get that 


Po = 2a\?|bi?. (4.4) 


Now suppose, however, that a and 6 are identical Bose particles. Then the 
process of a going into | and 6 going into 2 cannot be distinguished from the ex- 
changed process in which a goes into 2 and b goes into 1. Jn this case the amplitudes 
for the two different processes can interfere. The sofa! amplitude to obtain a 
particle in each of the two counters is 


(1 | a)(2] 6) + (2 | a1 | 5). (4.5) 
And the probability that we get a pair is the absolute square of this amplitude, 
Py = layby + azb,\? = 4la\?|d)?. (4.6) 


We have the result that it is twice as likely to find two identical Bose particles 
scattered into the same state as you would calculate assuming the particles were 
different. 

Although we have been considering that the two particles are observed in 
separate counters, this is not essential—as we can see in the following way. Let's 
imagine that both the directions 1 and 2 would bring the particles into a single 
small counter which is some distance away. We will let the direction | be defined 
by saying that it heads toward the element of area dS, of the counter. Direction 2 
heads toward the surface element dS of the counter. (We imagine that the counter 
presents a surface at right angles to the line from the scatterings.) Now we cannot 
give a probability that a particle will go into a precise direction or to a particular 
point in space. Such a thing is impossible—the chance for any exact direction is 
zero. When we want to be so specific, we shall have to define our amplitudes so 
that they give the probability of arriving per unit area of a counter. Suppose that 
we had only particle a; it would have a certain amplitude for scattering in direction 
1. Let’s define (1 | a) = a, to be the amplitude that a will scatter into a unit area 
of the counter in the direction 1. In other words, the scale of a, is chosen—we 
say it is “normalized” so that the probability that it will scatter into an element 
of area dS, is 

{1 | @)j* dSy = |ay|? dS). (4.7) 
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If our counter has the total area AS, and we let dS, range over this area, the total 
probability that the particle a will be scattered into the counter is 


i |a,|? dS}. (4.8) 
AS 


As before, we want to assume that the counter is sufficiently small so that the 
amplitude a, doesn’t vary significantly over the surface of the counter; a, is then a 
constant amplitude which we can call a. Then the probability that particle a is 
scattered somewhere into the counter is 


Pa = |al? AS. (4.9) 


In the same way, we will have that the probability that particle b—when it is 
alone—scatters into some element of area, say dSo, is 


|b2| dS». 


(We use dS» instead of dS, because we will later want a and b to go into different 
directions.) Again we set b» equal to the constant amplitude 5; then the probability 
that particle 6 is counted in the detector is 


Ps = |b|? AS. (4.10) 


Now when both particles are present, the probability that a is scattered into 
dS, and b is scattered into dSy is 


la,bo|? dS, dS2 = |a\7|b|? dSy dS 5. (4.11) 


If we want the probability that both a and b get into the counter, we integrate both 
dS, and dS, over AS and find that 


Py = |al?lb|? (aS)?. (4.12) 


We notice, incidentally, that this is just equal to p, * ps, just as you would suppose 
assuming that the particles a and 5 act independently of each other. 

When the two particles are identical, however, there are two indistinguishable 
possibilities for each pair of surface elements dS, and dS». Particle a going into 
dS and particle b going into dS, is indistinguishable from a into dS, and 6 into 
dS», so the amplitudes for these processes will interfere. (When we had two 
different particles above—although we did not in fact care which particle went 
where in the counter—we could, in principle, have found out; so there was no 
interference. For identical particles we cannot tell, even in principle.) We must 
write, then, that the probability that the two particles arrive at dS; and dSq is 


la,b2 + ab 1|? dS; dS >. (4.13) 


Now, however, when we integrate over the area of the counter, we must be careful. 
If we let dS; and dS, range over the whole area AS, we would count each part of 
the area twice since (4.13) contains everything that can happen with any pair of 
surface elements dS, and dS,t We can still do the integral that way, if we correct 
for the double counting by dividing the result by 2. We get then that P. for identical 
Bose particles is 


P.(Bose) = 4{4|a|?|b|? (AS)?} = 2\al?\b|? (AS)?. (4.14) 


Again, this is just twice what we got in Eq. (4.12) for distinguishable particles. 

If we imagine for a moment that we knew that the 6 channel had already sent 
its particle into the particular direction, we can say that the probability that a 
second particle will go into the same direction is twice as great as we would have 


+ In (4.11) interchanging dS, and dS2 gives a different event, so both surface elements 
should range over the whole area of the counter. In (4.13) we are treating dS; and dS2 
as a pair and including everything that can happen. If the integrals include again what 
happens when dS, and dS are reversed, everything is counted twice. 
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Fig. 4-4. The scattering of n parti- 
cles into nearby final states. 


expected if we had calculated it as an independent event. It is a property of Bose 
particles that if there is already one particle in a condition of some kind, the 
probability of getting a second one in the same condition is twice as great as it 
would be if the first one were not already there. This fact is often stated in the 
following way: If there is already one Bose particle in a given state, the amplitude 
for putting an identical one on top of it is +/2 greater than if it weren’t there. 
(This is not a proper way of stating the result from the physical point of view we 
have taken, but if it is used consistently as a rule, it will, of course, give the correct 
result.) 


4-3 States with Bose particles 


Let’s extend our result to a situation in which there are n particles present. 
We imagine the circumstance shown in Fig. 4-4. We have n particles a, b, c,..., 
which are scattered and end up in the directions 1, 2,3, .., 7. All n directions 
are headed toward a small counter a long distance away. As in the last section, 
we choose to normalize all the amplitudes so that the probability that each particle 
acting alone would go into an element of surface dS of the counter is 


IC I? ds. 


First, let’s assume that the particles are all distinguishable; then the probability 
that 1 particles will be counted together in » different surface elements is 


layboc3.. \? dS, dSo dS3.. (4.15) 
Again we take that the amplitudes don’t depend on where dS is located in the 
counter (assumed small) and call them simply a, b, c,... The probability (4.15) 
becomes 

la|?|b|2\c|?... dSy dS» dS3.. (4.16) 


Integrating each dS over the surface AS of the counter, we have that P,, (different), 
the probability of counting n different particles at once, is 


P, (different) = |a|?|b/?|/c/?_ .. (aS)” (4.17) 


This is just the product of the probabilities for each particle to enter the counter 
separately. They all act independently—the probability for one to enter does not 
depend on how many others are also entering. 

Now suppose that all the particles are identical Bose particles. For each set 
of directions 1, 2, 3,.. . there are many indistinguishable possibilities. If there were, 
for instance, just three particles, we would have the following possibilities: 


a] a-— Il a—2 
b—2 b— 3 b— 1 
co 3 c—-2 (i ae) 
a—-2 a-— 3 a—3 
b— 3 b— | b> 2 
(a | c—2 c— I 


There are six different combinations. With 1 particles, there are n! different, but 
indistinguishable, possibilities for which we must add amplitudes. The probability 
that n particles will be counted in n surface elements is then 
|ajboc3.. + ayb3Co. + aobic3.. 

+ Aob3C,.. + etc. + etc.|? dS, dS2dS3...dSp. (4.18) 


Once more we assume that all the directions are so close that we can set a, = 
ag = = a = a,, and similarly for b,c,. —_; the probability of (4.18) becomes 


Intabe.. |? dS; dSo...dSy. (4.19) 
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When we integrate each dS over the area AS of the counter, each possible 
product of surface elements is counted n! times; we correct for this by dividing 
by n! and get 


P,(Bose) = . Intabe .. |? (ASY" 


or 
P,,(Bose) = n! |abc.. .|? (AS)”. (4.20) 


Comparing this result with Eq. (4.17), we see that the probability of counting n 
Bose particles together is n! greater than we would calculate assuming that the 
particles were all distinguishable. We can summarize our result this way: 


P,(Bose) = n! P,,(different). (4.21) 


Thus, the probability in the Bose case is larger by n! than you would calculate 
assuming that the particles acted independently. 

We can see better what this means if we ask the following question: What is 
the probability that a Bose particle will go into a particular state when there are 
already n others present? Let’s call the newly added particle w. If we have (n + 1) 
particles, including w, Eq. (4.20) becomes 


P,,41(Bose) = (n + 1)! jabe... wi? (aSy"F (4.22) 
We can write this as 


Pn41(Bose) = {(n + 1)jw|? AS}n! |abe...|? AS” 1 
or Nea 
Pn41(Bose) = (n + 1)\w\? AS P, (Bose). _ (4.23) 


We can look at this result in the following way: The number |w|? AS is the 
probability for getting particle w into the detector if no other particles were present; 
P,,(Bose) is the chance that there are already n other Bose particles present. So 
Eq. (4.23) says that when there are n other identical Bose particles present, the 
probability that one more particle will enter the same state is enhanced by the factor 
(n + 1). The probability of getting a boson, where there are already n, is (a + 1) 
times stronger than it would be if there were none before. The presence of the other 
particles increases the probability of getting one more. 


4—4 Emission and absorption of photons 


Throughout our discussion we have talked about a process like the scattering 
of a-particles. But that is not essential; we could have been speaking of the creation 
of particles, as for instance the emission of light. When the light is emitted, a 
photon is “created.” In such a case, we don’t need the incoming lines in Fig. 
4-4: we can consider merely that there are n atoms a, b,c, . . . emitting light, as in 
Fig. 4—5. So our result can also be stated: The probability that an atom will emit 
a photon into a particular final state is increased by the factor (n + 1) if there are 
already n photons in that state. 

People like to summarize this result by saying that the amplitude to emit a 
photon is increased by the factor \/n + 1 when there are already n photons 
present. It is, of course, another way of saying the same thing if it is understood to 
mean that this amplitude is just to be squared to get the probability. 

It is generally true in quantum mechanics that the amplitude to get from any 
condition ¢ to any other condition X is the complex conjugate of the amplitude to 
get from X to ¢: 


(x|o) = @|x)*. (4.24) 


We will learn about this law a little later, but for the moment we will just assume 
it is true. We can use it to find out how photons are scattered or absorbed out of a 
given state. We have that the amplitude that a photon will be added to some state, 
say i, when there are already n photons present is, say, 


(n+ 1|[n) = Vn4+ 1a, (4.25) 
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Fig. 4-5. The creation of n photons 
in nearby states. 


AE =hw 


! ; 


GROUND STATE 
(a) 


AE =hw 
GROUND STATE ° 
(b) 


Fig. 4-6. Radiation and absorption 
of a photon with the frequency w. 


where a = (i| a) is the amplitude when there are no others present. Using Eq. 
(4.24), the amplitude to go the other way—from (n + 1) photons to n—is 


(alan + 1) = Vn + 1a*. (4.26) 


This isn’t the way people usually say it; they don’t like to think of going from 
(n + 1) to a, but prefer always to start with n photons present. Then they say 
that the amplitude to absorb a photon when there are n present—in other words, 
to go from # to (n — 1)—is 


(n— L|n) = Vna*. (4.27) 


which is, of course, just the same as Eq. (4.26). Then they have trouble trying to 
remember when to use \/n or \/n + I. Here’s the way to remember: The factor 
is always the square root of the largest number of photons present, whether it is 
before or after the reaction. Equations (4.25) and (4.26) show that the law is 
really symmetric—it only appears unsymmetric if you write it as Eq. (4.27). 

There are many physical consequences of these new rules; we want to describe 
one of them having to do with the emission of light. Suppose we imagine a situation 
in which photons are contained in a box—you can imagine a box with mirrors for 
walls. Now say that in the box we have n photons, all of the same state—the same 
frequency, direction, and polarization—so they can’t be distinguished, and that 
also there is an atom in the box that can emit another photon into the same state. 
Then the probability that it will emit a photon is 


(n + 1)lal?, (4.28) 
and the probability that it will absorb a photon is 
nja\?, (4.29) 


where |a|? is the probability it would emit if no photons were present. We have 
already discussed these rules in a somewhat different way in Chapter 42 of Vol. I. 
Equation (4.29) says that the probability that an atom will absorb a photon and 
make a transition to a higher energy state is proportional to the intensity of the 
light shining on it. But, as Einstein first pointed out, the rate at which an atom will 
make a transition downward has two parts. There is the probability that it will 
make a spontaneous transition |a|*, plus the probability of an induced transition 
n\a|*, which is proportional to the intensity of the light—that is, to the number of 
photons present. Furthermore, as Einstein said, the coefficients of absorption and 
of induced emission are equal and are related to the probability of spontaneous 
emission. What we learn here is that if the light intensity is measured in terms of 
the number of photons present (instead of as the energy per unit area, and per sec), 
the coefficients of absorption of induced emission and of spontaneous emission are 
all equal. This is the content of the relation between the Einstein coefficients 
A and B of Chapter 42, Vol. I, Eq. (42.18). 


4-5 The blackbody spectrum 


We would like to use our rules for Bose particles to discuss once more the 
spectrum of blackbody radiation (see Chapter 42, Vol. 1). We will do it by finding 
out how many photons there are in a box if the radiation is in thermal equilibrium 
with some atoms in the box. Suppose that for each light frequency w, there are a 
certain number NW of atoms which have two energy states separated by the energy 
AE = tw. See Fig. 4-6. We'll call the lower-energy state the “ground”’ state 
and the upper state the “excited” state. Let V, and N, be the average numbers of 
atoms in the ground and excited states; then in thermal equilibrium at the tem- 
perature T, we have from statistical mechanics that 


Ne _ eSEIRT pnw kT (4.30) 
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Each atom in the ground state can absorb a photon and go into the excited 
state, and each atom in the excited state can emit a photon and go to the ground 
state. In equilibrium, the rates for these two processes must be equal. The rates 
are proportional to the probability for the event and to the number of atoms 
present. Let’s let 7 be the average number of photons present in a given state 
with the frequency w. Then the absorption rate from that state is N,njal®, and the 
emission rate into that state is N.(7 + 1)|a|”. Setting the two rates equal, we have 
that 

Nn = Ni + 1). (4.31) 


Combining this with Eq. (4.30), we have 


Ws 2 oa felkT 
n+1 : 
Solving for 7, we have 
1 
i= ———> (4.32) 
ehelkT at 1 


which is the mean number of photons in any state with frequency w, for a cavity in 
thermal equilibrium. Since each photon has the energy fw, the energy in the 
photons of a given state is Aw, or 


ho) 
poner : (4.33) 

Incidentally, we once found a similar equation in another context [Chapter 
41, Vol. I, Eq. (41.15)]. You remember that for any harmonic oscillator—such as 
a weight on a spring—the quantum mechanical energy levels are equally spaced 
with a separation Aw, as drawn in Fig. 4-7. If we call the energy of the nth level 
nhw, we find that the mean energy of such an oscillator is also given by Eq. (4.33). 
Yet this equation was derived here for photons, by counting particles, and it gives 
the same results. That is one of the marvelous miracles of quantum mechanics. 
If one begins by considering a kind of state or condition for Bose particles which 
do not interact with each other (we have assumed that the photons do not interact 
with each other), and then considers that into this state there can be put either 
zero, Or one, or two, .. . up to any number a of particles, one finds that this system 
behaves for all quantum mechanical purposes exactly like a harmonic oscillator. 
By such an oscillator we mean a dynamic system like a weight on a spring or a 
standing wave in a resonant cavity. And that is why it is possible to represent the 
electromagnetic field by photon particles. From one point of view, we can analyze 
the electromagnetic field in a box or cavity in terms of a lot of harmonic oscillators, 
treating each mode of oscillation according to quantum mechanics as a harmonic 
oscillator, From a different point of view, we can analyze the same physics in 
terms of identical Bose particles. And the results of both ways of working are 
always in exact agreement. There is no way to make up your mind whether the 
electromagnetic field is really to be described as a quantized harmonic oscillator or 
by giving how many photons there are in each condition. The two views turn out 
to be mathematically identicai. So in the future we can speak either about the 
number of photons in a particular state in a box or the number of the energy level 
associated with a particular mode of oscillation of the electromagnetic field. They 
are two ways of saying the same thing. The same is true of photons in free space. 
They are equivalent to oscillations of a cavity whose walls have receded to infinity. 

We have computed the mean energy in any particular mode in a box at the 
temperature 7; we need only one more thing to get the blackbody radiation law: 
We need to know how many modes there are at each energy. (We assume that for 
every mode there are some atoms in the box—or in the walls—which have energy 
levels that can radiate into that mode, so that each mode can get into thermal 
equilibrium.) The blackbody radiation law is usually stated by giving the energy 
per unit volume carried by the light in a small frequency interval from w tow + Aw. 
So we need to know how many modes there are in a box with frequencies in the 
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Fig. 4-9. Standing wave modes in 
two dimensions. 


interval Aw, Although this question continually comes up in quantum mechanics, 
it is purely a classical question about standing waves. 

We will get the answer only for a rectangular box. It comes out the same for a 
box of any shape, but it’s very complicated to compute for the arbitrary case. 
Also, we are only interested in a box whose dimensions are very large compared 
with a wavelength of the light. Then there are billions and billions of modes; 
there will be many in any small frequency interval Aw, so we can speak of the 
“average number” in any Aw at the frequency w. Let's start by asking how many 
modes there are in a one-dimensional case—as for waves on a stretched string. 
You know that each mode is a sine wave that has to go to zero at both ends; 
in other words, there must be an integral number of half-wavelengths in the length 
of the line, as shown in Fig. 4-8. We prefer to use the wave number k = 27/); 
calling k; the wave number of the jth mode, we have that 


k=, (4.34) 


where j is any integer. The separation 5k between successive modes is 
dk = kjgy —~ kj = 5: 


We want to assume that KL is so large that in a small interval Ak, there are many 
modes. Calling At the number of modes in the interval Ak, we have 


Ak L 
ee tae 


Ak. (4.35) 
Now theoretical physicists working in quantum mechanics usually prefer to 
say that there are one-half as many modes; they write 


L 

AN = i; Ak. (4.36) 
We would like to explain why. They usually like to think in terms of travelling 
waves—some going to the right (with a positive k) and some going to the left 
(with a negative k), But a “mode” is a standing wave which is the sum of two waves, 
one going in each direction. In other words, they consider each standing wave 
as containing two distinct photon “‘states.”’ So if by Ad, one prefers to mean the 
number of photon states of a given k (where now k ranges over positive and nega- 
tive values), one should then take Ao half as big. (All integrals must now go from 
k = —x tok = +~, and the total number of states up to any given absolute 
value of k will come out O.K.) Of course, we are not then describing standing 
waves very well, but we are counting modes in a consistent way. 

Now we want to extend the results to three dimensions. A standing wave in a 
rectangular box must have an integral number of half-waves along each axis. The 
situation for two of the dimensions is shown in Fig. 4-9. Each wave direction 
and frequency is described by a vector wave number k, whose x, y, and z compo- 
nents must satisfy equations like Eq. (4.34). So we have that 


_ fT 
kn 

_ iT, 
ky 7 L, 

_ AT 
k, T. 


The number of modes with k, in an interval Ak, is, as before, 


L, 
In Ake 
and similarly for Ak, and Ak,. If we call AdU(A) the number of modes for a vector 
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wave number & whose x-component is between k, and k, + Ak,, whose p-com- 
ponent is between k, and k, + Ak,, and whose z-component is between k, and 
k, + Ak,, then 

L,L,L, 


Am(K) = “tg Ake Aky Ake. (4.37) 


The product L,L,L, is equal to the volume V of the box. So we have the important 
result that for high frequencies (wavelengths small compared with the dimensions), 
the number of modes in a cavity is proportional to the volume V of the box and 
to the “volume in k-space” Ak, Ak, Ak,. This result comes up again and again in 
many problems and should be memorized: 
d’k 
awk) = Y On (4.38) 
Although we have not proved it, the result is independent of the shape of the box. 
We will now apply this result to find the number of photon modes for photons 
with frequencies in the range Aw. We are just interested in the energy in various 
modes—but not interested in the directions of the waves. We would like to know 
the number of modes in a given range of frequencies. In a vacuum the magnitude 
of k is related to the frequency by 


(oo) 
[k| = = (4.39) 
So in a frequency interval Aw, these are all the modes which correspond to k’s 


with a magnitude between k and k + Ak, independent of the direction. The 
“volume in k-space” between k and k + Ak is a spherical shell of volume 


4ak? Ak. 
The number of modes is then 
V4ak? Ak 


However, since we are now interested in frequencies, we should substitute k = w/c, 
SO we get 
V4rrw* Aw : 


(4.41) 

There is one more complication. If we are talking about modes of an electro- 
magnetic wave, for any given wave vector k there can be either of two polarizations 
(at right angles to each other). Since these modes are independent, we must—for 
light—double the number of modes. So we have 


Vu” Aw : 
AIt(w) = a (for light). (4.42) 
We have shown, Eq. (4.33), that each mode (or each “‘state’’) has on the 
average the energy 
ha 


nha = ————-- 
ohelkT  y 

Multiplying this by the number of modes, we get the energy AE in the modes that 

lie in the interval Aw: 


hos Vo” Aw 
eholkT =i T2c3 


AE = (4.43) 


This is the law for the frequency spectrum of blackbody radiation, which we have 
already found in Chapter 41 of Vol. I. The spectrum is plotted in Fig. 4-10. You 
see now that the answer depends on the fact that photons are Bose particles, which 
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Fig. 4-10. The frequency spectrum 
of radiation in a cavity in thermal equilib- 
rium, the “blackbody” spectrum. 


have a tendency to try to get all into the same state (because the amplitude for 
doing so is large). You will remember, it was Planck's study of the blackbody 
spectrum (which was a mystery to classical physics), and his discovery of the for- 
mula in Eq. (4.43) that started the whole subject of quantum mechanics. 


4-6 Liquid helium 


Liquid helium has at low temperatures many odd properties which we cannot 
unfortunately take the time to describe in detail right now, but many of them arise 
from the fact that a helium atom is a Bose particle. One of the things is that liquid 
helium flows without any viscous resistance. It is, in fact, the ideal “dry” water 
we have been talking about in one of the earlier chapters-——provided that the 
velocities are low enough. The reason is the following. In order for a liquid to have 
viscosity, there must be internal energy losses; there must be some way for one part 
of the liquid to have a motion that is different from that of the rest of the liquid. 
This means that it must be possible to knock some of the atoms into states that 
are different from the states occupied by other atoms. But at sufficiently low 
temperatures, when the thermal motions get very small, all the atoms try to get 
into the same condition. So, if some of them are moving along, then all the atoms 
try to move together in the same state. There is a kind of rigidity to the motion, 
and it is hard to break the motion up into irregular patterns of turbulence, as 
would happen, for example, with independent particles. So in a liquid of Bose 
particles, there is a strong tendency for all the atoms to go into the same state— 
which is represented by the ,/n + 1 factor we found earlier. (For a bottle of 
liquid helium n is, of course, a very large number!) This cooperative motion 
does not happen at high temperatures, because then there is sufficient thermal! 
energy to put the various atoms into various different higher states. But at a 
sufficiently low temperature there suddenly comes a moment in which all the helium 
atoms try to go into the same state. The helium becomes a superfluid. Incidentally, 
this phenomenon only appears with the isotope of helium which has atomic weight 
4. For the helium isotope of atomic weight 3, the individual atoms are Fermi 
particles, and the liquid is a normal fluid. Since superfluidity occurs only with 
He’, it is evidently a quantum mechanical effect—due to the Bose nature of the 
a-particle. 


4-7 The exclusion principle 


Fermi particles act in a completely different way. Let’s see what happens 
if we try to put two Fermi particles into the same state. We will go back to our 
original example and ask for the amplitude that two identical Fermi particles will 
be scattered into almost exactly the same direction. The amplitude that particle 
a will go in direction | and particle 5 will go in direction 2 is 


(1 | a)(2 | b), 
whereas the amplitude that the outgoing directions will be interchanged is 
(2 | a){1 | 6). 


Since we have Fermi particles, the amplitude for the process is the difference of 
these two amplitudes: 


(t | a){2 |b) — (2| @)(1 | 6). (4.44) 


Let’s say that by ‘“‘direction 1”? we mean that the particle has not only a certain 
direction but also a given direction of its spin, and that “direction 2” is almost 
exactly the same as direction I and corresponds to the same spin direction. Then 
(1! a) and (2| a) are nearly equal. (This would not necessarily be true if the 
outgoing states 1 and 2 did not have the same spin, because there might be some 
reason why the amplitude would depend on the spin direction.) Now if we let 
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Fig. 4-11. How atoms might look if electrons behaved like Bose particles. 


directions | and 2 approach each other, the total amplitude in Eq. (4.44) becomes 
zero. The result for Fermi particles is much simpler than for Bose particles. It 
just isn’t possible at all for two Fermi particles—such as two electrons—to get 
into exactly the same state. You will never find two electrons in the same position 
with their two spins in the same direction. It is not possible for two electrons to 
have the same momentum and the same spin directions. If they are at the same 
location or with the same state of motion, the only possibility is that they must be 
spinning opposite to each other. 

What are the consequences of this? There are a number of most remarkable 
effects which are a consequence of the fact that two Fermi particles cannot get into 
the same state. In fact, almost all the peculiarities of the material world hinge on 
this wonderful fact. The variety that is represented in the periodic table is basically 
a consequence of this one rule. 

Of course, we cannot say what the world would be like if this one rule were 
changed, because it is just a part of the whole structure of quantum mechanics, and it 
is impossible to say what else would change if the rule about Fermi particles were 
different. Anyway, let’s just try to see what would happen if only this one rule were 
changed. First, we can show that every atom would be more or less the same. 
Let’s start with the hydrogen atom. It would not be noticeably affected. The 
proton of the nucleus would be surrounded by a spherically symmetric electron 
cloud, as shown in Fig. 4-I11(a). As we have described in Chapter 2, the electron 
is attracted to the center, but the uncertainty principle requires that there be 
a balance between the concentration in space and in momentum. The balance 
means that there must be a certain energy and a certain spread in the electron 
distribution which determines the characteristic dimension of the hydrogen atom. 

Now suppose that we have a nucleus with two units of charge, such as the 
helium nucleus. This nucleus would attract two electrons, and if they were Bose 
particles, they would—except for their electric repulsion—both crowd in as close 
as possible to the nucleus. A helium atom might look as shown in part (b) of the 
figure. Similarly, a lithium atom which has a triply charged nucleus would have 
an electron distribution like that shown in part (c) of Fig. 4-11. Every atom would 
look more or less the same—a little round ball with all the electrons sitting near 
the nucleus, nothing directional and nothing complicated. 

Because electrons are Fermi particles, however, the actual situation is quite 
different. For the hydrogen atom the situation is essentially unchanged. The only 
difference is that the electron has a spin which we indicate by the little arrow in 
Fig. 4-12(a). In the case of a helium atom, however, we cannot put two electrons 
on top of each other. But wait, that is only true if their spins are the same. Two 
electrons can occupy the same state if their spins are opposite. So the helium atom 
does not look much different either. It would appear as shown in part (b) of 
Fig. 4-12. For lithium, however, the situation becomes quite different. Where 
can we put the third electron? The third electron cannot go on top of the other 
two because both spin directions are occupied. (You remember that for an electron 
or any particle with spin 1/2 there are only two possible directions for the spin.) 
The third electron can’t go near the place occupied by the other two, so it must 
take up a special condition in a different kind of state farther away from the 
nucleus in part (c) of the figure. (We are speaking only in a rather rough way here, 
because in reality all three electrons are identical; since we cannot really distinguish 
which one is which, our picture is only an approximate one.) 
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Fig. 4-13. The hydrogen molecule. 
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Fig. 4-15. The likely mechanism in a 
ferromagnetic crystal; the conduction 
electron is antiparallel to the unpaired 
inner electrons. 


Now we can begin to see why different atoms will have different chemical 
properties. Because the third electron in lithium is farther out, it is relatively more 
loosely bound. It is much easier to remove an electron from lithium than from 
helium. (Experimentally, it takes 25 volts to ionize helium but only 5 volts to 
ionize lithium.) This accounts for the valence of the lithium atom. The directional 
properties of the valence have to do with the pattern of the waves of the outer 
electron, which we will not go into at the moment. But we can already see the im- 
portance of the so-called exclusion principle—which states that no two electrons 
can be found in exactly the same state (including spin). 

The exclusion principle is also responsible for the stability of matter on a 
large scale. We explained earlier that the individual atoms in matter did not 
collapse because of the uncertainty principle; but this does not explain why it is 
that two hydrogen atoms can’t be squeezed together as close as you want—why 
it is that all the protons don’t get close together with one big smear of electrons 
around them. The answer is, of course, that since no more than two electrons— 
with opposite spins—can be in roughly the same place, the hydrogen atoms must 
keep away from each other. So the stability of matter on a large scale is really a 
consequence of the Fermi particle nature of the electrons. 

Of course, if the outer electrons on two atoms have spins in opposite directions, 
they can get close to each other. This is, in fact, just the way that the chemical 
bond comes about. It turns out that two atoms together will generally have the 
lowest energy if there is an electron between them. It is a kind of an electrical 
attraction for the two positive nuclei toward the electron in the middle. It is 
possible to put two electrons more or less between the two nuclei so long as their 
spins are opposite, and the strongest chemical binding comes about this way. 
There is no stronger binding, because the exclusion principle does not allow there 
to be more than two electrons in the space between the atoms. We expect the 
hydrogen molecile to look more or less as shown in Fig. 4-13. 

We want to mention one more consequence of the exclusion principle. You 
remember that if both electrons in the helium atom are to be close to the nucleus, 
their spins are necessarily opposite. Now suppose that we would like to try to 
arrange to have both electrons with the same spin—as we might consider doing by 
putting on a fantastically strong magnetic field that would try to line up the spins 
in the same direction. But then the two electrons could not occupy the same state 
in space. One of them would have to take on a different geometrical position, as 
indicated in Fig. 4-14. The electron which is located farther from the nucleus has 
less binding energy. The energy of the whole atom is therefore quite a bit higher. 
In other words, when the two spins are opposite, there is a much stronger total 
attraction. 

So, there is an apparent, enormous force trying to line up spins opposite to 
each other when two electrons are close together. If two electrons are trying to go 
in the same place, there is a very strong tendency for the spins to become lined 
opposite. This apparent force trying to orient the two spins opposite to each other 
is much more powerful than the tiny force between the two magnetic moments of 
the electrons. You remember when we were speaking of ferromagnetism there was 
the mystery of why the electrons in different atoms had a strong tendency to line 
up parallel. Although there is still no quantitative explanation, it is believed that 
what happens is that the electrons around the core of one atom interact through 
the exclusion principle with the outer electrons which have become free to wander 
throughout the crystal. This interaction causes the spins of the free electrons and 
the inner electrons to take on opposite directions. But the free electrons and the 
inner atomic electrons can only be opposite provided all the inner electrons have 
the same spin direction, as indicated in Fig. 4-15. It seems probable that it is the 
effect of the exclusion principle acting indirectly through the free electrons that 
gives rise to the strong aligning forces responsible for ferromagnetism. 

We will mention one further example of the influence of the exclusion principle. 
We have said earlier that the nuclear forces are the same between the neutron and 
the proton, between the proton and the proton, and between the proton and the 
neutron. Why is it then that a proton and a neutron can stick together to make a 
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deuterium nucleus, whereas there is no nucleus with just two protons or with just 
two neutrons? The deuteron is, as a matter of fact, bound by an energy of about 
2.2 million volts, yet, there is no corresponding binding between a pair of protons 
to make an isotope of helium with the atomic weight 2. Such nuclei do not exist. 
The combination of two protons does not make a bound state. 

The answer is a result of two effects: first, the exclusion principle; and second, 
the fact that the nuclear forces are somewhat sensitive to the direction of spin. The 
force between a neutron and a proton is attractive and somewhat stronger when 
the spins are parallel than when they are opposite. It happens that these forces 
are just different enough that a deuteron can only be made if the neutron and 
proton have their spins parallel; when their spins are opposite, the attraction is 
not quite strong enough to bind them together. Since the spins of the neutron and 
proton are each one-half and are in the same direction, the deuteron has a spin of 
one. We know, however, that two protons are not allowed to sit on top of each 
other if their spins are parallel. If it were not for the exclusion principle, two 
protons would be bound, but since they cannot exist at the same place and with 
the same spin directions, the He” nucleus does not exist. The protons could come 
together with their spins opposite, but then there is not enough binding to make 
a stable nucleus, because the nuclear force for opposite spins is too weak to 
bind a pair of nucleons. The attractive force between neutrons and protons of 
opposite spins can be seen by scattering experiments. Similar scattering experiments 
with two protons with parallel spins show that there is the corresponding attraction. 
So it is the exclusion principle that helps explain why deuterium can exist when 
He? cannot. 
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5-1 Filtering atoms with a Stern-Gerlach apparatus 


In this chapter we really begin the quantum mechanics proper—in the sense 
that we are going to describe a quantum mechanical phenomenon in a completely 
quantum mechanical way. We will make no apologies and no attempt to find con- 
nections to classical mechanics. We want to talk about something new in a new 
language. The particular situation which we are going to describe is the behavior 
of the so-called quantization of the angular momentum, for a particle of spin one. 
But we won’t use words like “angular momentum” or other concepts of classical 
mechanics until later. We have chosen this particular example because it is rela- 
tively simple, although not the simplest possible example. It is sufficiently com- 
plicated that it can stand as a prototype which can be generalized for the description 
of all quantum mechanical phenomena. Thus, although we are dealing with a 
particular example, all the laws which we mention are immediately generalizable, 
and we will give the generalizations so that you will see the general characteristics 
of a quantum mechanical description. We begin with the phenomenon of the 
splitting of a beam of atoms into three separate beams in a Stern-Gerlach experi- 
ment. 

You remember that if we have an inhomogeneous magnetic field made by a 
magnet with a pointed pole tip and we send a beam through the apparatus, the 
beam of particles may be split into a number of beams—the number depending 
on the particular kind of atom and its state. We are going to take the case of an 
atom which gives three beams, and we are going to call that a particle of spin one. 
You can do for yourself the case of five beams, seven beams, two beams, etc.—you 
just copy everything down and where we have three terms, you will have five 
terms, seven terms, and so on. 

Imagine the apparatus drawn schematically in Fig. 5-1. A beam of atoms 
(or particles of any kind) is collimated by some slits and passes through a non- 
uniform field. Let’s say that the beam moves in the y-direction and that the 
magnetic field and its gradient are both in the z-direction. Then, looking from the 
side, we will see the beam split vertically into three beams, as shown in the figure. 
Now at the output end of the magnet we could put small counters which count 
the rate of arrival of particles in any one of the three beams. Or we can block 
off two of the beams and let the third one go on. 

Suppose we block off the lower two beams and let the top-most beam go on 
and enter a second Stern-Gerlach apparatus of the same kind, as shown in Fig. 
5-2. What happens? There are not three beams in the second apparatus; there 
is only the top beam. This is what you would expect if you think of the second 
apparatus as simply an extension of the first. Those atoms which are being pushed 
upward continue to be pushed upward in the second magnet. 


+ We are assuming that the deflection angles are very small. 
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Fig. 5-1. In a Stern-Gerlach experi- 
ment, atoms of spin one are split into 
three beams. 


Fig. 5-2. The atoms from one of the 
beams are sent into a second identical 
apparatus, 


(9) 


z 
(b) 
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Fig. 5-3. (a) An imagined modification of a Stern-Gerlach apparatus. (b) The paths of spin-one atoms. 


You can see then that the first apparatus has produced a beam of “‘purified”’ 
objects—atoms that get bent upward in the particular inhomogeneous field. The 
atoms, as they enter the original Stern-Gerlach apparatus, are of three ‘‘varieties,”’ 
and the three kinds take different trajectories. By filtering out all but one of the 
varieties, we can make a beam whose future behavior in the same kind of apparatus 
is determined and predictable. We will call this a filtered beam, or a polarized 
beam, or a beam in which the atoms all are known to be in a definite state. 

For the rest of our discussion, it will be more convenient if we consider a 
somewhat modified apparatus of the Stern-Gerlach type. The apparatus looks 
more complicated at first, but it will make all the arguments simpler. Anyway, 
since they are only “thought experiments,” it doesn’t cost anything to complicate 
the equipment. (Incidentally, no one has ever done all of the experiments we will 
describe in just this way, but we know what would happen from the laws of quantum 
mechanics, which are, of course, based on other similar experiments. These other 
experiments are harder to understand at the beginning, so we want to describe 
some idealized—but possible—experiments.) 

Figure 5-3(a) shows a drawing of the “modified Stern-Gerlach apparatus” 
we would like to use. It consists of a sequence of three high-gradient magnets. 
The first one (on the left) is just the usual Stern-Gerlach magnet and splits the 
incoming beam of spin-one particles into three separate beams. The second 
magnet has the same cross section as the first, but is twice as long and the polarity 
of its magnetic field is opposite the field in magnet 1. The second magnet pushes 
in the opposite direction on the atomic magnets and bends their paths back toward 
the axis, as shown in the trajectories drawn in the lower part of the figure. The 
third magnet is just like the first, and brings the three beams back together again, 
so that leaves the exit hole along the axis. Finally, we would like to imagine that 
in front of the hole at A there is some mechanism which can get the atoms started 
from rest and that after the exit hole at B there is a decelerating mechanism that 
brings the atoms back to rest at B. That is not essential, but it will mean that in 
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our analysis we won’t have to worry about including any effects of the motion as 
the atoms come out, and can concentrate on those matters having only to do with 
the spin. The whole purpose of the “improved” apparatus is just to bring all the 
particles to the same place, and with zero speed. 

Now if we want to do an experiment like the one in Fig. 5-2, we can first 
make a filtered beam by putting a plate in the middle of the apparatus that blocks 
two of the beams, as shown in Fig. 5-4. If we now put the polarized atoms through 
a second identical apparatus, all the atoms will take the upper path, as can be 
verified by putting similar plates in the way of the various beams of the second 
S filter and seeing whether particles get through. 
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Fig. 5-4. The “improved” Stern-Gerlach apparatus as a filter. 


Suppose we call the first apparatus by the name S, (We are going to consider 
all sorts of combinations, and we will need labels to keep things straight.) We will 
say that the atoms which take the top path in S are in the “plus state with respect 
to S”’; the ones which take the middle path are in the ‘zero state with respect to 
S”; and the ones which take the lowest path are in the “minus state with respect 
to S.” (In the more usual language we would say that the z-component of the 
angular momentum was + 1h, 0, and — 1h, but we are not using that language now.) 
Now in Fig. 5—4 the second apparatus is oriented just like the first, so the filtered 
atoms will all go on the upper path. Or if we had blocked off the upper and lower 
beams in the first apparatus and let only the zero state through, all the filtered 
atoms would go through the middle path of the second apparatus. And if we 
had blocked off all but the lowest beam in the first, there would be only a low 
beam in the second. We can say that in each case our first apparatus has 
produced a filtered beam in a pure state with respect to S (+, 0, or —), and we 
can test which state is present by putting the atoms through a second, identical 
apparatus. 

We can make our second apparatus so that it transmits only atoms of a 
particular state—by putting masks inside it as we did for the first one—and then 
we can test the state of the incoming beam just by seeing whether anything comes 
out the far end. For instance, if we block off the two lower paths in the second 
apparatus, 100 percent of the atoms will still come through; but if we block off the 
upper path, nothing will get through. 

To make this kind of discussion easier, we are going to invent a shorthand 
symbol to represent one of our improved Stern-Gerlach apparatuses. We will let 
the symbol 

+ 
0 (5.1) 


Ss 


stand for one complete apparatus. (This is not a symbol you will ever find used in 
quantum mechanics; we’ve just invented it for this chapter. It is simply meant to 
be a shorthand picture of the apparatus of Fig. 5-3.) Since we are going to want 
to use several apparatuses at once, and with various orientations, we will identify 
each with a letter underneath. So the symbol in (5.1) stands for the apparatus S. 
When we block off one or more of the beams inside, we will show that by some 
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(b) 


Fig. 5-5. Special shorthand symbols 
for Stern-Gerlach type filters. 


vertical bars indicating which beam is blocked, like this: 


+ 
0 | . (5.2) 


The various possible combinations we will be using are shown in Fig. 5-5. 
If we have two filters in succession (as in Fig. 5-4), we will put the two sym- 
bols next to each other, like this: 


~ + 
AE 


For this setup, everything that comes through the first also gets through the second. 
In fact, even if we block off the “zero” and ‘“‘minus” channels of the second 


apparatus, so that we have 
+ + 
0 | 0 | , (5.4) 


we still get 100 percent transmission through the second apparatus. On the other 


hand, if we have 
+ + 
0 | O}T> (5.5) 


8 S 


nothing at aJl comes out of the far end. Similarly, 


me) os 


would give nothing out. On the other hand, 


+ + 
0 | 0 } (5.7) 


S S 


would be just equivalent to 


by itself. 

Now we want to describe these experiments quantum mechanically. We will 
say that an atom is in the (+ S) state if it has gone through the apparatus of Fig. 
5-5(b), that it is in a (0 S) state if it has gone through (c), and in a (—S) state if 
it has gone through (d).t Then we let (6 | a) be the amplitude that an atom which 
is in state w will get through an apparatus into the 6 state. We can say: (b | a) is 
the amplitude for an atom ia the state a to get into the state 6. The experiment 
(5.4) gives us that 

(48/45) = 1, 


+ Read: (4S) = “plus-S’; (0S) = “zero-S’’; (—S) = ‘‘minus-S.” 
5-4 


whereas (5.5) gives us 


(—S|+S) = 0. 
Similarly, the result of (5.6) is 

(+S|—S) = 0, 
and of (5.7) is 

{(—S|—S) = 1. 


As long as we deal only with “pure” states—that is, we have only one channel 
open—there are nine such amplitudes, and we can write them in a table: 


to +8 1 0 (5.8) 


This array of nine numbers—called a matrix—summarizes the phenomena we’ve 
been describing. 


5-2 Experiments with filtered atoms 


Now comes the big question: What happens if the second apparatus is tipped 
to a different angle, so that its field axis is no longer parallel to the first? It 
could be not only tipped, but also pointed in a different direction—for instance, 
it could take the beam off at 90° with respect to the original direction. To take it 
easy at first, let’s first think about an arrangement in which the second Stern- 
Gerlach experiment is tilted by some angle a about the y-axis, as shown in Fig. 
5-6. We'll call the second apparatus 7. Suppose that we now set up the following 
experiment: 


+ + 
alee 
Ss T 

or the experiment: 
+ +] 
°| 0}: 
Ss T 


What comes out at the far end in these cases? 

The answer is this: If the atoms are in a definite state with respect to S, they 
are not in the same state with respect to T—a (+S) state is not also a (+T) state. 
There is, however, a certain amplitude to find the atom in a (+T) state—or a (0 T) 
state or a (—T) state. 

In other words, as careful as we have been to make sure that we have the 
atoms in a definite condition, the fact of the matter is that if it goes through an 
apparatus which is tilted at a different angle it has, so to speak, to “reorient” 


Fig. 5-6. 
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Two Stern-Gerlach 


type 


filters in series; the second is tilted at the 
angle a with respect to the first. 


itself—which it does, don’t forget, by luck. We can put only one particle through 
at a time, and then we can only ask the question: What is the probability that it 
gets through? Some of the atoms that have gone through S will end in a (+-T) 
state, some of them will end in a (0 7), and somein a (—7)state—all with different 
odds. These odds can be calculated by the absolute squares of complex amplitudes ; 
what we want is some mathematical method, or quantum mechanical description, 
for these amplitudes. What we need to know are various quantities like 


by which we mean the amplitude that an atom initially in the (+S) state can get 
into the (—7) condition (which is not zero unless T and S are lined up parallel 
to each other). There are other amplitudes like 


(4T|0S), or (O0T|[-—S), ete. 


There are, in fact, nine such amplitudes—another matrix—that a theory of particles 
should tell us how to calculate. Just as F = ma tells us how to calculate what hap- 
pens to a classical particle in any circumstance, the laws of quantum mechanics 
permit us to determine the amplitude that a particle will get through a particular 
apparatus. The central problem, then, is to be able to calculate—for any given 
tilt angle a, or in fact for any orientation whatever—the nine amplitudes: 


(0T| +58), (0T|0S), (07T| —S), (5.9) 
(-T|+8S),  (-T|0S),  (—T|—S). 


We can already figure out some relations among these amplitudes. First, 
according to our definitions, the absolute square 


+7 | +S)|? 


is the probability that an atom in a (+S) state will enter a (+7) state. We will often 
find it more convenient to write such squares in the equivalent form 


(+T | +S)(+T | +5)*. 

In the same notation the number 
(OT | +S)(0T| +5)* 

is the probability that a particle in the (+S) state will enter the (0 7) state, and 
(-7 | +S)(-T| +5)* 


is the probability that it will enter the (—7) state. But the way our apparatuses 
are made, every atom which enters the T apparatus must be found in some one of 
the three states of the 7 apparatus—there’s nowhere else for a given kind of atom 
to go. So the sum of the three probabilities we’ve just written must be equal to 
100 percent. We have the relation 


(+7 | +547] +5)" + (0T|+SX0T| +5)" 
+ (-T|+S\-T|+5)* = 1. (5.10) 


There are, of course, two other such equations that we get if we start with a (0 S) 
or a (—S) state. But they are all we can easily get, so we'll go on to some other 
general questions. 


5-3 Stern-Gerlach filters in series 


Here is an interesting question: Suppose we had atoms filtered into the (+S) 
state, then we put them through a second filter, say into a (OT) state, and then 
through another +S filter. (We’ll call the last filter S’ just so we can distinguish 
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it from the first S-fiter.) Do the atoms remember that they were once in a (+S) 
state? In other words, we have the following experiment: 


Eb ey yf ee 


T Ss’ 


We want to know whether all those that get through T also get through S’. They 
do not. Once they have been filtered by 7, they do not remember in any way that 
they were in a (+S) state when they entered 7. Note that the second S apparatus 
in (5.11) is oriented exactly the same as the first, so it is still an S-type filter. 
The states filtered by S’ are, of course, still (+S), (0 S), and (—S). 

The important point is this: If the T filter passes only one beam, the fraction 
that gets through the second S filter depends only on the setup of the 7 filter, and 
is completely independent of what precedes it. The fact that the same atoms were 
once sorted by an S filter has no influence whatever on what they will do once they 
have been sorted again into a pure beam by a 7 apparatus. From then on, the 
probability for getting into different states is the same no matter what happened 
before they got into the T apparatus. 

As an example, let’s compare the experiment of (5.11) with the following 


experiment: 
0 0 0 | (5.12) 
—| —| as 


S 2. Ss’ 


in which only the first S is changed. Let’s say that the angle a (between S and T ) 
is such that in experiment (5.11) one-third of the atoms that get through T also 
get through S’. In experiment (5.12), although there will, in general, be a different 
number of atoms coming through 7, the same fraction of these—one-third—will 
also get through S’. 

We can, in fact, show from what you have learned earlier that the fraction of 
the atoms that come out of T and get through any particular S’ depends only on 
T and S’, not on anything that happened earlier. Let’s compare experiment 


(5.12) with 
0 0 o }. (5.13) 
- ley 
S T 


9 
The amplitude that an atom that comes out of S will also get through both T and 
S’ is, for the experiments of (5.12), 
{+S5|07)(0T|0S). 

The corresponding probability is 

K+S|07)(OT]0S)|? = |(+S|07)|? (OT ]0S)|?. 
The probability for experiment (5.13) is 

KOS|OT)OT|0S)|? = (0 S{OT)|? KOT |0S)|?. 


The ratio is 
Ko S| 07)? 
K+S$|07)/? 


and depends only on T and S$”, and not at all on which beam (+), (0 S), or (—S) 
is selected by S. (The absolute numbers may go up and down together depending 
on how much gets through 7.) We would, of course, find the same result if we 
compared the probabilities that the atoms would go into the plus or the minus 
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states with respect to S’, or the ratio of the probabilities to go into the zero or 
minus states. 

In fact, since these ratios depend only on which beam is allowed to pass 
through T, and not on the selection made by the first S filter, it is clear that we 
would get the same result even if the last apparatus were not an S filter. If we use 
for the third apparatus—which we will now call R—one rotated by some arbitrary 
angle with respect to T, we would find that a ratio such as |(0 R|{07)|?/|(+R|07)|? 
was independent of which beam was passed by the first filter S. 


5-4 Base states 


These results illustrate one of the basic principles of quantum mechanics: 
Any atomic system can be separated by a filtering process into a certain set of 
what we will call base states, and the future behavior of the atoms in any single 
given base state depends only on the nature of the base state—it is independent of 
any previous history.f The base states depend, of course, on the filter used; for 
instance, the three states (+7), (0 7), and (—7) are one set of base states; the three 
states (+S), (0S), and (—S) are another. There are any number of possibilities 
each as good as any other. 

We should be careful to say that we are considering good filters which do 
indeed produce “pure” beams. If, for instance, our Stern-Gerlach apparatus didn’t 
produce a good separation of the three beams so that we could not separate them 
cleanly by our masks, then we could not make a complete separation into base 
states. We can tell if we have pure base states by seeing whether or not the beams 
can be split again in another filter of the same kind. If we have a pure (+7) state, 
for instance, all the atoms will go through 


and none will go through 


or through 


T 


Our statement about base states means that it is possible to filter to some pure state, 
so that no further filtering by an identical apparatus is possible. 

We must also point out that what we are saying is exactly true only in rather 
idealized situations. In any real Stern-Gerlach apparatus, we would have to worry 
about diffraction by the slits that could cause some atoms to go into states corre- 
sponding to different angles, or about whether the beams might contain atoms with 
different excitations of their internal states, and so on. We have idealized the 
situation so that we are talking only about the states that are split in a magnetic 
field; we are ignoring things having to do with position, momentum, internal 
excitations, and the like. In general, one would need to consider also base states 
which are sorted out with respect to such things also. But to keep the concepts 
simple, we are considering only our set of three states, which is sufficient for the 
exact treatment of the idealized situation in which the atoms don’t get torn up in 


+ We do not intend the word “base state” to imply anything more than what is said 
here. They are not to be thought of as “basic” in any sense. We are using the word base 
with the thought of a dasis for a description, somewhat in the sense that one speaks of 
“numbers to the dase ten.” 
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going through the apparatus, or otherwise badly treated, and come to rest when 
they leave the apparatus. 

You will note that we always begin our thought experiments by taking a 
filter with only one channel open, so that we start with some definite base state. 
We do this because atoms come out of a furnace in various states determined at 
random by the accidental happenings inside the furnace. (It gives what is called 
an “unpolarized” beam.) This randomness involves probabilities of the “classical” 
kind—as in coin tossing—which are different from the quantum mechanical 
probabilities we are worrying about now. Dealing with an unpolarized beam 
would get us into additional complications that are better to avoid until after we 
understand the behavior of polarized beams. So don’t try to consider at this point 
what happens if the first apparatus lets more than one beam through. (We will 
tell you how you can handle such cases at the end of the chapter.) 

Let’s now go back and see what happens when we go from a base state for 
one filter to a base state for a different filter. Suppose we start again with 


+ +| 

°| 0 }- 
-| 

T 


The atoms which come out of T are in the base state (0 7) and have no memory 
that they were once in the state (+S). Some people would say that in the filtering 
by T we have “lost the information” about the previous state (+.S) because we 
have “disturbed” the atoms when we separated them into three beams in the 
apparatus 7. But that is not true. The past information is not lost by the separation 
into three beams, but by the blocking masks that are put in—as we can see by the 
following set of experiments. 

We start with a +S filter and will call N the number of atoms that come 
through it. If we follow this by a 0 T filter, the number of atoms that come out is 
some fraction of the original number, say aN. If we then put another + S filter, 
only some fraction 6 of these atoms will get to the far end. We can indicate this 
in the following way: 


+ +| + 
°| Ne | Wi ec °| San, . (5.14) 
- a ONG 


If our third apparatus S’ selected a different state, say the (0 S) state, a different 
fraction, say y, would get through.f We would have 


+ +] +] 
°| N40 } @%, 40 } 7ar- (5.15) 
= -| -| 


rs T Ss’ 


Now suppose we repeat these two experiments but remove all the masks from 7. 
We would then find the remarkable results as follows: 


+ + + 
°| N.{07+_*, °| eee (5.16) 
S T Ss’ 
+ + +] 
a N30} 7,40 $9): (5.17) 
- -) I 
Ss T Ss’ 


+ In terms of our earlier notation a = |(0T| + S)|?, 6 = |( + S|OT)|?, and ¥ = 
i(0.S|07)|?. 
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All the atoms get through S’ in the first case, but none in the second case! This is 
one of the great laws of quantum mechanics. That nature works this way is not 
self-evident, but the results we have given correspond for our idealized situation 
to the quantum mechanical behavior observed in innumerable experiments. 


5-5 Interfering amplitudes 


How can it be that in going from (5.15) to (5.17)—by opening more channels 
—we let fewer atoms through? This is the old, deep mystery of quantum mechanics 
—the interference of amplitudes. It’s the same kind of thing we first saw in the 
two-slit interference experiment with electrons. We saw that we could get fewer 
electrons at some places with both slits open than we got with one slit open. It 
works quantitatively this way. We can write the amplitude that an atom will get 
through T and S’ in the apparatus of (5.17) as the sum of three amplitudes, one 
for each of the three beams in 7; the sum is equal to zero: 


(OS|+7)+7| +S) + (0S|0TXOT| +S) + (0S|—-TX~-T| +8) = 0. 
(5.18) 


None of the three individual amplitudes is zero—for example, the absolute square 
of the second amplitude is Ya, see (5.15)—but the sum is zero. We would have 
also the same answer if S’ were set to select the (—.S) state. However, in the setup 
of (5.16), the answer is different. If we call a the amplitude to get through T and 
S’, in this case we havef 


a = (+S|+7)(+T| +S) + (+5|0T)0T| +S) 
+ (PS P=TVRATI +S. ~~ 649) 


In the experiment (5.16) the beam has been split and recombined. Humpty 
Dumpty has been put back together again. The information about the original 
(+S) state is retained—it is just as though the T apparatus were not there at all. 
This is true whatever is put after the “wide-open” T apparatus. We could follow 
it with an R filter—a filter at some odd angle—or anything we want. The answer 
will always be the same as if the atoms were taken directly from the first S filter. 

So this is the important principle: A 7 filter—or any filter—with wide-open 
masks produces no change at all. We should make one additional condition. The 
wide-open filter must not only transmit all three beams, but it must also nor produce 
unequal disturbances on the three beams. For instance, it should not have a strong 
electric field near one beam and not the others. The reason is that even if this 
extra disturbance would still Jet all the atoms through the filter, it could change the 
phases of some of the amplitudes. Then the interference would be changed, and 
the amplitudes in Eqs. (5.18) and (5.19) would be different. We will always 
assume that there are no such extra disturbances. 

Let’s rewrite Eqs. (5.18) and (5.19) in an improved notation. We will let 
i stand for any one of the three states (+7), (0 T), or (—T); then the equations can 
be written: 


dS (0S | i | +5) 


all? 


0 (5.20) 


and 


ll 
_ 


dS +S] )G| +5) 


all 


(5.21) 


Similarly, for an experiment where S’ is replaced by a completely arbitrary filter 


R, we have 
+ = + 
0 | 0 0 | . (5.22) 
8 e fi 


s 


+ We really cannot conclude from the experiment that a = 1, but only that |a|? = 1, 
so a might be e®, but it can be shown that the choice 6 = 0 represents no real loss of 
generality. 
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The results will always be the same as if the T apparatus were left out and we had 
only 


a 
“yl 
3 R 
Or, expressed mathematically, 
Dy (+R GE] +S) = (+R +5). (5.23) 


all 7 


This is our fundamental law, and it is generally true so long as i stands for the three 
base states of any filter. 

You will notice that in the experiment (5.22) there is no special relation of 
Sand Rto T. Furthermore, the arguments would be the same no matter what 
states they selected. To write the equation in a general way, without having to 
refer to the specific states selected by S and R, let’s call ¢ (“‘phi’’) the state prepared 
by the first filter (in our special example, +.S) and x (“khi”’) the state tested by 
the final filter (in our example, +R). Then we can state our fundamental law of 
Eg. (5.23) in the form 

(xo) = DF bl iG 6), (5.24) 


all 7 


where i is to range over the three base states of some particular filter. 

We want to emphasize again what we mean by base states. They are like the 
three states which can be selected by one of our Stern-Gerlach apparatuses. One 
condition is that if you have a base state, then the future is independent of the past. 
Another condition is that if you have a complete set of base states, Eq. (5.24) is 
true for any set of beginning and ending states ¢ and x. There is, however, no 
unique set of base states. We began by considering base states with respect to a 
particular apparatus T. We could equally well consider a different set of base 
states with respect to an apparatus S, or with respect to R, etc.f We usually speak 
of the base states “in a certain representation.” 

Another conditior on a set of base states in any particular representation is 
that they are all completely different. By that we mean that if we have a (+7) 
state, there is no amplitude for it to go into a (0 T) or a (—T) state. If we let i and 
j stand for any two base’states of a particular set, the general rules discussed in 
connection with (5.8) are that 

Gli) = 0 


for all i and / that are not equal. Of course, we know that 
G|i) = 1. 
These two equations are usually written as 
(ii) = 845 (5.25) 


where 5,;; (the “Kronecker delta’’) is a symbol that is defined to be zero for i ¥ j, 
and to be one for i = j. 

Equation (5.25) is not independent of the other laws we have mentioned. 
It happens that we are not particularly interested in the mathematical problem of 
finding the minimum set of independent axioms that will give all the laws as conse- 
quences.{ We are satisfied if we have a set that is complete and not apparently 
inconsistent. We can, however, show that Eqs. (5.25) and (5.24) are not inde- 
pendent. Suppose we let ¢ in Eq. (5.24) represent one of the base states of the 


} In fact, for atomic systems with three or more base states, there exist other kinds of 
filters—quite different from a Stern-Gerlach apparatus—which can be used to get more 
choices for the set of base states (each set with the same number of states). 

t Redundant truth doesn’t bother us! 
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same set as 7, say the jth state; then we have 
(x[ fj) = DE 1G A). 


But Eq. (5.25) says that (i | /) is zero unless / = j, so the sum becomes just (x | /) 
and we have an identity, which shows that the two laws are not independent. 

We can see that there must be another relation among the amplitudes if both 
Eqs. (5.10) and (5.24) are true. Equation (5.10) is 


(+7 |+S)+7 | +S)* + (OT | +S)(0T| +5S)* + (~T|+5S)(-T|+5)* = 1. 


If we write Eq. (5.24), letting both ¢ and x be the state (+S), the left-hand side 
is (+S | +S), which is clearly =1; so we get once more Eq. (5.19), 


(+S | +TX+T | +5) + (+S ]0T)(0T| +8) + (+8|-T)-T| +5) = 1. 


These two equations are consistent (for all relative orientations of the T and S$ 
apparatuses) only if 
(+S| +7) = (+T| +5)*, 
(+S| 0T) = (OT| +5)*, 
(+S |—T) = (-T| +5)*. 
And it follows that for any states ¢ and x, 
6] xX) = (X[ o)*. (5.26) 


If this were not true, probability wouldn’t be “conserved,” and particles would 
get “lost.” 

Before going on, we want to summarize the three important general laws about 
amplitudes. They are Eqs. (5.24), (5.25), and (5.26): 


I i | i) = bj, 
He (x|o) = D> & lit 4), (5.27) 


all 7 


HL @|x) = «| ¢)*. 


In these equations the i and j refer to all the base states of some one representation, 
while ¢ and X represent any possible states of the atom. It is important to note that 
II is valid only if the sum is carried out over a// the base states of the system (in 
our case, three: +7, 07, —7). These laws say nothing about what we should 
choose for a base for our set of base states. We began by using a T apparatus, 
which is a Stern-Gerlach experiment with some arbitrary orientation; but any other 
orientation, say W, would be just as good. We would have a different set of states 
to use for i and /, but all the laws would still be good—there is no unique set. One 
of the great games of quantum mechanics is to make use of the fact that things 
can be calculated in more than one way. 


5-6 The machinery of quantum mechanics 


We want to show you why these laws are useful. Suppose we have an atom in 
a given condition (by which we mean that it was prepared in a certain way), and 
we want to know what will happen to it in some experiment. In other words, we 
start with our atom in the state @ and want to know what are the odds that it will go 
through some apparatus which accepts atoms only in the condition x. The laws 
say that we can describe the apparatus completely in terms of three complex num- 
bers (x | i), the amplitudes for each base state to be in the condition x: and that 
we can tell what will happen if an atom is put into the apparatus if we describe the 
state of the atom by giving three numbers (i | ¢), the amplitudes for the atom in its 
original condition to be found in each of the three base states. This is an important 
idea. 
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Let’s consider another illustration. Think of the following problem: We start 
with an S apparatus; then we have a complicated mess of junk, which we can call 
A, and then an R apparatus—like this: 


+ +] 

0 | A 0 }- (5.28) 
7 -| 

Ss R 


By A we mean any complicated arrangement of Stern-Gerlach apparatuses with 
masks or half-masks, oriented at peculiar angles, with odd electric and magnetic 
fields .. . almost anything you want to put. (It’s nice to do thought experiments— 
you don’t have to go to all the trouble of actually building the apparatus!) The 
problem then is: With what amplitude does a particle that enters the section A 
in a (+S) state come out of 4 in the (0 R) state, so that it will get through the last 
R filter? There is a regular notation for such an amplitude; it is 


{OR|A| +5). 
As usual, it is to be read from right to left (like Hebrew): 
(finish | through | start). 
If by chance A doesn’t do anything—but is just an open channel—then we write 
(OR|1|+S) = (OR| +58); (5.29) 


the two symbols are equivalent. For a more general problem, we might replace 
(+S) by a general starting state ¢ and (0 R) by a general finishing state x, and we 
would want to know the amplitude 


(x | A|¢). 


A complete analysis of the apparatus 4 would have to give the amplitude (x | A|¢) 
for every possible pair of states ¢ and x—an infinite number of combinations! 
How then can we give a concise description of the behavior of the apparatus 4? 
We can do it in the following way. Imagine that the apparatus of (5.28) is modified 


+ + + +] 

0 0 A 0 0 }- (5.30) 
- | 

R 


Ss T T 


This is really no modification at all since the wide-open T apparatuses don’t do 
anything. But they do suggest how we can analyze the problem. There is a certain 
set of amplitudes (i | |-S) that the atoms from S will get into the i state of 7. Then 
there is another set of amplitudes that an i state (with respect to J) entering A 
will come out as a/ state (with respect to JT). And finally there is an amplitude 
that each j state will get through the last filter as a (0 R) state. For each possible 
alternative path, there is an amplitude of the form 


(OR | jF1 4A LAE] +S), 


and the total amplitude is the sum of the terms we can get with all possible combi- 
nations of j and j. The amplitude we want is 


Sy (OR| f(j| Al iG) +8). (5.31) 


If (0 R) and (+S) are replaced by general states x and ¢, we would have the same 
kind of expression; so we have the general result 


(1 A1d) = Dy OL DUAL DG) 9). (5.32) 
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Now notice that the right-hand side of Eq. (5.32) is really “simpler” than the 
left-hand side. The apparatus A is completely described by the nine numbers 
(j| A| i) which tell the response of A with respect to the three base states of the 
apparatus 7. Once we know these nine numbers, we can handle any two incoming 
and outgoing states ¢ and x if we define each in terms of the three amplitudes for 
going into, or from, each of the three base states. The result of an experiment is 
predicted using Eq. (5.32). 

This then is the machinery of quantum mechanics for a spin-one particle. 
Every state is described by three numbers which are the amplitudes to be in each 
of some selected set of base states. Every apparatus is described by nine numbers 
which are the amplitudes to go from one base state to another in the apparatus. 
From these numbers anything can be calculated. 

The nine amplitudes which describe the apparatus are often written as a 
square matrix—called the matrix (j| A | i): 


from 
+ 0 _ 
to + | +/4[+) (1410) (4[Al-) 
0 (OJA|+) {0 ]A]0) (0jA]-) (5.33) 


ala Ke Alo. Aa lAl=) 


The mathematics of quantum mechanics is just an extension of this idea. We 
will give you a simple illustration. Suppose we have an apparatus C that we wish to 
analyze—that is, we want to calculate the various (j | C | i). For instance, we might 
want to know what happens in an experiment like 


Ph Id fe 
°| C 0 }- (5.34) 
iF 


But then we notice that C is just built of two pieces of apparatus 4 and Bin series— 
the particles go through A and then through B—so we can write symbolically 


{| : {+ | 4 | (639 


We can call the C apparatus the “product” of A and B. Suppose also that we 
already know how to analyze the two parts; so we can get the matrices (with respect 
to 7) of A and B. Our problem is then solved. We can easily find 


(x1 C| 9) 
for any input and output states. First we write that 


(x| Cid) = D> Kx BI AMI A 4). 
k 
Do you see why? (Hint: Imagine putting a T apparatus between A and B.) Then 
if we consider the special case in which @ and x are also base states (of T), say i 
and j, we have 


GCL) = DD GI BI AKI AILS. (5.36) 
k 


This equation gives the matrix for the “product” apparatus C in terms of the two 
matrices of the apparatuses A and B. Mathematicians call the new matrix ¢j | C | 2) 
—formed from two matrices {j | B | i) and (j| A | i) according to the sum specified 
in Eq. (5.36)—the “product” matrix BA of the two matrices B and A. (Note 
that the order is important, AB ~ BA.) Thus, we can say that the matrix for a 
succession of two pieces of apparatus is the matrix product of the matrices for the 
two apparatuses (putting the first apparatus on the right in the product). Anyone 
who knows matrix algebra then understands that we mean just Eq. (5.36). 
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5-7 Transforming to a different base 


We want to make one final point about the base states used in the calculations. 
Suppose we have chosen to work with some particular base—say the S base—and 
another fellow decides to do the same calculations with a different base—say the 
T base. To keep things straight let’s call our base states the (iS) states, where 
i= +,0,—. Similarly, we can call his base states (j7). How can we compare 
our work with his? The final answers for the result of any measurement should 
come out the same, but in the calculations the various amplitudes and matrices 
used will be different. How are they related? For instance, if we both start with 
the same #, we will describe it in terms of the three amplitudes (iS | ¢) that 
goes into our base states in the S representation, whereas he will describe it by the 
amplitudes (jT | ¢) that the state } goes into the base states is his T representation. 
How can we check that we are really both describing the same state ¢? We can do 
it with the general rule II in (5.27). Replacing x by any one of his states /7, we have 

GT |) = D) GT | iS)GS| 6). (5.37) 


3 


To relate the two representations, we need only give the nine complex numbers of 
the matrix (j7' | iS). This matrix can then be used to convert all of his equations 
to our form. It tells us how to transform from one set of base states to another. 
(For this reason (jT' | iS) is sometimes called “the transformation matrix from 
representation S to representation T.”” Big words!) 

For the case of spin-one partitles for which we have only three base states 
(for higher spins, there are more) the mathematical situation is analogous to what 
we have seen in vector algebra. Every vector can be represented by giving three 
numbers—the components along the axes x, y, and z. That is, every vector can 
be resolved into three “base” vectors which are vectors along the three axes. But 
suppose someone else chooses to use a different set of axes—x’, y’, and 2’. He will 
be using different numbers to represent any particular vector. His calculations will 
look different, but the final results will be the same. We have considered this before 
and know the rules for transforming vectors from one set of axes to another. 

You may want to see how the quantum mechanical transformations work by 
trying some out; so we will give here, without proof, the transformation matrices 
for converting the spin-one amplitudes in one representation S to another repre- 
sentation 7, for various special relative orientations of the S and 7 filters. (We 
will show you in a later chapter how to derive these same results.) 

First case: The T apparatus has the same y-axis (along which the particles 
move) as the S apparatus, but is rotated about the common y-axis by the angle 
a (as in Fig. 5-6). (To be specific, a set of coordinates x’, y’, 2’ is fixed in the T 
apparatus, related to the x, y, z coordinates of the S apparatus by: z’ = zcosa + 
xsina,x’ = xcosa — zsina,y’ = y.) Then the transformation amplitudes are: 


(+T| +S) = 3(1 + cos), 


MPI LS= = = en 


(—T|+S) = 3(1 — cosa), 


(+T | 0S) = + asin 


(0T| 0S) = cosa, (5.38) 


{(-T|0S)= —- ue sin a, 
V2 


(+T | —S) = (1 — cos @), 
(oT| —S) = see sin a, 


(-—T|—S) = 31 + cosa). 
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Second Case: The T apparatus has the same z-axis as S, but is rotated around 
the z-axis by the angle 8. (The coordinate transformation is z’ = z, x’ = 
xcosB + ysinB, y’ = ycos8 — xsin§.) Then the transformation amplitudes 
are: 

(+7 | +S) = et, 
(OT| 0S) = 1, 


(~T| —S) = e7%, 
all others = 0. 


(5.39) 


Note that any rotations of T whatever can be made up of the two rotations 
described. 
If a state ¢ is defined by the three numbers 


Cy = (45/46), Cy = (0S|¢), C_ = (-S|¢), (5.40) 
and the same state is described from the point of view of 7 by the three numbers 
Cy = (+T\¢), Co= (0T\$) CL= (-T]¢), (5.41) 


then the coefficients (jT | iS) of (5.38) or (5.39) give the transformation connect- 
ing C; and C;. In other words, the C; are very much like the components of a 
vector that appear different from the point of view of S and T. 

For a spin-one particle only—because it requires three amplitudes—the cor- 
respondence with a vector is very close. In each case, there are three numbers that 
must transform with coordinate changes in a certain definite way. In fact, there 
is a set of base states which transform just like the three components of u vector. 
The three combinations 


: 5 (CEO). Ieee os (Ce +C.), Cr = Cy (5.42) 


transform to Ci, Cj, and C! just the way that x, y, z transform to x’, y’, 2’. [You 
can check that this is so by using the transformation laws (5.38) and (5.39).] 
Now you see why a spin-one particle is often called a “‘vector particle.” 


C= 


5-8 Other situations 


We began by pointing out that our discussion of spin-one particles would be 
a prototype for any quantum mechanical problem. The generalization has only 
to do with the numbers of states. Instead of only three base states, any particular 
situation may involve n base states.t Our basic laws in Eq. (5.27) have exactly 
the same form—with the understanding that / and 7 must range over all n base 
states. Any phenomenon can be analyzed by giving the amplitudes that it starts 
in each one of the base states and ends in any other one of the base states, and then 
summing over the complete set of base states. Any proper set of base states can 
be used, and if someone wishes to use a different set, it is just as good; the two can 
be connected by using an 1 by » transformation matrix. We will have more to 
say later about such transformations. 

Finally, we promised to remark on what to do if atoms come directly from a 
furnace, go through some apparatus, say A, and are then analyzed by a filter which 
selects the state Xx. You do not know what the state ¢ is that they start out in. It 
is perhaps best if you don’t worry about this problem just yet, but instead concen- 
trate on problems that always start out with pure states. But if you insist, here is 
how the problem can be handled. 

First, you have to be able to make some reasonable guess about the way the 
states are distributed in the atoms that come from the furnace. For example, if 


t The number of base states 1 may be, and generally is, infinite. 
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there were nothing “special” about the furnace, you might reasonably guess 
that atoms would leave the furnace with random “orientations.” Quantum me- 
chanically, that corresponds to saying that you don’t know anything about the 
states, but that one-third are in the (+S) state, one-third are in the (0 S) state, 
and one-third are in the (—S) state. For those that are in the (+S) state the 
amplitude to get through is (x | A | +) and the probability is |(x | A | +5)], 
and similarly for the others. The overall probability is then 


A(x | A] +S)? + 31x | 4] 0S)]? + 3x] 4] —S)/?. 


Why did we use S rather than, say, T? The answer is, surprisingly, the same no 
matter what we choose for our initial resolution—so long as we are dealing with 
completely random orientations. It comes about in the same way that 


De 11 iS}? = Do |Oc1 IT)? 


for any x. (We leave it for you to prove.) 

Note that it is not correct to say that the input state has the amplitudes V1/3 
to be in (+S), \/1/3 to be in (0 S), and \/1/3 to be in (— S); that would imply that 
certain interferences might be possible. It is simply that you do not know what 
the initial state is; you have to think in terms of the probability that the system 
starts out in the various possible initial states, and then you have to take a weighted 
average over the various possibilities. 
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6 


Spin One-Half{ 


6-1 Transforming amplitudes 


In the last chapter, using a system of spin one as an example, we outlined 
the general principles of quantum mechanics: 


Any state y can be described in terms of a set of base states by giving 
the amplitudes to be in each of the base states. 


The amplitude to go from any state to another can, in general, be written 
as a sum of products, each product being the amplitude to go into one 
of the base states times the amplitude to go from that base state to the 
final condition, with the sum including a term for each base state: 


(x|v) = D7 laa] y). (6.1) 
The base states are orthogonal—the amplitude to be in one if you are 
in the other is zero: 


G| fj) = d4- (6.2) 


The amplitude to get from one state to another directly is the complex 
conjugate of the reverse: 


(x|¥)* = |X). (6.3) 


We also discussed a little bit about the fact that there can be more than one 
base for the states and that we can use Eq. (6.1) to convert from one base to 
another. Suppose, for example, that we have the amplitudes (7S | y) to find the 
state y in every one of the base states i of a base system S, but that we then decide 
that we would prefer to describe the state in terms of another set of base states, 
say the states 7 belonging to the base JT. In the general formula, Eq. (6.1), we 
could substitute j7 for X and obtain this formula: 


(4) = DU AIT | iS)GS | ¥). (6.4) 


The amplitudes for the state (y) to be in the base states (iT) are related to the 
amplitudes to be in the base states (iS) by the set of coefficients (jT | iS). If there 
are N base states, there are N” such coefficients. Such a set of coefficients is often 
called the “¢ransformation matrix to go from the S-representation to the T-represen- 
tation.” This looks rather formidable mathematically, but with a little renaming 
we can see that it is really not so bad. If we call C; the amplitude that the state y 
is in the base state iS—that is, C; = (iS|y)—and call C/ the corresponding 
amplitudes for the base system T—that is, Cj = (jT |p), then Eq. (6.4) can be 
written as 


Ch = So RiCi, (6.5) 
where R;; means the same thing as (jT | iS). Each amplitude C/ is equal to a sum 


{ This chapter is a rather long and abstract side tour, and it does not introduce any 
idea which we will not also come to by a different route in later chapters. You can, 
therefore, skip over it, and come back later if you are interested. 
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6-1 Transforming amplitudes 


6-2 Transforming to a rotated 
coordinate system 


6-3 Rotations about the z-axis 


6—4 Rotations of 180° and 90° 
about y 


6-5 Rotations about x 


6-6 Arbitrary rotations 


over all 7 of one of the coefficients R;; times each amplitude C,. It has the same 
form as the transformation of a vector from one coordinate system to another. 

In order to avoid being too abstract for too long, we have given you some 
examples of these coefficients for the spin-one case, so you can see how to use 
them in practice. On the other hand, there is a very beautiful thing in quantum 
mechanics—that from the sheer fact that there are three states and from the 
symmetry properties of space under rotations, these coefficients can be found 
purely by abstract reasoning. Showing you such arguments at this early stage has 
a disadvantage in that you are immersed in another set of abstractions before we 
get “down to earth.” However, the thing is so beautiful that we are going to do 
it anyway. 

We will show you in this chapter how the transformation coefficients can be 
derived for spin one-half particles. We pick this case, rather than spin one, because 
it is somewhat easier. Our problem is to determine the coefficients Rj; for a 
particle—an atomic system—which is split into two beams in a Stern-Gerlach 
apparatus. We are going to derive all the coefficients for the transformation from 
one representation to another by pure reasoning—plus a few assumptions. Some 
assumptions are always necessary in order to use “pure” reasoning! Although 
the arguments will be abstract and somewhat involved, the result we get will be 
relatively simple to state and easy to understand—and the result is the most 
important thing. You may, if you wish, consider this as a sort of cultural excursion. 
We have, in fact, arranged that all the essential results derived here are also 
derived in some other way when they are needed in later chapters. So you need 
have no fear of losing the thread of our study of quantum mechanics if you omit 
this chapter entirely, or study it at some later time. The excursion is “cultural” 
in the sense that it is intended to show that the principles of quantum mechanics 
are not only interesting, but are so deep that by adding only a few extra hypotheses 
about the structure of space, we can deduce a great many properties of physical 
systems. Also, it is important that we know where the different consequences of 
quantum mechanics come from, because so long as our laws of physics are in- 
complete—as we know they are—it is interesting to find out whether the places 
where our theories fail to agree with experiment is where our logic is the best or 
where our logic is the worst. Until now, it appears that where our logic is the most 
abstract it always gives correct results—it agrees with experiment. Only when we 
try to make specific models of the internal machinery of the fundamental particles 
and their interactions are we unable to find a theory that agrees with experiment. 
The theory then that we are about to describe agrees with experiment wherever 
it has been tested—for the strange particles as well as for electrons, protons, 
and so on. 

One remark on an annoying, but interesting, point before we proceed: It is 
not possible to determine the coefficients R;; uniquely, because there is always 
some arbitrariness in the probability amplitudes. If you have a set of amplitudes 
of any kind, say the amplitudes to arrive at some place by a whole lot of different 
routes, and if you multiply every single amplitude by the same phase factor— 
say by e%—you have another set that is just as good. So, it is always possible to 
make an arbitrary change in phase of all the amplitudes in any given problem if 
you want to. 

Suppose you calculate some probability by writing a sum of several amplitudes, 
say (A + B+ C+---) and taking the absolute square. Then somebody else 
calculates the same thing by using the sum of the amplitudes (4’ + B’ + C’ + 
*++) and taking the absolute square. If all the A’, B’, C’, etc., are equal to the 
A, B, C, etc., except for a factor e, all probabilities obtained by taking the absolute 
squares will be exactly the same, since (A’ + B’ + C’ + ---) is then equal to 
e%(4 + B+ C+---). Or suppose, for instance, that we were computing 
something with Eq. (6.1), but then we suddenly change all of the phases of a 
certain base system. Every one of the amplitudes (i|¥) would be multiplied by 
the same factor e”. Similarly, the amplitudes (i | x) would also be changed by 
e’, but the amplitudes (x | ’) are the complex conjugates of the amplitudes (i |x); 
therefore, the former gets changed by the factor e~*. The plus and minus ié’s 
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in the exponents cancel out, and we would have the same expression we had 
before. So it is a general rule that if we change all the amplitudes with respect 
to a given base system by the same phase—or even if we just change @// the ampli- 
tudes in any problem by the same phase—it makes no difference. There is, there- 
fore, some freedom to choose the phases in our transformation matrix. Every now 
and then we will make such an arbitrary choice—usually following the conventions 
that are in general use. 


6-2 Transforming to a rotated coordinate system 


We consider again the “improved” Stern-Gerlach apparatus described in the 
last chapter. A beam of spin one-half particles, entering at the left, would, in 
general, be split into two beams, as shown schematically in Fig. 6-1. (There 
were three beams for spin one.) As before, the beams are put back together again 
unless one or the other of them is blocked off by a ‘‘stop” which intercepts the 
beam at its half-way point. In the figure we show an arrow which points in the 
direction of the increase of the magnitude of the field—say toward the magnet pole 
with the sharp edges. This arrow we take to represent the “up”’ axis of any particular 
apparatus. It is fixed relative to the apparatus and will allow us to indicate the 
relative orientations when we use several apparatuses together. We also assume 
that the direction of the magnetic field in each magnet is always the same with 
respect to the arrow. 

We will say that those atoms which go in the “upper” beam are in the (+) 
state with respect to that apparatus and that those in the “lower’’ beam are in the 
(—) state. (There is no “zero” state for spin one-half particles.) 

Now suppose we put two of our modified Stern-Gerlach apparatuses in 
sequence, as shown in Fig. 6-2(a). The first one, which we call S, can be used to 
prepare a pure (+S) or a pure (—S) state by blocking one beam or the other. 
(As shown it prepares a pure (+5) state.] For each condition, there is some 
amplitude for a particle that comes out of S to be in either the (+7) or the (—7) 
beam of the second apparatus. There are, in fact, just four amplitudes: the ampli- 
tude to go from (+S) to (+7), from (+S) to (—T), from (—S) to (+7), from 
(—S) to (—T). These amplitudes are just the four coefficients of the transformation 
matrix Rj; to go from the S-representation to the 7-representation. We can con- 
sider that the first apparatus “prepares” a particular state in one representation 
and that the second apparatus “analyzes” that state in terms of the second repre- 
sentation. The kind of question we want to answer, then, is this: If an atom has 
been prepared in a given condition—say the (-+-S) state—by blocking one of the 
beams in the apparatus S, what is the chance that it will get through the second 
apparatus T if this is set for, say, the (—7) state. The result will depend, of course, 
on the angles between the two systems S and T. 

We should explain why it is that we could have any hope of finding the co- 
efficients Rj; by deduction. You know that it is almost impossible to believe that 
if a particle has its spin lined up in the +-z-direction, that there is some chance of 
finding the same particle with its spin pointing in the +.x-direction—or in any 
other direction at all. In fact, it is almost impossible, but not quite. It is so nearly 
impossible that there is on/y one way it can be done, and that is the reason we can 
find out what that unique way is. 

The first kind of argument we can make is this. Suppose we have a setup like 
the one in Fig, 6—-2(a), in which we have the two apparatuses S and 7, with T 
cocked at the angle a with respect to S, and we let only the (+) beam through S$ 
and the (—) beam through 7. We would observe a certain number for the 
probability that the particles coming out of S get through 7. Now suppose we 
make another measurement with the apparatus of Fig. 6-2(b). The relutive 
orientation of S and T is the same, but the whole system sits at a different angle in 
space. We want lo assume that both of these experiments give the same number 
for the chance that a particle in a pure state with respect to S will get into some 
particular state with respect to 7. We are assuming, in other words, that the result 
of any experiment of this type is the same—that the physics is the same—no matter 
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Fig. 6-3. If T is “wide open,” (b) is equivalent to (a). 


how the whole apparatus is oriented in space. (You say, “That’s obvious.” But 
it is an assumption, and it is “right” only if it is actually what happens.) That 
means that the coefficients R;; depend only on the relation in space of S and T, 
and not on the absolute situation of S and T. To say this in another way, R;; 
depends only on the rotation which carries S to T, for evidently what is the same in 
Fig. 6-2(a) and Fig. 6-2(b) is the three-dimensional rotation which would carry 
apparatus S into the orientation of apparatus 7. When the transformation matrix 
R;; depends only on a rotation, as it does here, it is called a rotation matrix. 

For our next step we will need one more piece of information. Suppose we 
add a third apparatus which we can call U, which follows T at some arbitrary 
angle, as in Fig. 6-3(a). (It’s beginning to look horrible, but that’s the fun of 
abstract thinking—you can make the most weird experiments just by drawing 
lines!) Now what is the S -+ T — U transformation? What we really want to 
ask for is the amplitude to go from some state with respect to S to some other 
state with respect to U, when we know the transformation from S to T and from T 
to U. We are then asking about an experiment in which both channels of T are 
open. We can get the answer by applying Eq. (6.5) twice in succession. For 
going from the S-representation to the T-representation, we have 


Ch = DRC, (6.6) 


a 


where we put the superscripts TS on the R, so that we can distinguish it from the 
coefficients RY” we will have for going from T to U. 

Assuming the amplitudes to be in the base states of the U-representation 
C;/, we can relate them to the T-amplitudes by using Eq. (6.5) once more; we get 


Cy = >> Rij Ch. (6.7) 


J 


Now we can combine Eggs. (6.6) and (6.7) to get the transformation to U directly 
from S. Substituting Cj from Eq. (6.6) in Eq. (6.7), we have 


Ck = So RE? > RISC. (6.8) 
j : 
Or, since i does not appear in Rz,”, we can put the i-summation also in front, and 


write 
CH = )) DD Rey RIP C3. (6.9) 
- 


¢ 


This is the formula for a double transformation. 

Notice, however, that so long as all the beams in T are unblocked, the state 
coming out of T is the same as the one that went in. We could just as well have 
made a transformation from the S-representation directly to the U-representa- 
tion. It should be the same as putting the U apparatus right after S, as in Fig. 


64 


6~3(b). In that case, we would have written 


Ce = SF) REPC;, (6.10) 


with the coefficients RUS belonging to this transformation. Now, clearly, Eqs. 


(6.9) and (6.10) should give the same amplitudes C;’, and this should be true no 
matter what the original state ¢ was which gave us the amplitudes C;. So it must 
be that 
Ree = D> Rey RFP. (6.11) 
j 


In other words, for any rotation S — U of a reference base, which is viewed as a 
compounding of two successive rotations S — T and T — U, the rotation matrix 
RY can be obtained from the matrices of the two partial rotations by Eq. (6.11). 
If you wish, you can find Eq. (6.11) directly from Eq. (6.1), for it is only a different 
notation for (kU |iS) = 30; (kU |jT)¢jT | iS). 


To be thorough, we should add the following parenthetical remarks. They are not 
terribly important, however, so you can skip to the next section if you want. What we 
have said is not quite right. We cannot really say that Eq. (6.9) and Eq. (6.10) must 
give exactly the same amplitudes. Only the physics should be the same; all the amplitudes 
could be different by some common phase factor like e® without changing the result of 
any calculation about the real world. So, instead of Eq. (6.11), all we can say, really, is 
that 

e®RES = >) RYTRIS, (6.12) 
JI 


where 6 is some real constant. What this extra factor of e’® means, of course, is that the 
amplitudes we get if we use the matrix RUS might all differ by the same phase (e~*) from 
the amplitude we would get using the two rotations RY? and R75. We know that it doesn’t 
matter if all amplitudes are changed by the same phase, so we could just ignore this phase 
factor if we wanted to. It turns out, however, that if we define all of our rotation matrices 
in a particular way, this extra phase factor will never appear—the 6 in Eq. (6.12) will 
always be zero. Although it is not important for the rest of our arguments, we can give a 
quick proof by using a mathematical theorem about determinants. [If you don’t yet know 
much about determinants, don’t worry about the proof and just skip to the definition of 
Eq. (6.15).] 

First, we should say that Eq. (6.11) is the mathematical definition of a “product” 
of two matrices. (It is just convenient to be able to say: “RU* is the product of RY? and 
RTS.) Second, there is a theorem of mathematics—which you can easily prove for the 
two-by-two matrices we have here—which says that the determinant of a ‘“‘product” of 
two matrices is the product of their determinants. Applying this theorem to Eq. (6.12), 
we get 

e'25 (Det RUS) = (Det RY7) + (Det R™*). (6.13) 


(We leave off the subscripts, because they don’t tell us anything useful.) Yes, the 26 is 
right. Remember that we are dealing with two-by-two matrices; every term in the matrix 
RYVS is multiplied by e’, so each product in the determinant—which has two factors—gets 
multiplied by e’#5. Now let’s take the square root of Eq. (6.13) and divide it into Eq. 
(6.12); we get 

RYS RY? Rie 


VDet RUS — V/Det RY? Det RTS 


(6.14) 


The extra phase factor has disappeared. 

Now it turns out that if we want all of our amplitudes in any given representation 
to be normalized (which means, you remember, that 57; (@|/)(ij@) = 1), the rotation 
matrices will all have determinants that are pure imaginary exponentials, like e**. (We 
won’t prove it; you will see that it always comes out that way.) So we can, if we wish, 
choose to make all our rotation matrices R have a unique phase by making Det R = 1. 
It is done like this. Suppose we find a rotation matrix R in some arbitrary way. We make 
it a rule to “convert” it to “‘standard form” by defining 

R 


Ratandard = V/D tR i (6.15) 
i 
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We can do this because we are just multiplying each term of R by the same phase factor, 
to get the phases we want. In what follows, we will always assume that our matrices have 
been put in the “standard form’; then we can use Eq. (6.11) without having any extra 
phase factors. 


6-3 Rotations about the z-axis 


We are now ready to find the transformation matrix R,; between two different 
representations. With our rule for compounding rotations and our assumption 
that space has no preferred direction, we have the keys we need for finding the 
matrix of any arbitrary rotation. There is only one solution. We begin with the 
transformation which corresponds to a rotation about the z-axis. Suppose we 
have two apparatuses S and T placed in series along a straight line with their axes 
parallel and pointing out of the page, as shown in Fig. 6-4(a). We take our “z-axis” 
in this direction. Surely, if the beam goes “up” (toward +z) in the S apparatus, 
it will do the same in the T apparatus. Similarly, if it goes down in S, it will go 
down in 7. Suppose, however, that the T apparatus were placed at some other 
angle, but still with its axis parallel to the axis of S, as in Fig. 6-4(b). Intuitively, 
you would say that a (+) beam in S would still go with a (+) beam in 7, because 
the fields and field gradients are still in the same physical direction. And that 
would be quite right. Also, a (—) beam in S would still go into a (—) beam in 7. 
The same result would apply for any orientation of T in the xy-plane of S. What 
does this tell us about the relation between C, = (+T|), CL = (—T |W) and 
Cy = (+S|y), CL = (—S|y)? You might conclude that any rotation about 
the z-axis of the “frame of reference” for base states leaves the amplitudes C, to 
be “up” and “down,” the same as before. We could write C4. = C,andCl = C_ 
—but that is wrong. All we can conclude is that for such rotations the probabilities 
to be in the “up’’ beam are the same for the S and T apparatuses. That is, 


IC4] = |Cy] and [CL] = |C_]. 


We cannot say that the phases of the amplitudes referred to the T apparatus may 
not be different for the two different orientations in (a) and (b) of Fig. 6-4. 


(b) Als 


Fig. 6-4. Rotating 90° about the z-axis. 


The two apparatuses in (a) and (b) of Fig. 6-4 are, in fact, different, as we 
can see in the following way. Suppose that we put an apparatus in front of S which 
produces a pure (+x) state. (The x-axis points toward the bottom of the figure.) 
Such particles would be split into (+-z) and (—z) beams in S, but the two beams 
would be recombined to give a (+x) state again at Py—the exit of S. The same 
thing happens again in T. If we follow T by a third apparatus U, whose axis is in 
the (+-x) direction and, as shown in Fig. 6—5(a), all the particles would go into 
the (+) beam of U. Now imagine what happens if T and U are swung around 
together by 90° to the positions shown in Fig. 6-5(b). Again, the T apparatus 
puts out just what it takes in, so the particles that enter U are in a (+x) state with 
respect to S. But U now analyzes for the (++ y) state with respect to S, which is 
different. (By symmetry, we would now expect only one-half of the particles to 
get through.) 
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Fig. 6-5. Particle in a (+x) state behaves differently in (a) and (b). 


What could have changed? The apparatuses T and U are still in the same 
physical relationship to each other. Can the pAysics be changed just because T 
and U are ina different orientation? Our original assumption is that it should not. 
It must be that the amplitudes with respect to T are different in the two cases shown 
in Fig. 6-5—and, therefore, also in Fig. 6-4. There must be some way fora 
particle to know that it has turned the corner at P;. How could it tell? Well, all 
we have decided is that the magnitudes of C} and C4 are the same in the two cases, 
but they could—in fact, must—have different phases. We conclude that C’, and 
C4 must be related by 

Ch. = e” Cy, 


and that CL and C_ must be related by 
CL = e“C_, 


where \ and yw are real numbers which must be related in some way to the angle 
between S and 7. 

The only thing we can say at the moment about \ and yp is that they must not 
be equal [except for the special case shown in Fig. 6—5S(a), when T is in the same 
orientation as S]. We have seen that equal phase changes in all amplitudes have 
no physical consequence. For the same reason, we can always add the same 
arbitrary amount to both \ and » without changing anything. So we are permitted 
to choose to make ) and yw equal to plus and minus the same number. That is, we 
can always take 


r r 
eC. hay 3 OE, 


Then 


So we adopt the conventionf that 1 = —). We have then the general rule that 
for a rotation of the reference apparatus by some angle about the z-axis, the trans- 
formation is 


Cs erg. Cer". (6.16) 


The absolute values are the same, only the phases are different. These phase factors 
are responsible for the different results in the two experiments of Fig. 6-5. 

Now we would like to know the law that relates \ to the angle between S$ 
and T. We already know the answer for one case. If the angle is zero, \ is zero. 
Now we will assume that the phase shift \ is a continuous function of angle ¢ 
between S and T (see Fig. 6-4) as goes to zero—as only seems reasonable. In 


t Looking at it another way, we are just putting the transformation in the “standard 
form” described in Section 6-2 by using Eq. (6.15). 
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ther words, if we rotate T from the straight line through S by the small angle e, the 
d is also a small quantity, say me, where mis some number. We write it this way 
because we can show that \ must be proportional to €. Suppose we were to put 
after T another apparatus 7’ which makes the angle e with T, and, therefore, the 
angle 2e with S. Then, with respect to 7, we have 


Cy. = e* Cy, 
and with respect to 7’, we have 
Ce = e® C1 = ce! C,. 


But we know that we should get the same result if we put 7” right after S. Thus, 
when the angle is doubled, the phase is doubled. We can evidently extend the 
argument and build up any rotation at all by a sequence of infinitesimal rotations. 
We conclude that for any angle ¢, is proportional to the angle. We can, therefore, 
write \ = md. 

The general result we get, then, is that for T rotated about the z-axis by the 
angle @ with respect to $ 


Cee2e™"C.. Chose. (6.17) 


For the angle ¢, and for all rotations we speak of in the future, we adopt the stand- 
ard convention that a positive rotation is a right-handed rotation about the positive 
direction of the reference axis. A positive @ has the sense of rotation of a right- 
handed screw advancing in the positive z-direction. 

Now we have to find what m must be. First, we might try this argument: 
Suppose T is rotated by 360°; then, clearly, it is right back at zero degrees, and we 
should have Ci, = C, and Cl = C_, or, what is the same thing, e'"°" = 1. 
We get m = 1. This argument is wrong! To see that it is, consider that T is rotated 
by 180°. If m were equal to 1, we would have C4. = eC, = —Cz, and CL = 
e~**C_ = —C_. However, this is just the original state all over again. Both 
amplitudes are just multiplied by — 1 which gives back the original physical system. 
(It is again a case of a common phase change.) This means that if the angle between 
T and S in Fig. 6-5(b) is increased to 180°, the system (with respect to T) would be 
indistinguishable from the zero-degree situation, and the particles would again 
go through the (++) state of the U apparatus. At 180°, though, the (+) state of 
the U apparatus is the (—x) state of the original S apparatus. So a (+x) state 
would become a (— x) state. But we have done nothing to change the original 
state; the answer is wrong. We cannot have m = 1. 

We must have the situation that a rotation by 360° and no smaller angle 
reproduces the same physical state. This will happen if m = 3. Then, and only 
then, will the first angle that reproduces the same physical state be ¢ = 360°. 
It gives 


C1 = —C 
360° about z-axis. (6.18) 
CL = -C_ 


It is very curious to say that if you turn the apparatus 360° you get new amplitudes. 
They aren’t really new, though, because the common change of sign doesn’t give 
any different physics. If someone else had decided to change all the signs of the 
amplitudes because he thought he had turned 360°, that’s all right; he gets the 
same physics.{ So our final answer is that if we know the amplitudes C,. and C_ for 
spin one-half particles with respect to a reference frame S, and we then use a base 


{ It appears that m = —% would also work. However, we see in (6.17) that the change 
in sign merely redefines the notation for a spin-up particle. 

{ Also, if something has been rotated by a sequence of small rotations whose net re- 
sult is to return it to the original orientation, it is possible to define the idea that it has 
been rotated 360°—as distinct from zero net rotation—if you have kept track of the 
whole history. (Interestingly enough, this is zor true for a net rotation of 720°.) 
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system referred to T which is obtained from S by a rotation of ¢ around the z-axis, 
the new amplitudes are given in terms of the old by 


Cs oF: 
¢ about z. 
CiSe 0 


(6.19) 


6-4 Rotations of 180° and 90° about y 


Next, we will try to guess the transformation for a rotation of T with respect 
to S of 180° around an axis perpendicular to the z-axis—say, about the y-axis. 
(We have defined the coordinate axes in Fig. 6-1.) In other words, we start with 
two identical Stern-Gerlach equipments, with the second one, T, turned “‘upside 
down” with respect to the first one, S, as in Fig. 6-6. Now if we think of our par- 
ticles as little magnetic dipoles, a particle that is the (+.S) state—so that it goes on 
the “upper” path in the first apparatus—will also take the “upper” path in the 
second, so that it will be in the minus state with respect to T. (In the inverted 
T apparatus, both the gradients and the field direction are reversed; for a particle 
with its magnetic moment in a given direction, the force is unchanged.) Anyway, 
what is “up” with respect to S will be “down” with respect to 7. For these relative 
positions of S and 7, then, we know that the transformation must give 


IC =1C4, ICL] = [Cah 


As before, we cannot rule out some additional phase factors; we could have (for 
180° about the y-axis) 

ci =e*®C_ and CL = ey, (6.20) 
where @ and 7 are still to be determined. 

What about a rotation of 360° about the y-axis? Well, we already know the 
answer for a rotation of 360° about the z-axis—the amplitude to be in any state 
changes sign. A rotation of 360° around any axis always brings us back to the 
original position. It must be that for any 360° rotation, the result is the same as 
a 360° rotation about the z-axis—all amplitudes simply change sign. Now suppose 
we imagine two successive rotations of 180° about y—using Eq. (6.20)—we should 
get the result of Eq. (6.18). In other words, 


CL = e®cr = e®eC, = —Cy 

and (6.21) 
Ces eC, = e%e®C_ = —C_. 

This means that 
efety = —1 or ey = —e®, 


So the transformation for a rotation of 180° about the y-axis can be written 


CL = ere, CL = —e—¥C,. (6.22) 

The arguments we have just used would apply equally well to a rotation of 180° 
about any axis in the xy-plane, although different axes can, of course, give different 
numbers for 8. However, that is the only way they can differ. Now there is a cer- 
tain amount of arbitrariness in the number £, but once it is specified for one axis 
of rotation in the xy-plane it is determined for any other axis. It is conventional 
to choose to set 8 = 0 for a 180° rotation about the y-axis. 

To show that we have this choice, suppose we imagine that 8 was not equal 
to zero for a rotation about the y-axis; then we can show that there is some other 
axis in the xy-plane, for which the corresponding phase factor will] be zero. Let’s 
find the phase factor 64 for an axis A that makes the angle a with the y-axis, as 
shown in Fig. 6—7(a). (For clarity, the figure is drawn with a equal to a negative 
number, but that doesn’t matter.) Now if we take a T apparatus which is initially 
lined up with the S apparatus and is then rotated 180° about the axis A, its axes— 
which we will call x’’, y’’, and z’’—will be as shown in Fig 6-7(a). The amplitudes 
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Fig. 6-6. A rotation of 180° about 
the y-axis. 


(a) 


(b) 


(c) “7 


Fig. 6-7. A 180° rotation about the 
axis A is equivalent to a rotation of 180° 
about y, followed by a rotation about z’. 


with respect to T will then be 


cy = eFC, Ch = eC, (6.23) 

We can now think of getting to the same orientation by the two successive 
rotations shown in (b) and (c) of the figure. First, we imagine an apparatus U 
which is rotated with respect to S by 180° about the y-axis. The axes x’, y’, and 2’ 
of U will be as shown in Fig. 6—7(b), and the amplitudes with respect to U are 
given by (6.22). 

Now notice that we can go from U to T by a rotation about the “z-axis” 
of U, namely about z’, as shown in Fig. 6-7(c). From the figure you can see that 
the angle required is two times the angle a but in the opposite direction (with 


respect to z’). Using the transformation of (6.19) with @ = —2a, we get 
Cle RO. Cha errs (6.24) 
Combining Eqs. (6.24) and (6.22), we get that 
Cre eon. Cla ae OC, (6.25) 


These amplitudes must, of course, be the same as we got in 6.23). So 84 must 
be related to a and B by 

Ba =B- a. (6.26) 
This means that if the angle a between the A-axis and the y-axis (of S) is equal to 
8, the transformation for a rotation of 180° about A will have B4 = 0. 

Now so long as some axis perpendicular to the z-axis is going to have 6 = 0, 
we may as well take it to be the y-axis. It is purely a matter of convention, and we 
adopt the one in general use. Our result: For a rotation of 180° about the y-axis, 
we have 

cL = CL ; 
180 about y. 
Cs = —Cy 


(6.27) 


While we are thinking about the y-axis, let’s next ask for the transformation 
matrix for a rotation of 90° about py. We can find it because we know that two 
successive 90° rotations about the same axis must equal one 180° rotation. We 
start by writing the transformation for 90° in the most general form: 

Cl. = aC, + bC_, Cl = cC, + dC_. (6.28) 


A second rotation of 90° about the same axis would have the same coefficients: 


4 = aC, + bCL, Cc! = cC4 + det. (6.29) 
Combining Eqs. (6.28) and (6.29), we have 
Cl. = a(aCy + bC_) + b(cC, + dC_), 
(6.30) 
Cl! = c(aCy + bC_) + d(cC, + dC_). 
However, from (6.27) we know that 
w= C_, ct = -C,, 
so that we must have that 
ab + bd = 1, 
a? + be = 0, (6.31) 
ac+cd= —l, 
be + d® = 0. 


These four equations are enough to determine all our unknowns: a, b, c, and d. 
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It is not hard to do. Look at the second and fourth equations. Deduce that 
a? = d?, which means that a = d or else that a = —d. But a = —d is out, 
because then the first equation wouldn’t be right. Sod = a. Using this, we have 
immediately that b = 1/2a and that c = —1/2a. Now we have everything in 
terms of a. Putting, say, the second equation all in terms of a, we have 


a— 75, =090 or a= 5. 


This equation has four different solutions, but only two of them give the standard 
value for the determinant. We might as well take a = 1/+/2; thent 


a= 1/V/2, b 
c=-l/V2, d 


1/2, 
1//2. 


In other words, for two apparatuses S' and 7, with T rotated with respect to 
S by 90° about the y-axis, the transformation is 


ll 


1 


Coe 2 (Ce aC: 
zs was } 
90° about y. (6.32) 
1 
CL =—-(-C Cc: 
Gt 


We can, of course, solve these equations for C, and C_, which will give us 
the transformation for a rotation of minus 90° about y. Changing the primes 
around, we would conclude that 


Ch = “5 (Cs Per ola, 


—90° about y. (6.33) 
1 
CL = 9, (Cy. + C_) 
Vv 


6-5 Rotations about x 


You may be thinking: “This is getting ridiculous. What are they going to 
do next, 47° around y, then 33° about x, and so on, forever?” No, we are almost 
finished. With just two of the transformations we have—90° about y, and an arbi- 
trary angle about z (which we did first if you remember)—we can generate any 
rotation at all. 

As an illustration, suppose that we want the angle a around x. We know how 
to deal with the angle a around z, but now we want it around x. How do we get 
it? First, we turn the axis z down onto x—which is a rotation of +90° about y, 
as shown in Fig. 6-8. Then we turn through the angle a around z’. Then we 
rotate —90° about y’”. The net result of the three rotations is the same as turning 
around x by the angle a. It is a property of space. 

(These facts of the combinations of rotations, and what they produce, are hard 
to grasp intuitively. It is rather strange, because we live in three dimensions, but 
it is hard for us to appreciate what happens if we turn this way and then that way. 
Perhaps, if we were fish or birds and had a real appreciation of what happens when 
we turn somersaults in space, we could more easily appreciate such things.) 

Anyway, let’s work out the transformation for a rotation by « around the 
x-axis by using what we know. From the first rotation by +90° around y the 
amplitudes go according to Eq. (6.32). Calling the rotated axes x’, y’, and 2’, the 


+ The other solution changes all signs of a, 6, c, and d and corresponds to a — 270° 
rotation. 
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(a) 


(b) 


(c) 


Fig. 6-8. A rotation by a about 
the x-axis is equivalent to: (a) a rotation 
by +90° about y, followed by (b) a 
rotation by a about z’, followed by (c) a 
rotation of —90° about y”. 


next rotation by the angle a around z’ takes us to a frame x”, y’”’, 2’, for which 
CES GCs “Chee Ck. 
The last rotation of —90° about y’” takes us to x’”, y’”, 2’; by (6.33), 
1 
cy! = — (C4 — C"), Curse 
+ Vi + 


Combining these last two transformations, we get 


1 
(ch + cr), 
Vit ) 


che 
V2 


1 : . 
Cu = —~ (et l?cy 4 eo *l8Cr), 
V2 


CY! = — (etl?c — el2Cr), 


Using Eqs. (6.32) for C’, and C1, we get the complete transformation: 
CH = Het @P(C, + C_) ~ eC, + CL), 
Cu = Bet *!2(C, + C_) + eC, + C_). 
We can put these formulas in a simpler form by remembering that 


e’ +e” = 2cos6, and  e” — e” = Ising. 


We get 
CY = (cos 5)C+ + i (sin 5)e- 
a about x. (6.34) 
cv = i (sin 3) C+ + (cos 5)C- 


Here is our transformation for a rotation about the x-axis by any angle a. It is 
only a little more complicated than the others. 


6-6 Arbitrary rotations 


Now we can see how to do any angle at all. First, notice that any relative 
orientation of two coordinate frames can be described in terms of three angles, as 
shown in Fig. 6-9. If we have a set of axes x’, y’, and z’ oriented in any way at all 
with respect to x, y, and z, we can describe the relationship between the two frames 
by means of the three Euler angles a, 6, and Y, which define three successive ro- 
tations that will bring the x, y, z frame into the x’, y’, z’ frame. Starting at x, y, z, 
we rotate our frame through the angle 6 about the z-axis, bringing the x-axis to 
the line x,. Then, we rotate by a about this temporary x-axis, to bring z down to 
z’. Finally, a rotation about the new z-axis (that is, z’) by the angle y will bring 
the x-axis into x’ and the y-axis into y’.t We know the transformations for each 
of the three rotations—they are given in (6.19) and (6.34). Combining them in 
the proper order, we get 


C4. = cos 5 FING, 4 isin 5 eeaniaG. 


(6.35) 
om 


It 


isin 3 ePIC. + cos 5 mean ties Ola 


So just starting from some assumptions about the properties of space, we have 
derived the amplitude transformation for any rotation at all. That means that if 


Tf With a little work you can show that the frame x, y, z can also be brought into the 
frame x’, y’, z’ by the following three rotations about the original axes: (1) rotate by the 
angle Y around the original z-axis; (2) rotate by the angle a around the original x-axis; 
(3) rotate by the angle 6 around the original z-axis. 
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Fig. 6-9. The orientation of any Fig. 6-10. An axis A defined by 
coordinate frame x’, y’, z’ relative to the polar angles @ and ¢. 


another frame x, y, z can be defined in 
terms of Euler’s angles a, 8, Y. 


we know the amplitudes for any state of a spin one-half particle to go into the two 
beams of a Stern-Gerlach apparatus S, whose axes are x, y, and z, we can calculate 
what fraction would go into either beam of an apparatus T with the axes x’, y’, 
and z’. In other words, if we have a state y of a spin one-half particle, whose 
amplitudes are Cy, = (+ |y) and C_ = (—|¥) to be “up” and “down” with 
respect to the z-axis of the x, y, z frame, we also know the amplitudes C4, and CL 
to be “up” and “down” with respect to the z’-axis of any other frame x’, y’, 2’. 
The four coefficients in Eqs. (6.35) are the terms of the “transformation matrix” 
with which we can project the amplitudes of a spin one-half particle into any 
other coordinate system. 

We will now work out a few examples to show you how it all works. Let’s 
take the following simple question. We put a spin one-half atom through a Stern- 
Gerlach apparatus that transmits only the (+z) state. What is the amplitude that 
it will be in the (+x) state? The +. x axis is the same as the +2’ axis of a system 
rotated 90° about the y-axis. For this problem, then, it is simplest to use Eqs. 
(6.32)—although you could, of course, use the complete equations of (6.35). 
Since C_ = 1 and C_ = 0, we get cL = 1/\/2. The probabilities are the abso- 
lute square of these amplitudes; there is a 50 percent chance that the particle will 
go through an apparatus that selects the (+x) state. If we had asked about a 
(—x) state the amplitude would have been — 1/+/2, which also gives a probability 
1/2—as you would expect from the symmetry of space. So if a particle is in the 
(+2) state, it is equally likely to be in (+x) or (—x), but with opposite phase. 

There’s no prejudice in y either. A particle in the (+z) state has a 50-50 
chance of being in (+) or in (—y). However, for these (using the formula for 
rotating —90° about x), the amplitudes are 1/\/2 and —i/\/2. In this case, the 
two amplitudes have a phase difference of 90° instead of 180°, as they did for the 
(+x) and (—x). In fact, that’s how the distinction between x and y shows up. 

As our final example, suppose that we know that a spin one-half particle is in 
a state y such that it is polarized “up” along some axis A, defined by the angles 
@ and ¢ in Fig. 6-10. We want to know the amplitude (C4. | y) that the particle 
is “up” along z and the amplitude (C_ | p) that it is “down” along z. We can find 
these amplitudes by imagining that A is the z-axis of a system whose x-axis lies in 
some arbitrary direction—say in the plane formed by A and z. We can then bring 
the frame of A into x, y, z by three rotations. First, we make a rotation by — 7/2 
about the axis A, which brings the x-axis into the line B in the figure. Then we 
rotate by @ about line B (the new x-axis of frame A) to bring A to the z-axis. Finally, 
we rotate by the angle (7/2 — @) about x. Remembering that we have only a (+) 
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state with respect to A, we get 
C 6 _i#/2 - 8 4 46/2 
SS cos a e ’ Cz: = sin 3 e < (6.36) 


We would like, finally, to summarize the results of this chapter in a form that 
will be useful for our later work. First, we remind you that our primary result in 
Eqs. (6.35) can be written in another notation. Note that Eqs. (6.35) mean 
just the same thing as Eq. (6.4). That is, in Eqs. (6.35) the coefficients of C, = 
(+S |p) and C_ = (—S|w) are just the amplitudes (jT | iS) of Eq. (6.4)—the 
amplitudes that a particle in the i-state with respect to S will be in the j-state with 
respect to T (when the orientation of T with respect to S is given in terms of the 
angles a, 8, and 7). We also called them Rj; in Eq. (6.6). (We have a plethora of 
notations!) For example, R?*, = (—T | +S) is the coefficient of Cin the formula 
for C’, namely, i sin (@/2) e'®—”’?. We can, therefore, make a summary of our 
results in the form of a table, as we have done in Table 6-1. 

It will occasionally be handy to have these amplitudes already worked out 
for some simple special cases. Let’s let R.(#) stand for a rotation by the angle ¢ 
about the z-axis. We can also let it stand for the corresponding rotation matrix 
(omitting the subscripts 7 and j, which are to be implicitly understood). In the 
same spirit R.(¢) and R,(¢) will stand for rotations by the angle @ about the 
x-axis or the y-axis. We give in Table 6-2 the matrices—the tables of amplitudes 
(jT | iS)—which project the amplitudes from the S-frame into the T-frame, where 
T is obtained from S by the rotation specified. 


Table 6-2 


The amplitudes (fT | iS) for a rotation R(@) by the angle ¢ 
about the z-axis, x-axis, or y-axis 


Table 6-1 oo ROY a oes 
The amplitudes (j7 | iS) for a rotation defined by the (iT\iS) +S Ss = 
Euler angles a, 3, Y of Fig. 6-9 LT pid/2 0 
Rjila, B, Y) _T 0 e-idl2 
(TiS) +S —S ——s 
: a ¥ A R(¢) 
T = eilBt+y)/2 pein — ei(B—v)/2 © . 
+ cos 5 etbry isin 5 e Y (jT|is) 45 ele 
7: isin & ei6-v/2 cos S Bat? +T cosg/2 | ising/2 
2 2 
—T isin 6/2 cos ¢/2 
R,@) 
+S -S 
cos f/2 sin @/2 
—sin 6/2 cos ¢/2 


6-14 


The Dependence of Amplitudes on Time 


7-1 Atoms at rest; stationary states 


We want now to talk a little bit about the behavior of probability amplitudes 
in time. We say a “little bit,’ because the actual behavior in time necessarily 
involves the behavior in space as well. Thus, we get immediately into the most 
complicated possible situation if we are to do it correctly and in detail. We are 
always in the difficulty that we can either treat something in a logically rigorous 
but quite abstract way, or we can do something which is not at all rigorous but 
which gives us some idea of a real situation—postponing until later a more careful 
treatment. With regard to energy dependence, we are going to take the second 
course. We will make a number of statements. We will not try to be rigorous—but 
will just be telling you things that have been found out, to give you some feeling 
for the behavior of amplitudes as a function of time. As we go along, the precision 
of the description will increase, so don’t get nervous that we seem to be picking 
things out of the air. It is, of course, all out of the air—the air of experiment and 
of the imagination of people. But it would take us too long to go over the historical 
development, so we have to plunge in somewhere. We could plunge into the ab- 
stract and deduce everything—which you would not understand—or we could 
go through a large number of experiments to justify each statement. We choose 
to do something in between. 

An electron alone in empty space can, under certain circumstances, have a 
certain definite energy. For example, if it is standing still (so it has no translational 
motion, no momentum, or kinetic energy), it has its rest energy. A more compli- 
cated object like an atom can also have a definite energy when standing still, but 
it could also be internally excited to another energy level. (We will describe later 
the machinery of this.) We can often think of an atom in an excited state as having 
a definite energy, but this is really only approximately true. An atom doesn’t 
stay excited forever because it manages to discharge its energy by its interaction 
with the electromagnetic field. So there is some amplitude that a new state is 
generated—with the atom in a lower state, and the electromagnetic field in a higher 
state, of excitation. The total energy of the system is the same before and after, 
but the energy of the atom is reduced. So it is not precise to say an excited atom 
has a definite energy; but it will often be convenient and not too wrong to say that 
it does. 

[Incidentally, why does it go one way instead of the other way? Why does an 
atom radiate light? The answer has to do with entropy. When the energy is in the 
electromagnetic field, there are so many different ways it can be—so many different 
places where it can wander—that if we look for the equilibrium condition, we 
find that in the most probable situation the field is excited with a photon, and the 
atom is de-excited. It takes a very long time for the photon to come back and find 
that it can knock the atom back up again. It’s quite analogous to the classical 
problem: Why does an accelerating charge radiate? It isn’t that it ‘“‘wants’’ to lose 
energy, because, in fact, when it radiates, the energy of the world is the same as it 
was before. Radiation or absorption goes in the direction of increasing entropy.] 

Nuclei can also exist in different energy levels, and in an approximation which 
disregards the electromagnetic effects, we can say that a nucleus in an excited state 
stays there. Although we know that it doesn’t stay there forever, it is often useful 
to start out with an approximation which is somewhat idealized and easier to 
think about. Also it is often a legitimate approximation under certain circum- 
stances. (When we first introduced the classical laws of a falling body, we did not 
include friction, but there is almost never a case in which there isn’t some friction.) 
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Then there are the subnuclear “‘strange particles,” which have various masses. 
But the heavier ones disintegrate into other light particles, so again it is not correct 
to say that they have a precisely definite energy. That would be true only if they 
lasted forever. So when we make the approximation that they have a definite 
energy, we are forgetting the fact that they must blow up. For the moment, then, 
we will intentionally forget about such processes and learn later how to take them 
into account. 

Suppose we have an atom—or an electron, or any particle—which at rest 
would have a definite energy Ey. By the energy Ey we mean the mass of the whole 
thing times c?. This mass includes any internal energy; so an excited atom has a 
mass which is different from the mass of the same atom in the ground state. (The 
ground state means the state of lowest energy.) We will call Eo the “energy at rest.” 

For an atom at rest, the quantum mechanical amplitude to find an atom at a 
place is the same everywhere; it does not depend on position. This means, of course, 
that the probability of finding the atom anywhere is the same. But it means even 
more. The probability could be independent of position, and still the phase of the 
amplitude could vary from point to point. But for a particle at rest, the complete 
amplitude is identical everywhere. It does, however, depend on the time. For a 
particle in a state of definite energy Eo, the amplitude to find the particle at (x, y, z) 
at the time ¢ is 


ge Raime (7.1) 
where a is some constant. The amplitude to be at any point in space is the same 
for all points, but depends on time according to (7.1). We shall simply assume 
this rule to be true. 

Of course, we could also write (7.1) as 


ae~‘*! (7.2) 
with 
hw = Eo ol Mc?, 


where M is the rest mass of the atomic state, or particle. There are three different 
ways of specifying the energy: by the frequency of an amplitude, by the energy in 
the classical sense, or by the inertia. They are all equivalent; they are just different 
ways of saying the same thing. 

You may be thinking that it is strange to think of a “‘particle’” which has 
equal amplitudes to be found throughout all space. After all, we usually imagine 
a “particle” as a small object located “somewhere.” But don’t forget the uncer- 
tainty principle. If a particle has a definite energy, it has also a definite momentum. 
If the uncertainty in momentum is zero, the uncertainty relation, Ap Ax = hi, 
tells us that the uncertainty in the position must be infinite, and that is just what 
we are saying when we say that there is the same amplitude to find the particle 
at all points in space. 

If the internal parts of an atom are in a different state with a different total 
energy, then the variation of the amplitude with time is different. If you don’t 
know in which state it is, there will be a certain amplitude to be in one state and a 
certain amplitude to be in another—and each of these amplitudes will have a dif- 
ferent frequency. There will be an interference between these different components 
—like a beat-note—which can show up as a varying probability. Something will 
be “going on” inside of the atom—even though it is “at rest” in the sense that its 
center of mass is not drifting. However, if the atom has one definite energy, the 
amplitude is given by (7.1), and the absolute square of this amplitude does not 
depend on time. You see, then, that if a thing has a definite energy and if you ask 
any probability question about it, the answer is independent of time. Although 
the amplitudes vary with time, if the energy is definite they vary as an imaginary 
exponential, and the absolute value doesn’t change. 

That’s why we often say that an atom in a definite energy level is in a stationary 
state. If you make any measurements of the things inside, you’ll find that nothing 
(in probability) will change in time. In order to have the probabilities change.in 
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time, we have to have the interference of two amplitudes at two different frequencies, 
and that means that we cannot know what the energy is. The object will have one 
amplitude to be in a state of one energy and another amplitude to be in a state of 
another energy. That’s the quantum mechanical description of something when 
its behavior depends on time. 

If we have a “condition” which is a mixture of two different states with differ- 
ent energies, then the amplitude for each of the two states varies with time according 
to Eq. (7.2), for instance, as 


pA: Sand: joer He (7.3) 


e 
And if we have some combination of the two, we will have an interference. But 
notice that if we added a constant to both energies, it wouldn’t make any difference. 
If somebody else were to use a different scale of energy in which all the energies 
were increased (or decreased) by a constant amount—say, by the amount 4A—then 
the amplitudes in the two states would, from his point of view, be 

eT ME tAtA and eet Al (7.4) 
All of his amplitudes would be multiplied by the same factor e~*4/”*, and all 
linear combinations, or interferences, would have the same factor. When we take 
the absolute squares to find the probabilities, all the answers would be the same. 
The choice of an origin for our energy scale makes no difference; we can measure 
energy from any zero we want. For relativistic purposes it is nice to measure the 
energy so that the rest mass is included, but for many purposes that aren’t rela- 
tivistic it is often nice to subtract some standard amount from all energies that 
appear. For instance, in the case of an atom, it is usually convenient to subtract 
the energy M,c*, where M, is the mass of all the separate pieces—the nucleus and 
the electrons—which is, of course, different from the mass of the atom. For other 
problems it may be useful to subtract from all energies the amount M,c?, where 
M, is the mass of the whole atom in the ground state; then the energy that appears 
is just the excitation energy of the atom. So, sometimes we may shift our zero of 
energy by some very large constant, but it doesn’t make any difference, provided 
we shift all the energies in a particular calculation by the same constant. So much 
for a particle standing still. 


7-2 Uniform motion 


If we suppose that the relativity theory is right, a particle at rest in one inertial 
system can be in uniform motion in another inertial system. In the rest frame of 
the particle, the probability amplitude is the same for all x, y, and z but varies with 
t. The magnitude of the amplitude is the same for all 7, but the phase depends on t. 
We can get a kind of a picture of the behavior of the amplitude if we plot lines of 
equal phase—say, lines of zero phase—as a function of x and ¢. For a particle at 
rest, these equal-phase lines are parallel to the x-axis and are equally spaced in 
the t-coordinate, as shown by the dashed lines in Fig. 7-1. 

In a different frame—x’, y’, z’, ’/—that is moving with respect to the particle 
in, say, the x-direction, the x’ and ¢’ coordinates of any particular point in space 
are related to x and ¢ by the Lorentz transformation. This transformation can be 
represented graphically by drawing x’ and f’ axes, as is done in Fig. 7-1. (See 
Chapter 17, Vol. I, Fig. 17-2.) You can see that in the x’-/’ system, points of equal 
phaset have a different spacing along the /’-axis, so the frequency of the time 
variation is different. Also there is a variation of the phase with x’, so the prob- 
ability amplitude must be a function of x’. 


+ We are assuming that the phase should have the same value at corresponding points 
in the two systems. This is a subtle point, however, since the phase of a quantum me- 
chanical amplitude is, to a large extent, arbitrary. A complete justification of this assump- 
tion requires a more detailed discussion involving interferences of two or more amplitudes. 
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Fig. 7-1. Relativistic transformation 
of the amplitude of a particle at rest in 
the x-t systems. 


Under a Lorentz transformation for the velocity v, say along the negative 
x-direction, the time f¢ is related to the time 7’ by 


i —~ x'v/c? 
t= ——_—., 
V1 — v2/c2 


so our amplitude now varies as 


eo UME ot oily Bg! V1 0 |e? Eve’ fe?V1 07/8) 


In the prime system it varies in space as well as in time. If we write the amplitude as 
—(/h)(E5U —p'2’) 
e 7 f 


we see that E) = Ey/\/1 — v?/c? is the energy computed classically for a 
particle of rest energy Ep travelling at the velocity v, and p’ = E‘v/c? is the 
corresponding particle momentum. 

You know that x, = (t,x, y, z) and p, = (E, pz, py, pz) are four-vectors, and 
that p,.x, = Et — p+.x isa scalar invariant. In the rest frame of the particle, 
P.X, is Just Er; so if we transform to another frame, Ez will be replaced by 


Elt - p’ - x’, 


Thus, the probability amplitude of a particle which has the momentum p will be 
proportional to 
7 PE pt -P*) | (7.5) 


where E, is the energy of the particle whose momentum is p, that is, 


E, = V (pe)? + ER, (7.6) 
where Ey is, as before, the rest energy. For nonrelativistic problems, we can write 
E, = M,c* + Wy, (7.7) 


where W,, is the energy over and above the rest energy M,c? of the parts of the 
atom. In general, W, would include both the kinetic energy of the atom as well 
as its binding or excitation energy, which we can call the “internal” energy. We 


would write 
2 
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and the amplitudes would be 


eT gt, (7.9) 


Because we will generally be doing nonrelativistic calculations, we will use this 
form for the probability amplitudes. 

Note that our relativistic transformation has given us the variation of the 
amplitude of an atom which moves in space without any additional assumptions. 
The wave number of the space variations is, from (7.9), 


k=2; (7.10) 


so the wavelength is 


Scot 


ae (7.11) 


This is the same wavelength we have used before for particles with the momentum 
p. This formula was first arrived at by de Broglie in just this way. For a moving 
particle, the frequency of the amplitude variations is still given by 


ho = Wy. (7.12) 
74 


The absolute square of (7.9) is just 1, so for a particle in motion with a 
definite energy, the probability of finding it is the same everywhere and does not 
change with time. (It is important to notice that the amplitude is a complex wave. 
If we used a real sine wave, the square would vary from point to point, which 
would not be right.) 

We know, of course, that there are situations in which particles move from 
place to place so that the probability depends on position and changes with time. 
How do we describe such situations? We can do that by considering amplitudes 
which are a superposition of two or more amplitudes for states of definite energy. 
We have already discussed this situation in Chapter 48 of Vol. I—even for prob- 
ability amplitudes! We found that the sum of two amplitudes with different wave 
numbers k (that is, momenta) and frequencies w (that is, energies) gives inter- 
ference humps, or beats, so that the square of the amplitude varies with space 
and time. We also found that these beats move with the so-called “group velocity” 
given by 
_ Aw 
=r" 


Ug 
where Ak and Aw are the differences between the wave numbers and frequencies 
for the two waves. For more complicated waves—made up of the sum of many 


amplitudes all near the same frequency—the group velocity is 


™= > (7.13) 


Uy = oe (7.14) 
Using Eq. (7.6), we have 
oe =e £. (7.15) 
But E, = Mc*, so 
a =f (7.16) 


which is just the classical velocity of the particle. Alternatively, if we use the non- 
relativistic expressions, we have 


and 


dw dW _d{[p? _ p 
dk dp dp (4) ~~ M Cid) 


which is again the classical velocity. 

Our result, then, is that if we have several amplitudes for pure energy states 
of nearly the same energy, their interference gives “Jumps” in the probability that 
move through space with a velocity equal to the velocity of a classical particle 
of that energy. We should remark, however, that when we say we can add two 
amplitudes of different wave number together to get a beat-note that will corre- 
spond to a moving particle, we have introduced something new—something that 
we cannot deduce from the theory of relativity. We said what the amplitude did 
for a particle standing still and then deduced what it would do if the particle were 
moving. But we cannot deduce from these arguments what would happen when 
there are two waves moving with different speeds. If we stop one, we cannot stop 
the other. So we have added tacitly the extra hypothesis that not only is (7.9) a 
possible solution, but that there can also be solutions with all kinds of p’s for the 
same system, and that the different terms will interfere. 
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Fig. 7-2. A particle of mass M and 
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potential. 
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Fig. 7-3. The amplitude for a par- 
ticle in transit from one potential to 
another. 


7-3 Potential energy; energy conservation 


Now we would like to discuss what happens when the energy of a particle 
can change. We begin by thinking of a particle which moves in a force field de- 
scribed by a potential. We discuss first the effect of a constant potential. Suppose 
that we have a large metal can which we have raised to some electrostatic potential 
@, as in Fig, 7-2. If there are charged objects inside the can, their potential energy 
will be g¢, which we will call V, and will be absolutely independent of position. 
Then there can be no change in the physics inside, because the constant potential 
doesn’t make any difference so far as anything going on inside the can is concerned. 
Now there is no way we can deduce’ what the answer should be, so we must make 
a guess, The guess which works is more or less what you might expect: For the 
energy, we must use the sum of the potential energy V and the energy E,—which 
is itself the sum of the internal and kinetic energies. The amplitude is proportional 
to 

eC pV) tPA) (7.18) 


The general principle is that the coefficient of ft, which we may call w, is always 
given by the total energy of the system: internal (or “‘mass”’) energy, plus kinetic 
energy, plus potential energy: 


ha = E, + V. (7.19) 


Or, for nonrelativistic situations, 


9 


Now what about physical phenomena inside the box? If there are several 
different energy states, what will we get? The amplitude for each state has the 
same additional factor 

elt 


over what it would have with V = 0. That is just like a change in the zero of our 
energy scale. It produces an equal phase change in all amplitudes, but as we have 
seen before, this doesn’t change any of the probabilities. All the physical phenomena 
are the same. (We have assumed that we are talking about different states of the 
same charged object, so that q@ is the same for all. If an object could change its 
charge in going from one state to another, we would have quite another result, 
but conservation of charge prevents this.) 

So far, our assumption agrees with what we would expect for a change of 
energy reference level, But if it is really right, it should hold for a potential‘energy 
that is not just a constant. In general, V could vary in any arbitrary way with 
both time and space, and the complete result for the amplitude must be given in 
terms of a differential equation. We don’t want to get concerned with the general 
case right now, but only want to get some idea about how some things happen, 
so we will think only of a potential that is constant in time and varies very slowly 
in space. Then we can make a comparison between the classical and quantum ideas. 

Suppose we think of the situation in Fig. 7-3, which has two boxes held at 
the constant potentials ¢; and ¢2 and a region in between where we will assume 
that the potential varies smoothly from one to the other. We imagine that some 
particle has an amplitude to be found in any one of the regions. We also assume 
that the momentum is large enough so that in any small region in which there are 
many wavelengths, the potential is nearly constant. We would then think that in 
any part of the space the amplitude ought to look like (7.18) with the appropriate 
V for that part of the space. 

Let’s think of a special case in which ¢, = 0, so that the potential energy 
there is zero, but in which g@2 is negative, so that classically the particle would 
have more energy in the second box. Classically, it would be going faster in the 
second box—it would have more energy and, therefore, more momentum. Let’s’ 
see how that might come out of quantum mechanics. 
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With our assumption, the amplitude in the first box would be proportional to 
eH int PT 2M + Vy) tPA) (7.21) 

and the amplitude in the second box would be proportional to 
eo NW int +P 3/2M +V2)t—P 2] (7.22) 


(Let’s say that the internal energy is not being changed, but remains the same in 
both regions.) The question is: How do these two amplitudes match together 
through the region between the boxes? 

We are going to suppose that the potentials are all constant in time—so that 
nothing in the conditions varies. We will then suppose that the variations of the 
amplitude (that is, its phase) have the same frequency everywhere—because, so 
to speak, there is nothing in the “medium” that depends on time. If nothing in 
the space is changing, we can consider that the wave in one region “generates” 
subsidiary waves all over space which will all oscillate at the same frequency— 
just as light waves going through materials at rest do not change their frequency. 
If the frequencies in (7.21) and (7.22) are the same, we must have that 


py p3 
Wint + AY} + Vy = Win + aif + Vo. (7.23) 


Both sides are just the classical total energies, so Eq. (7.23) is a statement of the 
conservation of energy. In other words, the classical statement of the conservation 
of energy is equivalent to the quantum mechanical statement that the frequencies 
for a particle are everywhere the same if the conditions are not changing with time. 
It all fits with the idea that fw = E. 

In the special example that V; = 0 and V4 is negative, Eq. (7.23) gives that 
Pz is greater than p,, so the wavelength of the waves is shorter in region 2. The 
surfaces of equal phase are shown by the dashed lines in Fig. 7-3. We have also 
drawn a graph of the real part of the amplitude, which shows again how the 
wavelength decreases in going from region | to region 2. The group velocity of 
the waves, which is p/M, also increases in the way one would expect from the 
classical energy conservation, since it is just the same as Eq. (7.23). 

There is an interesting special case where V2 gets so large that Ve — V, is 
greater than p}/2M. Then p3, which is given by 


2 
p= am| Pi = Py + v,]: (7.24) 


is negative. That means that po is an imaginary number, say, ip’. Classically, we 
would say that the particle never gets into region 2—it doesn’t have enough energy 
to climb the potential hill. Quantum mechanically, however, the amplitude is still 
given by Eq. (7.22); its space variation still goes as 


ef ltrs ne. 


But if p» is imaginary, the space dependence becomes a real exponential. Say that 
the particle was initially going in the +.~x-direction; then the amplitude would 
vary as 

gee (7.25) 


The amplitude decreases rapidly with increasing x. 

Imagine that the two regions at different potentials were very close together, 
so that the potential energy changed suddenly from V, to V2, as shown in Fig. 
7-4(a). If we plot the real part of the probaUility amplitude, we get the dependence 
shown in part (b) of the figure. The wave in the first region corresponds to a 
particle trying to get into the second region, but the amplitude there falls off 
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Fig. 7-6. (a) The potential function 
for an a-particle in a uranium nucleus. 
(b) The qualitative form of the probability 
amplitude. 
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rapidly. There is some chance that it will be observed in the second region—where 
it could never get classically—but the amplitude is very small except right near 
the boundary. The situation is very much like what we found for the total internal 
reflection of light. The light doesn’t normally get out, but we can observe it if we 
put something within a wavelength or two of the surface. 

You will remember that if we put a second surface close to the boundary where 
light was totally reflected, we could get some light transmitted into the second piece 
of material. The corresponding thing happens to particles in quantum mechanics. 
If there is a narrow region with a potential V, so great that the classical kinetic 
energy would be negative, the particle would classically never get past. But quan- 
tum mechanically, the exponentially decaying amplitude can reach across the 
region and give a small probability that the particle will be found on the other side 
where the kinetic energy is again positive. The situation is illustrated in Fig. 7-5. 
This effect is called the quantum mechanical “penetration of a barrier.” 

The barrier penetration by a quantum mechanical amplitude gives the ex- 
planation—or description—of the a-particle decay of a uranium nucleus. The 
potential energy of an e-particle, as a function of the distance from the center, is 
shown in Fig. 7-6(a). If one tried to shoot an a-particle with the energy E into 
the nucleus, it would feel an electrostatic repulsion from the nuclear charge z and 
would, classically, get no closer than the distance r, where its total energy is equal 
to the potential energy V. Closer in, however, the potential energy is much lower 
because of the strong attraction of the short-range nuclear forces. How is it then 
that in radioactive decay we find a-particles which started out inside the nucleus 
coming out with the energy E? Because they start out with the energy E inside 
the nucleus and “leak” through the potential barrier. The probability amplitude 
is roughly as sketched in part (b) of Fig. 7-6, although actually the exponential 
decay is much larger than shown. It is, in fact, quite remarkable that the mean 
life of an @-particle in the uranium nucleus is as long as 44 billion years, when the 
natural oscillations inside the nucleus are so extremely rapid—about 107? per sec! 
How can one get a number like 10° years from 10~?? sec? The answer is that the 
exponential gives the tremendously small factor of about e~*°—which gives the 
very small, though definite, probability of leakage. Once the a-particle is in the 
nucleus, there is almost no amplitude at all for finding it outside; however, if you 
take many nuclei and wait long enough, you may be lucky and find one that has 
come out. 
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7-4 Forces; the classical limit 


Suppose that we have a particle moving along and passing through a region 
where there is a potential that varies at right angles to the motion. Classically, we 
would describe the situation as sketched in Fig. 7-7. If the particle is moving 
along the x-direction and enters a region where there is a potential that varies 
with y, the particle will get a transverse acceleration from the force F = —dV/dy. 
If the force is present only in a limited region of width w, the force will act only for 
the time w/v. The particle will be given the transverse momentum 


w 
Py = Fe. 


The angle of deflection 60 is then 


69= —-— —- (7.26) 


It is now up to us to see if our idea that the waves go as (7.20) will explain 
the same result. We look at the same thing quantum mechanically, assuming that 
everything is on a very large scale compared with a wavelength of our probability 
amplitudes. In any small region we can say that the amplitude varies as 


3 2 - 
et W +p /2M+V)t—p *1 (7.27) 


Can we see that this will also give rise to a deflection of the particle when V has 
a transverse gradient? We have sketched in Fig. 7~8 what the waves of prob- 
ability amplitude will look like. We have drawn a set of “wave nodes” which you 
can think of as surfaces where the phase of the amplitude is zero. In every small 
region, the wavelength—the distance between successive nodes—is 


had 
where p is related to V through 
W+ ra + V = const. (7.28) 
2M 


In the region where V is larger, p is smaller, and the wavelength is longer. So the 
angle of the wave nodes gets changed as shown in the figure. 

To find the change in angle of the wave nodes we notice that for the two 
paths a and b in Fig. 7-8 there is a difference of potential AV = (dV/dy)D, so 
there is a difference Ap in the momentum along the two tracks which can be 
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obtained from (7.28): 
Pp P 


The wave number p/A is, therefore, different along the two paths, which means 
that the phase is advancing at a different rate. The difference in the rate of increase 
of phase is Ak = Ap/h, so the accumulated phase difference in the total distance 
w is 


A(phase) = Ak- w = joe ph AV -w. (7.30) 


This is the amount by which the phase on path b is “ahead” of the phase on path 
aas the wave leaves the strip. But outside the strip, a phase advance of this amount 
corresponds to the wave node being ahead by the amount 
Ax = oe A(phase) = h A(phase) 
Pus Pp 
or 


Ax = — 3 AV-w. (7.31) 


Referring to Fig. 7-8, we see that the new wavefronts will be at the angle 60 
given by 


Ax = D 66; (7.32) 
so we have 
M i 
Di@ = — Pp AV-w. (7.33) 


This is identical to Eq. (7.26) if we replace p/m by v and AV/D by dV/ay. 

The result we have just got is correct only if the potential variations are slow 
and smooth—in what we call the classical limit. We have shown that under these 
conditions we will get the same particle motions we get from F = ma, provided 
we assume that a potential contributes a phase to the probability amplitude equal 
to Vt/h. In the classical limit, the quantum mechanics will agree with Newtonian 
mechanics. 


7-5 The “‘precession’’ of a spin one-half particle 


Notice that we have not assumed anything special about the potential energy— 
it is just that energy whose derivative gives a force. For instance, in the Stern- 
Gerlach experiment we had the energy U = —p- B, which gives a force if B has a 
spatial variation. If we wanted to give a quantum mechanical description, we 
would have said that the particles in one beam had an energy that varied one way 
and that those in the other beam had an opposite energy variation. (We could 
put the magnetic energy U into the potential energy V or into the “internal” 
energy W; it doesn’t matter.) Because of the energy variation, the waves are 
refracted, and the beams are bent up or down. (We see now that quantum me- 
chanics would give us the same bending as we would compute from the classical 
mechanics.) 

From the dependence of the amplitude on potential energy we would also 
expect that if a particle sits in a uniform magnetic field along the z-direction, its 
probability amplitude must be changing with time according to 


eat Bt 
(We can consider that this is, in effect, a definition of u,.) In other words, if we 
place a particle in a uniform field B for a time 7, its probability amplitude will be 


multiplied by 
eH By 
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over what it would be in no field. Since for a spin one-half particle, 4, can be 
either plus or minus some number, say p, the two possible states in a uniform 
field would have their phases changing at the same rate but in opposite direc- 
tions. The two amplitudes get multiplied by 


eee (7.34) 


This result has some interesting consequences. Suppose we have a spin one- 
half particle in some state that is not purely spin up or spin down. We can describe 
its condition in terms of the amplitudes to be in the pure up and pure down states. 
But in a magnetic field, these two states will have phases changing at a different 
rate. So if we ask some question about the amplitudes, the answer will depend 
on how long it has been in the field. 

As an example, we consider the disintegration of the muon in a magnetic 
field. When muons are produced as disintegration products of 7-mesons, they are 
polarized (in other words, they have a preferred spin direction). The muons, in 
turn, disintegrate—in about 2.2 microseconds on the average—emitting an electron 
and two neutrinos: 

Boetyvt+y, 


In this disintegration it turns out that (for at least the highest energies) the electrons 
are emitted preferentially in the direction opposite to the spin direction of the muon. 

Suppose then that we consider the experimental arrangement shown in Fig. 
7-9. If polarized muons enter from the left and are brought to rest in a block of 
material at A, they will, a little while later, disintegrate. The electrons emitted 
will, in general, go off in all possible directions. Suppose, however, that the muons 
all enter the stopping block at A with their spins in the x-direction. Without a 
magnetic field there would be some angular distribution of decay directions; we 
would like to know how this distribution is changed by the presence of the mag- 
netic field. We expect that it may vary in some way with time. We can find out 
what happens by asking, for any moment, what the amplitude is that the muon 
will be found in the (+-x) state. 

We can state the problem in the following way: A muon is known to have 
its spin in the +.x-direction at ft = 0; what is the amplitude that it will be in the 
same state at the time 7? Now we do not have any rule for the behavior of a spin 
one-half particle in a magnetic field at right angles to the spin, but we do know what 
happens to the spin up and spin down states with respect to the field—their ampli- 
tudes get multiplied by the factor (7.34). Our procedure then is to choose the 
representation in which the base states are spin up and spin down with respect 
to the z-direction (the field direction). Any question can then be expressed with 
reference to the amplitudes for these states. 

Let’s say that ¥(#) represents the muon state. When it enters the block 4A, its 
state is ¥(0), and we want to know (7) at the later timer. If we represent the two 
base states by (+2) and (—z) we know the two amplitudes (+z | ¥(0)) and 
(—z | ¥(0))—we know these amplitudes because we know that ¥(0) represents a 
state with the spin in the (+x) state. From the results of the last chapter, these 
amplitudes aret 


(+z| +x) = Cy = i 
and (7.35) 
{(-z[+x) = C= a 


They happen to be equal. Since these amplitudes refer to the condition at ¢ = 0, 
let’s call them C_(0) and C_(0). 


+ If you skipped Chapter 6, you can just take (7.35) as an underived rule for now. 
We will give later Gn Chapter 10) a more complete discussion of spin precession, including 
a derivation of these amplitudes. 
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Now we know what happens to these two amplitudes with time. Using 
(7.34), we have 


CLO = Cy(O CM 
and (7.36) 
cw = C_(O)et rmbt 
But if we know C_.(f) and C_(d), we have all there is to know about the condition 
at ¢. The only trouble is that what we want to know is the probability that at f 
the spin will be in the + x-direction. Our general rules can, however, take care of 


this problem. We write that the amplitude to be in the (+x) state at time ¢, which 
we may call A,(t), is 


A(t) = (4x (WM) = (4x! +242 19) + Cx | -2X—2 140) 
or 


Ax(t) = (+x | +2)C4(1) + (+x | —2)C_-@). (7.37) 


Again using the results of the last chapter—or better the equality (|X) = 
(x | )* from Chapter 5—we know that 


a 
V2 


So we know all the quantities in Eq. (7.37). We get 


(+x) +2) = (4|-2) = 


A,(t) _ gene ae heures 
or 


Ax(t) = cos us t. 


A particularly simple result! Notice that the answer agrees with what we expect 
fort = 0. We get A,(0) = 1, which is right, because we assumed that the muon 
was in the (+x) state at f = 0. 
The probability P, that the muon will be found in the (+x) state at ¢ is 
(A,)? or 
aniepet HEE, 
P43. = cos I 
The probability oscillates between zero and one, as shown in Fig. 7-10. Note 
that the probability returns to one for wBr/h = 7 (not 27). Because we have 
squared the cosine function, the probability repeats itself with the frequency 


2uB/h. 
wv 2a ps 


iT 


Thus, we find that the chance of catching the decay electron in the electron 
counter of Fig. 7-9 varies periodically with the length of time the muon has been 
sitting in the magnetic field. The frequency depends on the magnetic moment u. 
The magnetic moment of the muon has, in fact, been measured in just this way. 

We can, of course, use the same method to answer any other questions about 
the muon decay. For example, how does the chance of detecting a decay electron 
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in the y-direction at 90° to the x-direction but still at right angles to the field depend 
on ¢? If you work it out, the amplitude to be in the (+) state varies as 
cos” {(uBt/h) — 7/4}, which oscillates with the same period but reaches its max- 
imum one-quarter cycle later, when wBt/h = 7/4. In fact, what is happening is 
that as time goes on, the muon goes through a succession of states which correspond 
to complete polarization in a direction that is continually rotating about the z-axis. 
We can describe this by saying that the spin is precessing at the frequency 


_ 2uB 


= (7.38) 


Wp 


You can begin to see the form that our quantum mechanical description 
will take when we are describing how things behave in time. 
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8-1 Amplitudes and vectors 


Before we begin the main topic of this chapter, we would like to describe a 
number of mathematical ideas that are used a lot in the literature of quantum 
mechanics. Knowing them will make it easier for you to read other books or 
papers on the subject. The first idea is the close mathematical resemblance between 
the equations of quantum mechanics and those of the scalar product of two vectors. 
You remember that if x and ¢ are two states, the amplitude to start in @ and end 
up in X can be written as a sum over a complete set of base states of the amplitude 
to go from @ into one of the base states and then from that base state out again 
into X: 

(x}o) = DU (XSi) 6). (8.1) 


all z 


We explained this in terms of a Stern-Gerlach apparatus, but we remind you that 
there is no need to have the apparatus. Equation (8.1) is a mathematical law that 
is just as true whether we put the filtering equipment in or not—it is not always 
necessary to imagine that the apparatus is there. We can think of it simply as a 
formula for the amplitude (x | ¢). 

We would like to compare Eq. (8.1) to the formula for the dot product of 
two vectors B and A. If Band A are ordinary vectors in three dimensions, we can 
write the dot product this way: 


> (B+ e:)(e: A), (8.2) 


all i 


with the understanding that the symbol e,; stands for the three unit vectors in the 
x, y, and z-directions. Then B: e, is what we ordinarily call B,; B- e: is what we 
ordinarily call B,; and so on. So Eq. (8.2) is equivalent to 


BA, + ByAy + B.Az, 


which is the dot product B: A. 

Comparing Eqs. (8.1) and (8.2), we can see the following analogy: The 
states X and ¢ correspond to the two vectors A and B. The base states i correspond 
to the special vectors e; to which we refer all other vectors. Any vector can be 
represented as a linear combination of the three “‘base vectors” e;. Furthermore, 
if you know the coefficients of each ‘‘base vector” in this combination—that is, 
its three components—you know everything about a vector. Jn a similar way, 
any quantum mechanical state can be described completely by the amplitude 
(i|¢) to go into the base states; and if you know these coefficients, you know 
everything there is to know about the state. Because of this close analogy, what 
we have called a “‘state’’ is often also called a “state vector.” 

Since the base vectors e; are all at right angles, we have the relation 


e,;°e; = Ory. (8.3) 
This corresponds to the relations (5.25) among the base states i, 
Gls) = 5:;. (8.4) 


You see now why one says that the base states / are all “orthogonal.” 
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There is one minor difference between Eq. (8.1) and the dot product. We 
have that 


(|X) = XK] @)*. (8.5) 


A+B= B-A. 


But in vector algebra, 


With the complex numbers of quantum mechanics we have to keep straight the 
order of the terms, whereas in the dot product, the order doesn’t matter. 
Now consider the following vector equation: 


A= >> ex(e;- A). (8.6) 


It’s a little unusual, but correct. It means the same thing as 
A= >> Ave; = Aer + Ayey + Az. (8.7) 


Notice, though, that Eq. (8.6) involves a quantity which is different from a dot 
product. A dot product is just a number, whereas Eq. (8.6) is a vector equation. 
One of the great tricks of vector analysis was to abstract away from the equations 
the idea of a vector itself. One might be similarly inclined to abstract a thing that 
is the analog of a “vector” from the quantum mechanical formula Eq. (8.1}—and 
one can indeed. We remove the (x| from both sides Eq. (8.1) and write the 
following equation (don’t get frightened—it’s just a notation and in a few minutes 
you will find out what the symbols mean): 


1) = Dy | ai] @). (8.8) 


One thinks of the bracket (x | ¢) as being divided into two pieces. The second 
piece | ¢) is often called a ket, and the first piece (x | is called a bra (put together, 
they make a “‘bra-ket’’—a notation proposed by Dirac); the half-symbols (x | and 
| ¢) are also called state vectors. In any case, they are not numbers, and, in general, 
we want the results of our calculations to come out as numbers; so such “unfinished” 
quantities are only part-way steps in our calculations. 

It happens that until now we have written all our results in terms of numbers. 
How have we managed to avoid vectors? It is amusing to note that even in ordinary 
vector algebra we could make all equations involve only numbers. For instance, 
instead of a vector equation like 

F = ma, 
we could always have written 
C-F = C: (ma). 


We have then an equation between dot products that is true for any vector C, 
But if it is true for any C, it hardly makes sense at all to keep writing the C! 

Now look at Eq. (8.1). It is an equation that is true for any x. So to save 
writing, we should just leave out the X and write Eq. (8.8) instead. It has the same 
information provided we understand that it should always be “‘finished” by “‘mullti- 
plying on the left by’”—which simply means reinserting—some (x | on both sides. 
So Eq. (8.8) means exactly the same thing as Eq. (8.1)—no more, no less. When 
you want numbers, you put in the (x | you want. 

Maybe you have already wondered about the ¢ in Eq. (8.8). Since the equa- 
tion is true for any ¢, why do we keep it? Indeed, Dirac suggests that the ¢ also 
can just as well be abstracted away, so that we have only 


|= lal. (8.9) 


And this is the great law of quantum mechanics! (There is no analog in vector 
analysis.) It says that if you put ia any two states X and ¢ on the left and right of 
both sides, you get back Eq. (8.1). It is not really very useful, but it’s a nice 
reminder that the equation is true for any two states. 
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8-2 Resolving state vectors 


Let’s look at Eq. (8.8) again; we can think of it in the following way. Any 
state vector | @) can be represented as a linear combination with suitable coefficients 
of a set of base “vectors”—or, if you prefer, as a superposition of “unit vectors” 
in suitable proportions. To emphasize that the coefficients (i | ¢) are just ordinary 
(complex) numbers, suppose we write 


G | o) = C,. 
Then Eq. (8.8) is the same as 


1) = D7 1 AC. (8.10) 


We can write a similar equation for any other state vector, say | X), with, of course, 
different coefficients—say D;. Then we have 


|x) = D7 1 a)D.. (8.11) 


The D; are just the amplitudes (i | x). 
Suppose we had started by abstracting the ¢ from Eq. (8.1). We would 
have had 


x| = a (x | |. (8.12) 


Remembering that <x | 7) = (i|x)*, we can write this as 
(x | = D5 DF dl: (8.13) 


Now the interesting thing is that we can just multiply Eq. (8.13) and Eq. (8.10) 
to get back (x |). When we do that, we have to be careful of the summation 
indices, because they are quite distinct in the two equations. Let’s first rewrite 
Eq. (8.13) as 


| = D5 DF) 
j 
which changes nothing. Then putting it together with Eq. (8.10), we have 
(14) = DY DFC: (8.14) 
ij 


Remember, though, that (/| 7) = 6:;,so that in the sum we have left only the 
terms with = i. We get 
(x|¢) = >) DIC; (8.15) 


where, of course, D;* = (i|x)* = (x]|i), and C; = (i|¢). Again we see the 
close analogy with the dot product 


A-B= >) AB: 


The only difference is the complex conjugate on D;. So Eq. (8.15) says that if 
the state vectors (x | and | ¢) are expanded in terms of the base vectors (é | or | /), 
the amplitude to go from ¢ to X is given by the kind of dot product in Eq. (8.15). 
This equation is, of course, just Eq. (8.1) written with different symbols. So we 
have just gone in a circle to get used to the new symbols. 

We should perhaps emphasize again that while space vectors in three dimen- 
sions are described in terms of three orthogonal unit vectors, the base vectors | i) 
of the quantum mechanical states must range over the complete set applicable to 
any particular problem. Depending on the situation, two, or three, or five, or an 
infinite number of base states may be involved. 

We have also talked about what happens when particles go through an 
apparatus. If we start the particles out in a certain state ¢, then send them through 
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an apparatus, and afterward make a measurement to see if they are in state x, the 
result is described by the amplitude 


(x | A | ¢). (8.16) 


Such a symbol doesn’t have a close analog in vector algebra. (It is closer to tensor 
algebra, but the analogy is not particularly useful.) We saw in Chapter 5, Eq. 
(5.32), that we could write (8.16) as 


(x1 Aid) = DY Xl dGL ALA @). (8.17) 
ij 
This is just an example of the fundamental rule Eq. (8.9), used twice. 

We also found that if another apparatus B was added in series with A, then we 

could write 
(x| BA|@) = D7 (xf ii) BI AMAL MK | 9). (8.18) 

ijk 

Again, this comes directly from Dirac’s method of writing Eq. (8.9)—remember 
that we can always place a bar (|), which is just like the factor 1, between B and A. 
Incidentally, we can think of Eq. (8.17) in another way. Suppose we think 
of the particle entering apparatus A in the state ¢ and coming out of A in the state 
y (“psi”). In other words, we could ask ourselves this question: Can we find a 
such that the amplitude to get from y to x is always identically and everywhere the 
same as the amplitude (x | A |)? The answer is yes. We want Eq. (8.17) to be 

replaced by 
(|v) = D7 | iil). (8.19) 


We can clearly do this if 


G4) = DE GIAL AI 4) = G1Al9), (8.20) 


which determines y. “But it doesn’t determine y,” you say; “it only determines 
(i| py). However, (i | ¥) does determine y, because if you have all the coefficients 
that relate y to the base states i, then y is uniquely defined. In fact, we can play 
with our notation and write the last term of Eq. (8.20) as 


(14) = Do GAGA 14). (8.21) 


Then, since this equation is true for all i, we can write simply 


Iv) = DU IAAL). (8.22) 


Then we can say: “The state y is what we get if we start with ¢ and go through the 
apparatus A.” 

One final example of the tricks of the trade. We start again with Eq. (8.17). 
Since it is true for any X and ¢, we can drop them both! We then gett 


A= DIL DGELAL AI. (8.23) 


What does it mean? It means no more, no less, than what you get if you put back 
the ¢ and x. As it stands, it is an “‘open” equation and incomplete. If we multiply 
it ‘‘on the left” by | ), it becomes 


Ald) = DU Mi AL AKI1 9), (8.24) 


+ You might think we should write |A| instead of just A. But then it would look like 
the symbol for “absolute value of A,” so the bars are usually dropped. In general, the 
bar (|) behaves much like the factor one. 
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which is just Eq. (8.22) all over again. In fact, we could have just dropped the 
j’s from that equation and written 


|v) = A|). (8.25) 


The symbol A is neither an amplitude, nor a vector; it is a new kind of thing 
called an operator. It is something which “‘operates on” a state to produce a new 
state—Eq. (8.25) says that | y) is what results if A operates on |). Again, it is 
still an open equation until it is completed with some bra like (x | to give 


(x|¥) = | A] ¢). (8.26) 


The operator A is, of course, described completely if we give the matrix of ampli- 
tudes (i| A |,/)—also written A;;—in terms of any set of base vectors. 

We have really added nothing new with all of this new mathematical notation. 
One reason for bringing it all up was to show you the way of writing pieces of 
equations, because in many books you will find the equations written in the 
incomplete forms, and there’s no reason for you to be paralyzed when you come 
across them. If you prefer, you can always add the missing pieces to make an 
equation between numbers that will look like something more familiar. 

Also, as you will see, the “bra” and “ket” notation is a very convenient one. 
For one thing, we can from now on identify a state by giving its state vector. 
When we want to refer to a state of definite momentum p we can say: “the state 
|p)’. Or we may speak of some arbitrary state | y). For consistency we will 
always use the ket, writing | ¥), to identify a state. (It is, of course an arbitrary 
choice; we could equally well have chosen to use the bra, (¥ |.) 


8-3 What are the base states of the world? 


We have discovered that any state in the world can be represented as a super- 
position—a linear combination with suitable coefficients—of base states. You 
may ask, first of all, what base states? Well, there are many different possibilities. 
You can, for instance, project a spin in the z-direction or in some other direction. 
There are many, many different representations, which are the analogs of the differ- 
ent coordinate systems one can use to represent ordinary vectors. Next, what 
coefficients? Well, that depends on the physical circumstances. Different sets of 
coefficients correspond to different physical conditions. The important thing to 
know about is the “space” in which you are working—in other words, what the 
base states mean physically. So the first thing you have to know about, in gen- 
eral, is what the base states are like. Then you can understand how to describe a 
situation in terms of these base states. 

We would like to look ahead a little and speak a bit about what the general 
quantum mechanical description of nature is going to be—in terms of the now 
current ideas of physics, anyway. First, one decides on a particular representation 
for the base states—different representations are always possible. For example, 
for a spin one-half particle we can use the plus and minus states with respect to the 
z-axis. But there’s nothing special about the z-axis—you can take any other axis 
you like. For consistency we’ll always pick the z-axis, however. Suppose we begin 
with a situation with one electron. In addition to the two possibilities for the spin 
(“up” and “down” along the z-direction), there is also the momentum of the electron. 
We pick a set of base states, each corresponding to one value of the momentum. 
What if the electron doesn’t have a definite momentum? That’s all right; 
we're just saying what the buse states are. If the electron hasn’t got a definite 
momentum, it has some amplitude to have one momentum and another amplitude 
to have another momentum, and so on. And if it is not necessarily spinning 
up, it has some amplitude to be spinning up going at this momentum, and some 
amplitude to be spinning down going at that momentum, and so on. The 
complete description of an electron, so fur as we know, requires only that the 
base states be described by the momentum and the spin. So one acceptable set of 
base states | 7) for a single electron refer to different values of the momentum and 
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whether the spin is up or down. Different mixtures of amplitudes—that is, differ- 
ent combinations of the C’s describe different circumstances. What any particular 
electron is doing is described by telling with what amplitude it has an up-spin or a 
down-spin and one momentum or another—for all possible momenta. So you 
can see what is involved in a complete quantum mechanical description of a 
single electron. 

What about systems with more than one electron? Then the base states get 
more complicated. Let’s suppose that we have two electrons. We have, first of all, 
four possible states with respect to spin: both electrons spinning up, the first one 
down and the second one up, the first one up and the second one down, or both 
down. Also we have to specify that the first electron has the momentum p,, and 
the second electron, the momentum py. The base states for two electrons require 
the specification of two momenta and two spin characters. With seven electrons, 
we have to specify seven of each. 

If we have a proton and an electron, we have to specify the spin direction of the 
proton and its momentum, and the spin direction of the electron and its momen- 
tum. At least that’s approximately true. We do not really know what the correct 
representation is for the world. It is all very well to start out by supposing that if 
you specify the spin in the electron and its momentum, and likewise for a proton, 
you will have the base states; but what about the “‘guts” of the proton? Let’s 
look at it this way. In a hydrogen atom which has one proton and one electron. 
we have many different base states to describe—up and down spins of the proton 
and electron and the various possible momenta of the proton and electron. Then 
there are different combinations of amplitudes C; which together describe the 
character of the hydrogen atom in different states. But suppose we look at the 
whole hydrogen atom as a “particle.” If we didn’t know that the hydrogen atom 
was made out of a proton and an electron, we might have started out and said: 
“Oh, I know what the base states are—they correspond to a particular momentum 
of the hydrogen atom.” No, because the hydrogen atom has internal parts. 
It may, therefore, have various states of different internal energy, and describing 
the real nature requires more detail. 

The question is: Does a proton have internal parts? Do we have to describe 
a proton by giving all possible states of protons, and mesons, and strange particles? 
We don’t know. And even though we suppose that the electron is simple, so that 
all we have to tell about it is its momentum and its spin, maybe tomorrow we will 
discover that the electron also has inner gears and wheels. It would mean that our 
representation is incomplete, or wrong, or approximate—in the same way that a 
representation of the hydrogen atom which describes only its momentum would be 
incomplete, because it disregarded the fact that the hydrogen atom could have 
become excited inside. If an electron could become excited inside and turn into 
something else like, for instance, a muon, then it would be described not just by 
giving the states of the new particle, but presumably in terms of some more com- 
plicated internal wheels. The main problem in the study of the fundamental particles 
today is to discover what are the correct representations for the description of 
nature. At the present time, we guess that for the electron it is enough to specify 
its momentum and spin. We also guess that there is an idealized proton which has 
its 7-mesons, and k-mesons, and so on, that all have to be specified. Several dozen 
particles—that’s crazy! The question of what is a fundamental particle and what 
is not a fundamental particle—a subject you hear so much about these days—is 
the question of what is the final representation going to look like in the ultimate 
quantum mechanical description of the world. Will the electron’s momentum 
still be the right thing with which to describe nature? Or even, should the whole 
question be put this way at all! This question must always come up in any scientific 
investigation. At any rate, we see a problem—how to find a representation. We 
don’t know the answer. We don’t even know whether we have the “right” problem, 
but if we do, we must first attempt to find out whether any particular particle is 
“fundamental” or not. 

In the nonrelativistic quantum mechanics—if the energies are not too high, 
so that you don’t disturb the inner workings of the strange particles and so forth— 
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you can do a pretty good job without worrying about these details. You can just 
decide to specify the momenta and spins of the electrons and of the nuclei; then 
everything will be all right. In most chemical reactions and other low-energy 
happenings, nothing goes on in the nuclei; they don’t get excited. Furthermore, 
if a hydrogen atom is moving slowly and bumping quietly against other hydrogen 
atoms—never getting excited inside, or radiating, or anything complicated like 
that, but staying always in the ground state of energy for internal motion—you 
can use an approximation in which you talk about the hydrogen atom as one 
object, or particle, and not worry about the fact that it can do something inside. 
This will be a good approximation as long as the kinetic energy in any collision 
is well below 10 electron volts—the energy required to excite the hydrogen atom to 
a different internal state. We will often be making an approximation in which 
we do not include the possibility of inner motion, thereby decreasing the number 
of details that we have to put into our base states. Of course, we then omit some 
phenomena which would appear (usually) at some higher energy, but by making 
such approximations we can simplify very much the analysis of physical problems. 
For example, we can discuss the collision of two hydrogen atoms at low energy—or 
any chemical process—without worrying about the fact that the atomic nuclei 
could be excited. To summarize, then, when we can neglect the effects of any 
internal excited states of a particle we can choose a base set which are the states of 
definite momentum and z-component of angular momentum. 

One problem then in describing nature is to find a suitable representation for 
the base states. But that’s only the beginning. We still want to be able to say what 
“happens.” If we know the “condition” of the world at one moment, we would like 
to know the condition at a later moment. So we also have to find the laws that 
determine how things change with time. We now address ourselves to this second 
part of the framework of quantum mechanics—how states change with time. 


8-4 How states change with time 


We have already talked about how we can represent a situation in which we 
put something through an apparatus. Now one convenient, delightful “apparatus” 
to consider is merely a wait of a few minutes; that is, you prepare a state ¢, and 
then before you analyze it, you just let it sit. Perhaps you let it sit in some particular 
electric or magnetic field—it depends on the physical circumstances in the world. 
At any rate, whatever the conditions are, you let the object sit from time 1, to 
time fy. Suppose that it is let out of your first apparatus in the condition ¢ at f1. 
And then it goes through an “apparatus,” but the “apparatus” consists of just 
delay until fp. During the delay, various things could be going on—external forces 
applied or other shenanigans—so that something is happening. At the end of the 
delay, the amplitude to find the thing in some state x is no longer exactly the same 
as it would have been without the delay. Since “‘waiting’’ is just a special case of 
an “apparatus,” we can describe what happens by giving an amplitude with the 
same form as Eq. (8.17). Because the operation of “waiting” is especially impor- 
tant, we’ll call it U instead of A, and to specify the starting and finishing times ¢; 
and fo, we'll write U(f2, t1). The amplitude we want is 


(x | U(ta, t1) | 4). (8.27) 


Like any other such amplitude, it can be represented in some base system or other 
by writing it 
D & 1 iMil Ue, 4) | AU! )- (8.28) 
ry 


Then U is completely described by giving the whole set of amplitudes—the matrix 


| U(t2, t1) | /)- (8.29) 


We can point out, incidentally, that the matrix (i| U(t2, t1) | /) gives much 
more detail than may be needed. The high-class theoretical physicist working in 
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high-energy physics considers problems of the following general nature (because 
it’s the way experiments are usually done). He starts with a couple of particles, 
like a proton and a proton, coming together from infinity. (In the lab, usually one 
particle is standing still, and the other comes from an accelerator that is practically 
at infinity on atomic level.) The things go crash and out come, say, two k-mesons, 
Six m-mesons, and two neutrons in certain directions with certain momenta. 
What’s the amplitude for this to happen? The mathematics looks like this: 
The ¢-state specifies the spins and momenta of the incoming particles. The x 
would be the question about what comes out. For instance, with what amplitude 
do you get the six mesons going in such-and-such directions, and the two neutrons 
going off in these directions, with their spins so-and-so. In other words, x would 
be specified by giving all the momenta, and spins, and so on of the final products. 
Then the job of the theorist is to calculate the amplitude (8.27). However, he is 
really only interested in the special case that 1; is —« and tg is +a. (There is 
no experimental evidence on the details of the process, only on what comes in 
and what goes out.) The limiting case of U(tz2, 11) as ft) — —% and tz ~ +0 
is called S, and what he wants is 


(x| S| ¢). 
Or, using the form (8.28), he would calculate the matrix 
G@| Sf), 


which is called the S-matrix. So if you see a,theoretical physicist pacing the floor 
and saying, “All I have to do is calculate the S-matrix,” you will know what he 
is worried about. 

How to analyze—how to specify the laws for—the S-matrix is an interesting 
question. In relativistic quantum mechanics for high energies, it is done one way, 
but in nonrelativistic quantum mechanics it can be done another way, which is 
very convenient. (This other way can also be done in the relativistic case, but then 
it is not so convenient.) It is to work out the U-matrix for a small interval of time— 
in other words for fy and f,; close together. If we can find a sequence of such U’s 
for successive intervals of time we can watch how things go as a function of time. 
You can appreciate immediately that this way is not so good for relativity, because 
you don’t want to have to specify how everything looks “simultaneously” every- 
where. But we won’t worry about that—we’re just going to worry about non- 
relativistic mechanics. 

Suppose we think of the matrix U for a delay from 1, until tz which is greater 
than fy. In other words, let’s take three successive times: f, less than fg less than fg. 
Then we claim that the matrix that goes between ¢, and fg is the product in suc- 
cession of what happens when you delay from f, until f and then from fy until £3. 
It’s just like the situation when we had two apparatuses B and A in series. We can 
then write, following the notation of Section 5-6, 


U(t3, t1) = Ultg, t2)° UCte, t1). (8.30) 


In other words, we can analyze any time interval if we can analyze a sequence of 
short time intervals in between. We just multiply together all the pieces; that’s the 
way that quantum mechanics is analyzed nonrelativistically. 

Our problem, then, is to understand the matrix U(f2, ¢;) for an infinitesimal 
time interval—for tg = 1; + At. We ask ourselves this: If we have a state ¢ 
now, what does the state look like an infinitesimal time Ar later? Let’s see how we 
write that out. Call the state at the time /, | y(t) (we show the time dependence 
of y to be perfectly clear that we mean the condition at the time 4. Now we ask 
the question: What is the condition after the small interval of time At later? The 
answer is 


[v(t + An) = Ut + At, 1) |W). (8.31) 


This means the same as we meant by (8.25), namely, that the amplitude to 
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find x at the time ¢ + At, is 
Xx| vt + AD) = | UE + At, d | ¥@)- (8.32) 


Since we’re not yet too good at these abstract things, Jet’s project our ampli- 
tudes into a definite representation. If we multiply both sides of Eq. (8.31) 
by (i|, we get 

(| wt + AD) = G| UG + At, | ¥@). (8.33) 


We can also resolve the | ¥(r)) into base states and write 


[vw + AD) = DFG) UE + 41,9 | IL YO). (8.34) 


We can understand Eq. (8.34) in the following way. If we let C()= G| ¥@) 
stand for the amplitude to be in the base state i at the time /, then we can think 
of this amplitude (just a number, remember!) varying with time. Each C; becomes 
a function of ¢t. And we also have some information on how the amplitudes 
C; vary with time. Each amplitude at (¢ + Ar) is proportional to all of the other 
amplitudes at ¢ multiplied by a set of coefficients. Let’s call the U-matrix U;,;, by 
which we mean 

Ui; = G| Ul). 
Then we can write Eq. (8.34) as 


Cit + At) = D> Ui,(t + At, NCO). (8.35) 
j 


This, then, is how the dynamics of quantum mechanics is going to look. 

We don’t know much about the U;; yet, except for one thing. We know that 
if At goes to zero, nothing can happen—we should get just the original state. So, 
Uj > 1 and U;; — 0, if i ¥ j. In other words, U,;; > 6:5 for At > 0. Also, we 
can suppose that for small Ar, each of the coefficients U;; should differ from 6;; 
by amounts proportional to At; so we can write 


Uj; = 6:3 + Ki; At. (8.36) 
However, it is usual to take the factor (—i/h)f out of the coefficients K;;, for 
historical and other reasons; we prefer to write 


Ui(t + At, 1) = 83 — 5 Hilt) At. (8.37) 


It is, of course, the same as Eq. (8.36) and, if you wish, just defines the coefficients 
H;,(t). The terms H,; are just the derivatives with respect to fg of the coefficients 
Ui (te, t1), evaluated at tg = ty = 1. 

Using this form for U in Eq. (8.35), we have 


C(t + At) = bi Z H(t) At | C;(¢). (8.38) 
; h 


Taking the sum over the 6,; term, we get just C,(1), which we can put on the other 
side of the equation. Then dividing by At, we have what we recognize as a derivative 


CE SO = — 5 HMO 
or 
in EO Ye MalCH0. (8.39) 


+ We are in a bit of trouble here with notation. In the factor (—i/f), the i means the 
imaginary unit »/—1, and not the index i that refers to the ith base state! We hope that 
you won’t find it too confusing. 


8-9 


You remember that C;(1) is the amplitude (i | y) to find the state y in one of 
the base states i (at the time 2). So Eq. (8.39) tells us how each of the coefficients 
(i | w) varies with time. But that is the same as saying that Eq. (8.39) tells us how 
the state y varies with time, since we are describing y in terms of the amplitudes 
i| ~). The variation of y in time is described in terms of the matrix H;;. which has 
to include, of course, the things we are doing to the system to cause it to change. 
If we know the H,;;—which contains the physics of the situation and can, in general, 
depend on the time—we have a complete description of the behavior in time of the 
system. Equation (8.39) is then the quantum mechanical law for the dynamics 
of the world. 

(We should say that we will always take a set of base states which are fixed 
and do not vary with time. There are people who use base states that also vary. 
However, that’s like using a rotating coordinate system in mechanics, and we 
don’t want to get involved in such complications.) 


8-5 The Hamiltonian matrix 


The idea, then, is that to describe the quantum mechanical world we need to 
pick a set of base states i and to write the physical laws by giving the matrix of 
coefficients H;;. Then we have everything—we can answer any question about 
what will happen. So we have to learn what the rules are for finding the H’s to go 
with any physical situation—what corresponds to a magnetic field, or an electric 
field, and so on. And that’s the hardest part. For instance, for the new strange 
particles, we have no idea what H;;’s to use. In other words, no one knows the 
complete H;; for the whole world. (Part of the difficulty is that one can hardly hope 
to discover the H,; when no one even knows what the base states are!) We do have 
excellent approximations for nonrelativistic phenomena and for some other special 
cases. In particular, we have the forms that are needed for the motions of electrons 
in atoms—to describe chemistry. But we don’t know the full true A for the 
whole universe. 

The coefficients H;; are called the Hamiltonian matrix or, for short, just the 
Hamiltonian. (How Hamilton, who worked in the 1830’s, got his name on a 
quantum mechanical matrix is a tale of history.) It would be much better called 
the energy matrix, for reasons that will become apparent as we work with it. So 
the problem is: Know your Hamiltonian! 

The Hamiltonian has one property that can be deduced right away, namely, 
that 


Hi; = Hy. (8.40) 


This follows from the condition that the total probability that the system is in 
some state does not change. If you start with a particle—an object or the world— 
then you’ve still got it as time goes on. The total probability of finding it somewhere 


IS 
Dh len)’, 


which must not vary with time. If this is to be true for any starting condition ¢, 
then Eq. (8.40) must also be true. 

As our first example, we take a situation in which the physical circumstances 
are not changing with time; we mean the external physical conditions, so that H 
is independent of time. Nobody is turning magnets on and off. We also pick a 
system for which only one base state is required for the description; it is an ap- 
proximation we could make for a hydrogen atom at rest, or something similar. 
Equation (8.39) then says 
5 dCs 


ih dt = Ay C\. ( 8.41) 


Only one equation—that’s all! And if H,, is constant, this differential equation 
is easily solved to give 
C1 = (const)e“WP Fit (8.42) 
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This is the time dependence of a state with a definite energy E = H,,. You see 
why H,; ought to be called the energy matrix. It is the generalization of the energy 
for more complex situations. 

Next, to understand a little more about what the equations mean, we look 
at a system which has two base states. Then Eq. (8.39) reads 


dC 
oar = Hy,C, + Hi2C2, 
(8.43) 
ih ci ash Hin Ck Hose: 


If the H’s are again independent of time, you can easily solve these equations. 
We leave you to try for fun, and we'll come back and do them later. Yes, you can 
solve the quantum mechanics without knowing the H’s, so long as they are in- 
dependent of time. 


8-6 The ammonia molecule 


We want now to show you how the dynamical equation of quantum mechanics 
can be used to describe a particular physical circumstance. We have picked an 
interesting but simple example in which, by making some reasonable guesses about 
the Hamiltonian, we can work out some important—and even practical—results. 
We are going to take a situation describable by two states: the ammonia molecule. 

The ammonia molecule has one nitrogen atom and three hydrogen atoms 
located in a plane below the nitrogen so that the molecule has the form of a pyramid, 
as drawn in Fig. 8-I(a). Now this molecule, like any other, has an infinite number 
of states. It can spin around any possible axis; it can be moving in any direction: 
it can be vibrating inside, and so on, and so on. It is, therefore, not a two-state 
system at all. But we want to make an approximation that all other states remain 
fixed, because they don’t enter into what we are concerned with at the moment. 
We will consider only that the molecule is spinning around its axis of symmetry 
(as shown in the figure), that it has zero translational momentum, and that it is 
vibrating as little as possible. That specifies all conditions except one: there are still 
the two possible positions for the nitrogen atom—the nitrogen may be on one side 
of the plane of hydrogen atoms or on the other, as shown in Fig. 8-1(a) and (b). 
So we will discuss the molecule as though it were a two-state system. We mean 
that there are only two states we are going to really worry about, all other things 
being assumed to stay put. You see, even if we know that it is spinning with a 
certain angular momentum around the axis and that it is moving with a certain 
momentum and vibrating in a definite way, there are still two possible states. We 
will say that the molecule is in the state | 7) when the nitrogen is “up,” as in 
Fig. 8-1(a), and is in the state | 2) when the nitrogen is “down,” as in (b). The states 
| 7) and | 2) will be taken as the set of base states for our analysis of the behavior 
of the ammonia molecule. At any moment, the actual state | y) of the molecule 
can be represented by giving C, = (/|¥), the amplitude to be in state | 7), and 
Cy = (2|¥y), the amplitude to be in state | 2). Then, using Eq. (8.8) we can 
write the state vector | y) as 


[¥) = | I) |v) + | 22 1») 


or 
|v) = |1)Ci + | 2)Co. (8.44) 


Now the interesting thing is that if the molecule is known to be in some state 
at some instant, it will nor be in the same state a little while later. The two 
C-coefficients will be changing with time according to the equations (8.43)—which 
hold for any two-state system. Suppose, for example, that you had made some 
observation—or had made some selection of the molecules—so that you know 
that the molecule is initially in the state | 7). At some later time, there is some 
chance that it will be found in state | 2). To find out what this chance is, we have 
to solve the differential equation which tells us how the amplitudes change with time. 
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Fig. 8-1. Two equivalent geometric 
arrangements of the ammonia molecule. 


The only trouble is that we don’t know what to use for the coefficients H;; in 

Eq. (8.43). There are some things we can say, however. Suppose that once the 

molecule was in the state | 7) there was no chance that it could ever get into 

| 2), and vice versa. Then Hy. and AH, would both be zero, and Eq. (8.43) 
would read 

, AC, 


ar ae = Ay1Cy, ih — = Ho2Co. 


We can easily solve these two equations; we get 
C1 = (constle~@? Fut, Cy = (const)e/ F228, (8.45) 


These are just the amplitudes for stationary states with the energies FE, = Hy 
and Ey = Hy». We note, however, that for the ammonia molecule the two states 
| 7) and | 2) have a definite symmetry. If nature is at all reasonable, the matrix 
elements H,,; and Ho». must be equal. We'll call them both Fo, because they 
correspond to the energy the states would have if Hi2 and H»21 were zero. But 
Eqs. (8.45) do not tell us what ammonia really does. It turns out that it is possible 
for the nitrogen to push its way through the three hydrogens and flip to the other 
side. It is quite difficult; to get half-way through requires a lot of energy. How 
can it get through if it hasn’t got enough energy? There is some amplitude that it 
will penetrate the energy barrier. It is possible in quantum mechanics to sneak 
quickly across a region which is illegal energetically. There is, therefore, some 
small amplitude that a molecule which starts in | /) will get to the state | 2). The 
coefficients H,. and H2, are not really zero. Again, by symmetry, they should 
both be the same—at least in magnitude. In fact, we already know that, in general, 
H;; must be equal to the complex conjugate of H;,;, so they can differ only by a 
phase. It turns out, as you will see, that there is no loss of generality if we take 
them equal to each other. For later convenience we set them equal to a negative 


number; we take H,;. = H2, = —A. We then have the following pair of 
equations: 
sat SBOP ACs (8.46) 
a = EoCz ae AC). (8.47) 


These equations are simple enough and can be solved in any number of ways. 
One convenient way is the following. Taking the sum of the two, we get 


(Ey — A)(Ci + Co), 


» a 
ih at (Cy + C2) 
whose solution is 
C; + Ce = ge hb Alt (8.48) 


Then, taking the difference of (8.46) and (8.47), we find that 


in 7 (Cy — C2) = (Eo + ANC: — C2), 


which gives 
C,-C,= be UD Bot Art, (8.49) 


We have called the two integration constants a and b; they are, of course, to be 
chosen to give the appropriate starting condition for any particular physical 
problem. Now, by adding and subtracting (8.48) and (8.49), we get C; and Ce: 


Ci) = ey ce Deva (8.50) 
C(t) = ae = b city Bot Art (8.51) 


They are the same except for the sign of the second term. 
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We have the solutions; now what do they mean? (The trouble with quantum 
mechanics is not only in solving the equations but in understanding what the 
solutions mean!) First, notice that if 6 = 0, both terms have the same frequency 
w = (Eo — A)/h. If everything changes at one frequency, it means that the system 
is in a state of definite energy—here, the energy (Ey — A). So there is a stationary 
state of this energy in which the two amplitudes C; and C2 are equal. We get the 
result that the ammonia molecule has a definite energy (Ey — A) if there are equal 
amplitudes for the nitrogen atom to be “up” and to be “down.” 

There is another stationary state possible ifa = 0; both amplitudes then have 
the frequency (Ey + A)/f. So there is another state with the definite energy 
(Ey + A) if the two amplitudes are equal but with the opposite sign; Co = —C. 
These are the only two states of definite energy. We will discuss the states of the 
ammonia molecule in more detail in the next chapter; we will mention here only a 
couple of things. 

We conclude that because there is some chance that the nitrogen atom can 
flip from one position to the other, the energy of the molecule is not just Ep, as we 
would have expected, but that there are ‘wo energy levels (Ey + A) and (Ey — A). 
Every one of the possible states of the molecule, whatever energy it has, is “split” 
into two levels. We say every one of the states because, you remember, we picked 
out one particular state of rotation, and internal energy, and so on. For each 
possible condition of that kind there is a doublet of energy levels because of the 
flip-flop of the molecule. 

Let’s now ask the following question about an ammonia molecule. Suppose 
that at ¢ = 0, we know that a molecule is in the state | 7) or, in other words, that 
C,(0) = land C,(0) = 0. What is the probability that the molecule will be found 
in the state | 2) at the time ¢, or will still be found in state | 7) at the time ¢? Our 
starting condition tells us what a and 6 are in Eqs. (8.50) and (8.51). Letting 
t = O, we have that 

a+b a—b 


C,(0) = 7 I, C2(0) = 2: 


7} = 0. 


Clearly, a = b = 1. Putting these values into the formulas for C,(‘) and C2(t) 
and rearranging some terms, we have 


(ifm At _(i/myAt 
ee e e 
Cit) = eT UM Bot ec > 


(i/AyAt —(i/myAt 
i/h) Ee e —e 
C t) = e UME ot § 
2( ) 2 


We can rewrite these as 


C(t) = et cogs a, (8.52) 
Colt) = ie EO! in a (8.53) 


The two amplitudes have a magnitude that varies harmonically with time. 

The probability that the molecule is found in state | 2) at the time ¢ is the 
absolute square of C2(¢): 

|C2(1)|? = sin? a. (8.54) 

The probability starts at zero (as it should), rises to one, and then oscillates back and 
forth between zero and one, as shown in the curve marked P» of Fig. 8-2. The 
probability of being in the | /) state does not, of course, stay at one. It “dumps” 
into the second state until the probability of finding the molecule in the first state 
is zero, as shown by the curve P,; of Fig. 8-2. The probability sloshes back and 
forth between the two. 

A long time ago we saw what happens when we have two equal pendulums 
with a slight coupling. (See Chapter 49, Vol. I.) When we lift one back and let go, 
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Fig. 8-2. 


state 2). 


The 


probability P, that 
an ammonia molecule in state |1) at 
t = Q will be found in state |]) at #. The 
probability P, that it will be found in 


units of 4) 


it swings, but then gradually the other one starts to swing, Pretty soon the second 
pendulum has picked up all the energy. Then, the process reverses, and pendulum 
number one picks up the energy. It is exactly the same kind of a thing. The speed 
at which the energy is swapped back and forth depends on the coupling between 
the two pendulums—the rate at which the ‘‘oscillation” is able to leak across. 
Also, you remember, with the two pendulums there are two special motions—each 
with a definite frequency—which we call the fundamental modes. If we pull both 
pendulums out together, they swing together at one frequency. On the other hand, 
if we pull one out one way and the other out the other way, there is another sta- 
tionary mode also at a definite frequency. 

Well, here we have a similar situation—the ammonia molecule is mathe- 
matically like the pair of pendulums. These are the two frequencies—(E, + A)/h 
and (Eq — A)/h-—for when they are oscillating together, or oscillating opposite. 

The pendulum analogy is not much deeper than the principle that the same 
equations have the same solutions. The linear equations for the amplitudes (8.39) 
are very much like the linear equations of harmonic oscillators. (In fact, this is 
the reason behind the success of our classical theory of the index of refraction, in 
which we replaced the quantum mechanical atom by a harmonic oscillator, even 
though, classically, this is not a reasonable view of electrons circulating about a 
nucleus.) If you pull the nitrogen to one side, then you get a superposition of 
these two frequencies, and you get a kind of bear note, because the system is not 
in one or the other states of definite frequency. The splitting of the energy levels 
of the ammonia molecule is, however, strictly a quantum mechanical effect. 

The splitting of the energy levels of the ammonia molecule has important 
practical applications which we will describe in the next chapter. At long last we 
have an example of a practical physical problem that you can understand with the 
quantum mechanics! 
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The Ammonia Maser 


9-1 The states of an ammonia molecule 


In this chapter we are going to discuss the application of quantum mechanics 
to a practical device. the ammonia maser. You may wonder why we stop our 
formal development of quantum mechanics to do a special problem, but you will 
find that many of the features of this special problem are quite common in the 
general theory of quantum mechanics, and you will learn a great deal by considering 
this one problem in detail. The ammonia maser is a device for generating electro- 
magnetic waves, whose operation is based on the properties of the ammonia 
molecule which we discussed briefly in the last chapter. We begin by summarizing 
what we found there. 

The ammonia molecule has many states, but we are considering it as a two- 
state system, thinking now only about what happens when the molecule is in any 
specific state of rotation or translation. A physical model for the two states can 
be visualized as follows. If the ammonia molecule is considered to be rotating 
about an axis passing through the nitrogen atom and perpendicular to the plane 
of the hydrogen atoms, as shown in Fig. 9-1, there are still two possible conditions 
—the nitrogen may be on one side of the plane of hydrogen atoms or on the other. 
We call these two states | 7) and | 2). They are taken as a set of base states for our 
analysis of the behavior of the ammonia molecule. 


9-1 The states of an ammonia 
molecule 


9-2 The molecule in a static 
electric field 


9-3 Transitions in a time-dependent 
field 


9-4 Transitions at resonance 
9-5 Transitions off resonance 


9-6 The absorption of light 


MASER = Microwave Amplification 
by Stimulated Emission of Radiation 


Fig. 9-1. A physical model of two 
base states for the ammonia molecule. 
These states have the electric dipole 
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In a system with two base states, any state | y) of the system can always 
be described as a linear combination of the two base states; that is. there is a 
certain amplitude C, to be in one base state and an amplitude Cy, to be in the 
other. We can write its state vector as 


ly) = [1)C1 + | 2)C2, (9.1) 
where 
Cy = d|) and Cy = (2/y). 


These two amplitudes change with time according to the Hamiltonian equa- 
tions, Eq. (8.43). Making use of the symmetry of the two states of the ammonia 
molecule, we set H,; = Hye = Eg, and Hi, = He, = —A, and get the 
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solution [see Eqs. (8.50) and (8.51)] 


a _gy pa b _, 

Ci =xe (t/%)(Bo—A)t +e CP atay. (9.2) 
2 2 
a neo baie 

Co = . e (U/%)(Lo—A)t 7 é CME o+Aayt (9.3) 


We want now to take a closer look at these general solutions. Suppose that 
the molecule was initially put into a state | y;7) for which the coefficient / was equal 
to zero. Then at f = 0 the amplitudes to be in the states | 7) and | 2) are identical, 
and they stay that way for all time. Their phases both vary with time in the same 
way—with the frequency (Ey — A)/h. Similarly, if we were to put the molecule 
into a state | Yr) for which a = O, the amplitude Cg is the negative of C,, and this 
relationship would stay that way forever. Both amplitudes would now vary with 
time with the frequency (Ey + A)/h. These are the only two possibilities of states 
for which the relation between C, and C2 is independent of time. 

We have found two special solutions in which the two amplitudes do not vary 
in magnitude and, furthermore, have phases which vary at the same frequencies. 
These are stationary states as we defined them in Section 7-1, which means that 
they are states of definite energy. The state | ¥;7) has the energy Ey; = Ey — A, 
and the state | ¥,) has the energy E; = Ey + A. They are the only two stationary 
states that exist, so we find that the molecule has two energy levels, with the energy 
difference 24. (We mean, of course, two energy levels for the assumed state of 
rotation and vibration which we referred to in our initial assumptions.)t 

If we hadn’t allowed for the possibility of the nitrogen flipping back and forth, 
we would have taken A equal to zero and the two energy levels would be on top of 
each other at energy Ey. The actual levels are not this way; their average energy 
is Eo, but they are split apart by = A, giving a separation of 2 between the energies 
of the two states. Since A is, in fact, very small, the difference in energy is also 
very small. 

In order to excite an electron inside an atom, the energies involved are rela- 
tively very high—requiring photons in the optical or ultraviolet range. To excite 
the vibrations of the molecules involves photons in the infrared. If you talk about 
exciting rotations, the energy differences of the states correspond to photons in 
the far infrared. But the energy difference 2A is lower than any of those and is, in 
fact, below the infrared and well into the microwave region. Experimentally, it 
has been found that there is a pair of energy levels with a separation of 107+ 
electron volt—corresponding to a frequency 24,000 megacycles. Evidently this 
means that 24 = Af, with f = 24,000 megacycles (corresponding to a wavelength 
of 1}. cm). So here we have a molecule that has a transition which does not emit 
light in the ordinary sense, but emits microwaves. 

For the work that follows we need to describe these two states of definite 
energy a little bit better. Suppose we were to construct an amplitude C7; by taking 
the sum of the two numbers C, and Co: 


Crr = Cy + Cy = (1 | &) + (2| 4). (9.4) 


What would that mean? Well, this is just the amplitude to find the state |) in a 
new state | //) in which the amplitudes of the original base states are equal. That 
is, writing C7, = (// |), we can abstract the ; b) away from Eq. (9.4)—because 
it is true for any B—and get 

dL 


I 


dt + 24, 
which means the same as 


[| H) = |1) + | 2). (9.5) 


+ In what follows it is helpful—in reading to yourself or in talking to someone else-—to 
have a handy way of distinguishing between the Arabic | and 2 and the Roman J and II. 
We find it convenient to reserve the names “one” and “two” for the Arabic numbers, and 
to call IT and II by the names “eins” and ‘“‘zwei’’ (although ‘“‘unus’’ and ‘‘duo” might be 
more logical!). 
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The amplitude for the state | /7) to be in the state | 7) is 
(|My) = U1) + 72), 


which is, of course, just 1, since | 7) and | 2) are base states. The amplitude for 
the state | //) to be in the state | 2) is also 1, so the state | Z/) is one which has equal 
amplitudes to be in the two base states | /) and | 2). 

We are, however, in a bit of trouble. The state | //) has a total probability 
greater than one of being in some base state or other. That simply means, however, 
that the state vector is not properly “normalized.” We can take care of that by 
remembering that we should have (/7| 77) = 1, which must be so for any state. 
Using the general relation that 


1) =D epee), 


letting both & and x be the state //7, and taking the sum over the base states | /) 
and | 2), we get that 


(| ID = UT\ NU | ID + UT| 2912 | ID. 


This will be equal to one as it should if we change our definition of C7;—in Eq. 
(9.4}—to read 
1 
Crr = — 
V2 
In the same way we can construct an amplitude 


1 
Cr = we — Co), 


[Ci + Co). 


or 

as 
V2 
This amplitude is the projection of the state | &) into a new state | 7) which has 


opposite amplitudes to be in the states | 7) and | 2). Namely, Eq. (9.6) means 
the same as 


Cr == ate) = 212). (9.6) 


oe 


d| = 5 KE — 2\) 
or 
1 
ae 12 a 
IN = all ~ 12 (9.7) 
from which it follows that 
1 
d|N = ve —(2|I)- 


Now the reason we have done all this is that the states | 7) and | J/) can be 
taken as a new set of base states which are especially convenient for describing the 
stationary states of the ammonia molecule. You remember that the requirement 
for a set of base states is that 


Gl) = by. 
We have already fixed things so that 
(|) = UM = 1. 
You can easily show from Eqs. (9.5) and (9.7) that 
|) = dT| I) = 0. 


The amplitudes C; = (J | &) and Cy; = (JI | ®) for any state © to be in our 
new base states | /) and | /7) must also satisfy a Hamiltonian equation with the 
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form of Eq. (8.39). In fact, if we just subtract the two equations (9.2) and (9.3) 
and differentiate with respect to 1, we see that 


ih ar = (Ey + ANC; = EC. (9.8) 
And taking the sum of Eqs. (9.2) and (9.3), we see that 


 ACyy 
th a 


= (Eo — A)Crr = ExiCrr. (9.9) 


Using | 7) and | J/) for base states, the Hamiltonian matrix has the simple form 


Ay = E, Hy,71 = 9, 
Az,11 = 9, Ary = Ext. 


Note that each of the Eqs. (9.8) and (9.9) look just like what we had in Section 
8-6 for the equation of a one-state system. They have a simple exponential time 
dependence corresponding to a single energy. As time goes on, the amplitudes to 
be in each state act independently. 

The two stationary states | y,;) and | ~r7) we found above are, of course, 
solutions of Eqs. (9.8) and (9.9). The state | yz) (for which C, = —Cy,) has 


Cr = eT IM Egt Art, CSO: (9.10) 
And the state | ¥zr) (for which C, = C2) has 
Cr= 0, Cyr = eM Eo—A)t (9.11) 
Remember that the amplitudes in Eq. (9.10) are 
C, = | yr), and Cr, = (UI \ 7); 
so Eq. (9.10) means the same thing as 
lyr) = [De ~ WM Eot Ae 


That is, the state vector of the stationary state | ¥;) is the same as the state vector 
of the base state | J) except for the exponential factor appropriate to the energy of 
the state. In fact att = 0 


l¥z) = |); 


the state | J) has the same physical configuration as the stationary state of energy 
Ey + A. In the same way, we have for the second stationary state that 


Irr) = [ID e7 GE o~ At 


The state | //) is just the stationary state of energy Eg — A at ¢ = 0. Thus our 
two new base states | /) and | /7) have physically the form of the states of definite 
energy, with the exponential time factor taken out so that they can be time- 
independent base states. (In what follows we will find it convenient not to have 
to distinguish always between the stationary states | ¥;) and | y;,) and their base 
states | 7) and | Z/), since they differ only by the obvious time factors.) 

In summary, the state vectors | 7) and | //) are a pair of base vectors which 
are appropriate for describing the definite energy states of the ammonia molecule. 
They are related to our original base vectors by 


1 1 
IT) = —[]1) — |2)], MW) = —[|/) + '2)). (9.12) 
| I) Wa [| 2), = |i) op (I 7) )] 
The amplitudes to be in | /) and | //) are related to Cy and C2 by 
1 l 
Cr = ie; [Cy = C2) Cr = fi [Ci + C2}. (9.13) 


Any state at all can be represented by a linear combination of | /) and | 2)—with 
the coefficients C, and C,—or by a linear combination of the definite energy base 
states | 7) and | //)—with the coefficients C; and C;;. Thus, 


| ®) 


| 1)Ci + [2)Ce2 
or 
| &) 


| DCr + | M)Crr. 


The second form gives us the amplitudes for finding the state | &) in a state with 
the energy E; = Ey + A or ina state with the energy £77 = Ey — A. 


9-2 The molecule in a static electric field 


If the ammonia molecule is in either of the two states of definite energy and we 
disturb it at a frequency w such thathw = E; — Er; = 2A, the system may make 
a transition from one state to the other. Or, if it is in the upper state, it may change 
to the lower state and emit a photon. But in order to induce such transitions you 
must have a physical connection to the states—some way of disturbing the system. 
There must be some external machinery for affecting the states, such as magnetic 
or electric fields. In this particular case, these states are sensitive to an electric 
field. We will, therefore, look next at the problem of the behavior of the ammonia 
molecule in an external electric field. 

To discuss the behavior in an electric field, we will go back to the original 
base system | 7) and | 2), rather than using | 7) and | /7). Suppose that there is an 
electric field in a direction perpendicular to the plane of the hydrogen atoms. 
Disregarding for the moment the possibility of flipping back and forth, would it be 
true that the energy of this molecule is the same for the two positions of the nitrogen 
atom? Generally, no. The electrons tend to lie closer to the nitrogen than to the 
hydrogen nuclei, so the hydrogens are slightly positive. The actual amount 
depends on the details of electron distribution. It is a complicated problem to 
figure out exactly what this distribution is, but in any case the net result is that the 
ammonia molecule has an electric dipole moment, as indicated in Fig. 9-1. We 
can continue our analysis without knowing in detail the direction or amount of 
displacement of the charge. However, to be consistent with the notation of others, 
let’s suppose that the electric dipole moment is mw, with its direction point from 
the nitrogen atom and perpendicular to the plane of the hydrogen atoms. 

Now, when the nitrogen flips from one side to the other, the center of mass 
will not move, but the electric dipole moment will flip over. As a result of this 
moment, the energy in an electric field § will depend on the molecular orientation.t 
With the assumption made above, the potential energy will be higher if the nitrogen 
atom points in the direction of the field, and lower if it is in the opposite direction; 
the separation in the two energies will be 2ué. 

In the discussion up to this point, we have assumed values of Ey and A without 
knowing how to calculate them. According to the correct physical theory, it 
should be possible to calculate these constants in terms of the positions and 
motions of all the nuclei and electrons. But nobody has ever done it. Such a 
system involves ten electrons and four nuclei and that’s just too complicated a 
problem. As a matter! of fact, there is no one who knows much more about this 
molecule than we do. All anyone can say is that when there is an electric field, 
the energy of the two states is different, the difference being proportional to the 
electric field. We have called the coefficient of proportionality 2u, but its value 
must be determined experimentally. We can also say that the molecule has the 
amplitude A to flip over, but this will have to be measured experimentally. Nobody 
can give us accurate theoretical values of » and A, because the calculations are 
too complicated to do in detail. 


+ We are sorry that we have to introduce a new notation. Since we have been using 
pand E for momentum and energy, we don’t want to use them again for dipole moment 
and electric field. Remember, in this section yu is the electric dipole moment. 
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For the ammonia molecule in an electric field, our description must be 
changed. If we ignored the amplitude for the molecule to flip from one configura- 
tion to the other, we would expect the energies of the two states | /) and | 2) to be 
(Eo + u&). Following the procedure of the last chapter, we take 


Ay, = Eo + ué&, Hoo == Eg = us. (9.14) 


Also we will assume that for the electric fields of interest the field does not affect 
appreciably the geometry of the molecule and, therefore, does not affect the 
amplitude that the nitrogen will jump from one position to the other. We can 
then take that Hy. and Ho, are not changed; so 


Hin = Hy = —A. (9.15) 


We must now solve the Hamiltonian equations, Eq. (8.43), with these new values 
of H;;. We could solve them just as we did before, but since we are going to have 
several occasions to want the solutions for two-state systems, let’s solve the equa- 
tions once and for all in the general case of arbitrary H;;—assuming only that they 
do not change with time. 

We want the general solution of the pair of Hamiltonian equations 


4 AC 
I ra = AyiCy + Hy2Co, (9.16) 
ih ac = Ho;C, + Ho2Co. (9.17) 


Since these are linear differential equations with constant coefficients, we can always 
find solutions which are exponential functions of the dependent variable 4. We 
will first look for a solution in which C, and C2 both have the same time depen- 
dence; we can use the trial functions 


Cy = aye, Cy = age. 
Since such a solution corresponds to a state of energy E = fw, we may as well write 
right away 


Cy = aye OF, (9.18) 


C2 


lt 


age Et (9.19) 


where E is as yet unknown and to be determined so that the differential equations 
(9.16) and (9.17) are satisfied. 

When we substitute C,; and Co from (9.18) and (9.19) in the differential 
equations (9.16) and (9.17), the derivatives give us just —i£/h times Cy or C2, 
so the left sides become just EC, and EC». Cancelling the common exponential 
factors, we get 


Ea, = Hiya, + Ay2d2, Eag = Ho3a1 + Hoods. 
Or, rearranging the terms, we have 
(E — Ay1)a, — Hy2a2 = 0, (9.20) 
— Ha, + (E — Ho2)d2 = 0. (9.21) 


With such a set of homogeneous algebraic equations, there will be nonzero solu- 
tions for a, and ag only if the determinant of the coefficients of a, and az is zero, 


that is, if 
E--H aH 
Det el oat eon) (9.22) 
int Hy, E is Hoe 
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However, when there are only two equations and two unknowns, we don’t 
need such a sophisticated idea. The two equations (9.20) and (9.21) each give 
a ratio for the two coefficients a, and a», and these two ratios must be equal. 
From (9.20) we have that 


aqy Ay» 

a ES He (9.23) 
and from (9.21) that 

ay E — Hoo 

Ben ee ie Se eye 9,24 

ag Ae, ( ) 


Equating these two ratios, we get that E must satisfy 
(E — Ay )(E — Hee) — Hy2H2; = 0. 


This is the same result we would get by solving Eq. (9.22). Either way, we have 
a quadratic equation for E which has two solutions: 


E 


: Any aR A22 ae Gs =; 32)" Soy 2 oe: ee (9.25) 
There are two possible values for the energy E. Note that both solutions give 
real nuinbers for the energy, because H,, and Hye are real, and H, 29, is equal 
to Hi2H i}, = |AHy2\*, which is both real and positive. 

Using the same convention we took before, we will call the upper energy 
E, and the lower energy E£;;. We have 


E, _ Ay, as 2 + Ree a 22)? + HoH, (9.26) 
bye fait os = Rie cee he Fe Aa (9.27) 


Using each of these two energies separately in Eqs. (9.18) and (9.19), we have 
the amplitudes for the two stationary states (the states of definite energy). If there 
are no external disturbances, a system initially in one of these states will stay that 
way forever—only its phase changes. 

We can check our results for two special cases. If Hyg = Ho, = 0, we have 
that Ey = Hy, and E;; = Hyg». This is certainly correct, because then Eqs. 
(9.16) and (9.17) are uncoupled, and each represents a state of energy H,, and 
Ho.. Next, if we set Hy); = Ho. = Eq and Ha, = Hi. = —A, we get the 
solution we found before: 


Ey; = Eg +A and Ey; = Ey — A. 


For the general case, the two solutions E; and E,,; refer to two states—which 
we can again call the states 


| wr) = | De UP #rt and | wrr) a | We P E77 t, 


These states will have C; and Cy as given in Eqs. (9.18) and (9.19), where a; 
and ay» are still to be determined. Their ratio is given by either Eq. (9.23) or 
Eq. (9.24). They must also satisfy one more condition. If the system is known to 
be in one of the stationary states, the sum of the probabilities that it will be found 
in | /) or | 2) must equal one. We must have that 


ICi|? + [Cs]? = 1, (9.28) 
or, equivalently, 
jay? + lao? = 1. (9.29) 


These conditions do not uniquely specify @, and ay; they are still undetermined 
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Fig. 9-2. Energy levels of the am- 


monia molecule in an electric field. 


by an arbitrary phase—in other words, by a factor like e*. Although general 
solutions for the a’s can be written down, it is usually more convenient to work 
them out for each special case. 

Let’s go back now to our particular example of the ammonia molecule in an 
electric field. Using the values for H,,, Hoo, and Hy» given in (9.14) and (9.15), 
we get for the energies of the two stationary states 


Ey = Ey + VA? + p82, E;r = Ey — VA® + p28?. (9.30) 


These two energies are plotted as a function of the electric field strength & in Fig. 
9-2. When the electric field is zero, the two energies are, of course, just Ey + A. 
When an electric field is applied, the splitting between the two levels increases. 
The splitting increases at first slowly with &, but eventually becomes proportional 
to & (The curve is a hyperbola.) For enormously strong fields, the energies are just 


Ey = Eyt+ p6 = Ay, Err = Eo — w& = Hop. (9.31) 


The fact that there is an amplitude for the nitrogen to flip back and forth has little 
effect when the two positions have very different energies. This is an interesting point 
which we will come back to again later. 

We are at last ready to understand the operation of the ammonia maser. 
The idea is the following. First, we find a way of separating molecules in the 
state | /) from those in the state | //).{ Then the molecules in the higher energy state 

TJ) are passed through a cavity which has a resonant frequency of 24,000 mega- 
cycles. The molecules can deliver energy to the cavity—in a way we will discuss 
later—and leave the cavity in the state | //), Each molecule that makes such a 
transition will deliver the energy E = E; — E,; to the cavity. The energy from 
the molecules will appear as electrical energy in the cavity. 

How can we separate the two molecular states? One method is as follows. 
The ammonia gas is let out of a little jet and passed through a pair of slits to 
give a narrow beam, as shown in Fig. 9-3. The beam is then set through a 


+ For example, the following set is one acceptable solution, as you can easily verify: 


= Ai2 , = EAA 
(E — Ai)? + AieHa]'? (E — Hii)? + ize!” 


a\ 


¢ From now on we will write |/) and [7) instead of |¥r) and |¥7;). You must remember 
that the actual states |~7) and |yy;) are the energy base states multiplied by the appro- 
priate exponential factor. 
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region in which there is a large transverse electric field. The electrodes to produce 
the field are shaped so that the electric field varies rapidly across the beam. Then 
the square of the electric field & - € will have a large gradient perpendicular to the 
beam. Now a molecule in state | 7) has an energy which increases with &”, and 
therefore this part of the beam will be deflected toward the region of lower 87. 
A molecule in state | Z/) will, on the other hand, be deflected toward the region 
of larger &?, since its energy decreases as &? increases. 

Incidentally, with the electric fields which can be generated in the laboratory, 
the energy w& is always much smaller than A. In such cases, the square root in 
Egs. (9.30) can be approximated by 


1 p78? 
A(1+ 3 az)’ (9.32) 
So the energy levels are, for all practical purposes, 
we? 
Ey = EgtAt 7A (9.33) 
and 
ue? 
Err = Ey - A- TA (9.34) 


And the energies vary approximately linearly with §°. The force on the molecules 
is then 


2 
= ve? (9.35) 


Many molecules have an energy in an electric field which is proportional to 87. 
The coefficient is the polarizability of the molecule. Ammonia has an unusually 
high polarizability because of the small value of A in the denominator. Thus, 
ammonia molecules are unusually sensitive to an electric field. (What would you 
expect for the dielectric coefficient of NH 3 gas?) 
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Fig. 9-3. The ammonia beam may 
be separated by an electric field in 
which &? has a gradient perpendicular to 
the beam. 
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9-3 Transitions in a time-dependent field 


In the ammonia maser, the beam with molecules in the state | /) and with the 
energy £; is sent through a resonant cavity, as shown in Fig. 9-4. The other beam 
is discarded. Inside the cavity, there will be a time-varying electric field, so the 
next problem we must discuss is the behavior of a molecule in an electric field that 
varies with time. We have a completely different kind of a problem—one with a 
time-varying Hamiltonian. Since H,; depends upon 6, the H;; vary with time, and 
we must determine the behavior of the system in this circumstance. 

To begin with, we write down the equations to be solved: 


dC 
ar = (Eo + H&)C, — AC, 
(9.36) 
dc. 
ar = —AC; + (Eo per HE)C. 
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To be definite, let’s suppose that the electric field varies sinusoidally; then we can 
write 
& = 289 cos wt = &o(e’ + e— 4). (9.37) 


In actual operation the frequency w will be very nearly equal to the resonant fre- 
quency of the molecular transition wo = 2A/h, but for the time being we want 
to keep things general, so we’ll let it have any value at all. The best way to solve 
our equations is to form linear combinations of C, and Cy» as we did before. So 
we add the two equations, divide by the square root of 2, and use the definitions 
of C; and Cy; that we had in Eq. (9.13). We get 


adCrr 


ih a 


= (Eo — A)Crr + w&Cr. (9.38) 


You'll note that this is the same as Eq. (9.9) with an extra term due to the electric 
field. Similarly, if we subtract the two equations (9.36), we get 


nde 


7 ah (Eo + A)Cr + w&Czr. (9.39) 


Now the question is, how to solve these equations? They are more difficult 
than our earlier set, because & depends on 1; and, in fact, for a general &(f) the 
solution is not expressible in elementary functions. However, we can get a good 
approximation so long as the electric field is small. First we will write 


Cr = Vye7* Bot Ath yp E pum 
(9.40) 

Crr = ¥zze7* BoA ye EPUH, 
If there were no electric field, these solutions would be correct with Y; and ¥;; 
Just chosen as two complex constants. In fact, since the probability of being in 
state | 7) is the absolute square of C; and the probability of being in state | //) is the 
absolute square of Cz;, the probability of being in state | 7) or in state | //) is 
just |¥z|? or |¥z7|?. For instance, if the system were to start originally in state | //) 
so that ¥; was zero and |¥z7|? was one, this condition would go on forever. There 
would be no chance, if the molecule were originally in state | 77), ever to get 
into state | J). 

Now the idea of writing our equations in the form of Eq. (9.40) is that if 
#& is small in comparison with A, the solutions can still be written in this way, but 
then ¥; and ¥;; become slowly varying functions of time—where by “slowly 
varying”? we mean slowly in comparison with the exponential functions. That is 
the trick. We use the fact that y; and Y7; vary slowly to get an approximate 
solution. 

We want now to substitute Cy from (9.40) in the differential equation (9.39), 
but we must remember that 7; is also a function of ¢. We have 


in dt 


iE dV; _smyapi 
= Epyye*Btl® 4 ig Ft eter tin, 
dt si Be 


The differential equation becomes 

(er + ih or) eM ETE Bye MEL yey yee (9.41) 
Similarly, the equation in dC;,/dt becomes 

dv yy 


(ae + ih A ) erent _ Err¥pe Ett + Beye ETE (9.42) 


Now you will notice that we have equal terms on both sides of each equation. We 
cancel these terms, and we also multiply the first equation by et'”7"* and the 
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second by et*#11*| Remembering that (Ey — Err) = 2A = fo, we have 
finally, 


 aY tes 
aE = p&(DHe Olver, 
(9.43) 
an = p&(t)e'yz. 


Now we have an apparently simple pair of equations—and they are still exact, 
of course. The derivative of one variable is a function of time w&(A)e*”e', multiplied 
by the second variable; the derivative of the second is a similar time function, 
multiplied by the first. Although these simple equations cannot be solved in general, 
we will solve them for some special cases. 

We are, for the moment at least, interested only in the case of an oscillating 
electric field. Taking &(2) as given in Eq. (9.37), we find that the equations for 
7; and Yr; become 


% oui _ 
ae = ue fete too! uw oy 5 
(9.4 ) 
* iw —w —Motw. 
ih _ € fe“ ot 0 CE oy 


Now if & is sufficiently small, the rates of change of Y; and 77; are also small. 
The two Y’s will not vary much with 7, especially in comparison with the rapid 
variations due to the exponential terms. These exponential terms have real and 
imaginary parts that oscillate at the frequency w + wo Orw — wo. The terms with 
w + wy oscillate very rapidly about an average value of zero and, therefore, do not 
contribute very much on the average to the rate of change of Y. So we can make a 
reasonably good approximation by replacing these terms by their average value, 
namely, zero. We will just leave them out, and take as our approximation: 


ay Si 
ria & BSoe uw oly or, 
(9.45) 
dYrz se —tog)t 
—~ = us Oly 
at Moe YI 


Even the remaining terms, with exponents proportional to (w — wo), will also 
vary rapidly unless w is near #9. Only then will the right-hand side vary slowly 
enough that any appreciable amount will accumulate when we integrate the 
equations with respect to t. In other words, with a weak electric field the only 
significant frequencies are those near wo. 

With the approximation made in getting Eq. (9.45), the equations can be 
solved exactly, but the work is a little elaborate, so we won’t do that until later when 
we take up another problem of the same type. Now we'll just solve them ap- 
proximately—or rather, we’ll find an exact solution for the case of perfect reso- 
nance, w = wo, and an approximate solution for frequencies near resonance. 


9-4 Transitions at resonance 


Let’s take the case of perfect resonance first. If we take w = wy, the expo- 
nentials are equal to one in both equations of (9.45), and we have just 


ar _ _ tubo Gtr _ __ tuo, (9.46) 


“dt h 
If we eliminate first Y; and then Y;; from these equations, we find that each satisfies 
the differential equation of simple harmonic motion: 


d’y &o\* 
77 (#2) ¥. (9.47) 


The general solutions for these equations can be made up of sines and cosines. 
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Fig. 9-5. Probabilities for the two 


As you can easily verify, the following equations are a solution: 
acos (£2) t+ bsin 4) t, 

‘ & pelts & 

ib cos (#22) t — iasin Ee) t, 


where a and b are constants to be determined to fit any particular physical situation. 
For instance, suppose that at ¢ = 0 our molecular system was in the upper 

energy state | 7), which would require—from Eq. (9.40)—that ¥, = land Yr; = 

at t = 0. For this situation we would need a = 1 and 6 = 0. The probability 

that the molecule is in the state | /) at some later 7 is the absolute square of Y;, or 


Yr 


(9.48) 


VII 


P, = ||? = cos? (##2) re (9.49) 
Similarly, the probability that the molecule will be in the state | 17) is given by the 
absolute square of 777, 


Py = 137 = sin? (#£2) t (9.50) 
So long as & is small and we are on resonance, the probabilities are given by simple 
oscillating functions. The probability to be in state | /) falls from one to zero and 
back again, while the probability to be in the state | IT) rises from zero to one and 
back. The time variation of the two probabilities is shown in Fig. 9-5. Needless 
to say, the sum of the two probabilities is always equal to one; the molecule is 
always in some state! 


states of the ammonia molecule in a | 2 t 


sinusoidal electric field. 


t in units of wh/2pu& 


Let’s suppose that it takes the molecule the time T to go through the cavity. 
If we make the cavity just long enough so that u&o7/h = 1/2, then a molecule 
which enters in state | /) will certainly leave it in state | //). If it enters the cavity 
in the upper state, it will leave the cavity in the lower state. In other words, its 
energy is decreased, and the loss of energy can’t go anywhere else but into the 
machinery which generates the field. The details by which you can see how the 
energy of the molecule is fed into the oscillations of the cavity are not simple; 
however, we don’t need to study these details, because we can use the principle 
of conservation of energy. (We could study them if we had to, but then we would 
have to deal with the quantum mechanics of the field in the cavity in addition to 
the quantum mechanics of the atom.) 

In summary: the molecule enters the cavity, the cavity field—oscillating at 
exactly the right frequency—induces transitions from the upper to the lower state, 
and the energy released is fed into the oscillating field. In an operating maser 
the molecules deliver enough energy to maintain the cavity oscillations—not only 
providing enough power to make up for the cavity losses but even providing small 
amounts of excess power that can be drawn from the cavity. Thus, the molecular 
energy is converted into the energy of an external electromagnetic field. 
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Remember that before the beam enters the cavity, we have to use a filter 
which separates the beam so that only the upper state enters. It is easy to demon- 
strate that if you were to start with molecules in the lower state, the process will go 
the other way and take energy out of the cavity. If you put the unfiltered beam in, 
as many molecules are taking energy out as are putting energy in, so nothing much 
would happen. In actual operation it isn’t necessary, of course, to make (u&o7/h) 
exactly 7/2. For any other value (except an exact integral multiple of 7), there is 
some probability for transitions from state | 7) to state | JJ). For other values, 
however, the device isn’t 100 percent efficient; many of the molecules which leave 
the cavity could have delivered some energy to the cavity but didn’t. 

In actual use, the velocity of all the molecules is not the same; they have some 
kind of Maxwell distribution. This means that the ideal periods of time for 
different molecules will be different, and it is impossible to get 100 percent efficiency 
for all the molecules at once. In addition, there is another complication which is 
easy to take into account, but we don’t want to bother with it at this stage. You 
remember that the electric field in a cavity usually varies from place to place across 
the cavity. Thus, as the molecules drift across the cavity, the electric field at the 
molecule varies in a way that is more complicated than the simple sinusoidal 
oscillation in time that we have assumed. Clearly, one would have to use a more 
complicated integration to do the problem exactly, but the general idea is still the 
same, 

There are other ways of making masers. Instead of separating the atoms in 
state | 7) from those in state | /7) by a Stern-Gerlach apparatus, one can have the 
atoms already in the cavity (as a gas or a solid) and shift atoms from state | I7) 
to state | /) by some means. One way is one used in the so-called three-state maser. 
For it, atomic systems are used which have three energy levels, as shown in Fig. 
9-6, with the following special properties. The system will absorb radiation 
(say, light) of frequency iw, and go from the lowest energy level Ey; to some 
high-energy level £’, and then will quickly emit photons of frequency iw. and go 
to the state | J) with energy Ey. The state | /) has a long lifetime so its population 
can be raised, and the conditions are then appropriate for maser operation between 
states | 7) and | 77). Although such a device is called a “three-state” maser, the 
maser operation really works just as a two-state system such as we are describing. 

A laser (Light Amplification by Stimulated Emission of Radiation) is just a 
maser working at optical frequencies. The “cavity” for a laser usually consists of 
just two plane mirrors between which standing waves are generated. 


9-5 Transitions off resonance 


Finally, we would like to find out how the states vary in the circumstance that 
the cavity frequency is nearly, but not exactly, equal to wo. We could solve this 
problem exactly, but instead of trying to do that, we'll take the important case 
that the electric field is small and also the period of time 7 is small, so that u&97/h 
is much less than one. Then, even in the case of perfect resonance which we have 
just worked out, the probability of making a transition is small. Suppose that we 
start again with Y; = 1 and Y;; = 0. During the time T we would expect 7; to 
remain nearly equal to one, and 77; to remain very small compared with unity. 
Then the problem is very easy. We can calculate Y77 from the second equation in 
(9.45), taking Y; equal to one and integrating from t = Otot = T. We get 


g _ Wa—wyo) 
vy Ho id ‘|. (9.51) 


@ — Wo 


This ¥11, used with Eq. (9.40), gives the amplitude to have made a transition from 
the state | /) to the state | /7) during the time interval T. The probability PU — J) 
to make the transition is |¥;7|?, or 


2 ot 2 = / 
rem = uit = REP Mee. osm 
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Fig. 9-6. The energy 
“three-state” maser. 


levels of a 


It is interesting to plot this probability for a fixed length of time as a function 
of the frequency of the cavity in order to see how sensitive it is to frequencies near 
the resonant frequency wo. We show such a plot of P(J > I) in Fig. 9-7. (The 
vertical scale has been adjusted to be 1 at the peak by dividing by the value of the 
probability when w = wo.) We have seen a curve like this in the diffraction theory, 
so you should already be familiar with it. The curve falls rather abruptly to zero 
for (w — wo) = 2a/T and never regains significant size for large frequency devia- 
tions. In fact, by far the greatest part of the area under the curve lies within the 
range +7/T. It is possible to showf that the area under the curve is just 27/T and 
is equal to the area of the shaded rectangle drawn in the figure. 

Let’s examine the implication of our results for a real maser. Suppose that 
the ammonia molecule is in the cavity for a reasonable length of time, say for one 
millisecond. Then for fy = 24,000 megacycles, we can calculate that the prob- 
ability for a transition falls to zero for a frequency deviation of (f — fo)/fo = 
1/foT, which is five parts in 10°. Evidently the frequency must be very close to wy 
to get a significant transition probability. Such an effect is the basis of the great 
precision that can be obtained with “atomic” clocks, which work on the maser 
principle. 
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Fig. 9-7. Transition probability for the ammonia Fig. 9-8. The spectral intensity 5(w) can be approx- 


molecule as a function of frequency. 


imated by its value at wo. 


9-6 The absorption of light 


Our treatment above applies to a more general situation than the ammonia 
maser. We have treated the behavior of a molecule under the influence of an 
electric field, whether that field was confined in a cavity or not. So we could be 
simply shining a beam of “light’—at microwave frequencies—at the molecule 
and ask for the probability of emission or absorption. Our equations apply equally 
well to this case, but let’s rewrite them in terms of the intensity of the radiation 
rather than the electric field. If we define the intensity 9 to be the average energy 
flow per unit area per second, then from Chapter 27 of Volume II, we can write 


G = E078 X Blave = F€0C(& X Bmax = 2€0c&E 
(The maximum value of & is 2&9.) The transition probability now becomes: 


qe Sit? [(@ — w0)T/2] . 


2 
2 & be 
PU fl) 2n| pa, ST [@ — woT/IP 


(9.53) 


+ Using the formula [™, (sin? x/x?) dx = x. 


9-14 


Ordinarily the light shining on such a system is not exactly monochromatic. 
It is, therefore, interesting to solve one more problem—that is, to calculate the 
transition probability when the light has intensity $(w) per unit frequency interval, 
covering a broad range which includes wo. Then, the probability of going from 
| Z) to | 17) will become an integral: 


os *. sin? (w — w)T/2] 
PU I) = 2 | te | ip 9) era Me (54) 


In general, 9(w) will vary much more slowly with w than the sharp resonance term. 
The two functions might appear as shown in Fig. 9-8. In such cases, we can re- 
place J(w) by its value d(wo) at the center of the sharp resonance curve and take 
it outside of the integral. What remains is just the integral under the curve of 
Fig. 9-7, which is, as we have seen, just equal to 27/T. We get the result that 


2 


PU I) = 47? | aceears| S(wo)T. (9.55) 


This is an important result, because it is the general theory of the absorption 
of light by any molecular or atomic system. Although we began by considering a 
case in which state | /) had a higher energy than state | //), none of our arguments 
depended on that fact. Equation (9.55) still holds if the state | /) has a lower 
energy than the state | /7); then P(J — //) represents the probability for a transition 
with the absorption of energy from the incident electromagnetic wave. The 
absorption of light by any atomic system always involves the amplitude for a 
transition in an oscillating electric field between two states separated by an 
energy E = hwo. For any particular case, it is always worked out in just the 
way we have done here and gives an expression like Eq. (9.55). We, therefore, 
emphasize the following features of this result. First, the probability is pro- 
portional to 7. In other words, there is a constant probability per unit time 
that transitions will occur. Second, this probability is proportional to the intensity 
of the light incident on the system. Finally, the transition probability is propor- 
tional to ~”, where, you remember, u& defined the shift in energy due to the 
electric field &. Because of this, u& also appeared in Eqs. (9.38) and (9.39) as the 
coupling term that is responsible for the transition between the otherwise stationary 
states | J) and | 7). In other words, for the small & we have been considering, 
ué is the so-called ‘perturbation term” in the Hamiltonian matrix element which 
connects the states | /) and | //). In the general case, we would have that ys 
gets replaced by the matrix element (//|H|/) (see Section 5-6). 

In Volume I (Section 42-5) we talked about the relations among light absorp- 
tion, induced emission, and spontaneous emission in terms of the Einstein A- and 
B-coefficients. Here, we have at last the quantum mechanical procedure for 
computing these coefficients. What we have called PU’ — ID) for our two-state 
ammonia molecule corresponds precisely to the absorption coefficient B,,, of the 
Einstein radiation theory. For the complicated ammonia molecule—which is too 
difficult for anyone to calculate—we have taken the matrix element (J/ |H| J) as 
u&, saying that yu is to be gotten from experiment. For simpler atomic systems, the 
Mmn Which belongs to any particular transition can be calculated from the definition 


Bmn& = (m || n) = Ann, (9.56) 


where H,,,, is the matrix element of the Hamiltonian which includes the effects of 
a weak electric field. The y,,, calculated in this way is called the electric dipole 
matrix element. The quantum mechanical theory of the absorption and emission 
of light is, therefore, reduced to a calculation of these matrix elements for particular 
atomic systems. 

Our study of a simple two-state system has thus Jed us to an understanding 
of the general problem of the absorption and emission of light. 
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10 


Other Two-State Systems 


10-1 The hydrogen molecular ion 


In the last chapter we discussed some aspects of the ammonia molecule under 
the approximation that it can be considered as a two-state system. It is, of course, 
not really a two-state system—there are many states of rotation, vibration, transla- 
tion, and so on—but each of these states of motion must be analyzed in terms of 
two internal states because of the flip-flop of the nitrogen atom. Here we are going 
to consider other examples of systems which, to some approximation or other, 
can be considered as two-state systems. Lots of things will be approximate because 
there are always many other states, and in a more accurate analysis they would 
have to be taken into account. But in each of our examples we will be able to 
understand a great deal by just thinking about two states. 

Since we will only be dealing with two-state systems, the Hamiltonian we 
need will look just like the one we used in the last chapter. When the Hamiltonian 
is independent of time, we know that there are two stationary states with definite— 
and usually different—-energies. Generally, however, we start our analysis with a 
set of base states which are not these stationary states, but states which may, 
perhaps, have some other simple physical meaning. Then, the stationary states 
of the system will be represented by a linear combination of these base states. 

For convenience, we will summarize the important equations from Chapter 
9, Let the original choice of base states be | 7) and | 2). Then any state | y) is 
represented by the linear combination 

lv) = | IMT |¥) + 12214) = | Ci + | 2)Co. (10.1) 
The amplitudes C; (by which we mean either C; or Co) satisfy the two linear differ- 
ential equations 


4 AC; 
ih Wh = oS H;C;, (10.2) 
i 
where both / and / take on the values 1 and 2. 
When the terms of the Hamiltonian H;; do not depend on 1, the two states of 
definite energy (the stationary states), which we call 
| ¥2) = | Deer 


and = | yr) = | Me UPB 


have the energies 


yok H. Hy, — Hoe2\? 
E; uot 22 4 ( 1 22) 


(10.3) 


The two C’s for each of these states have the same time dependence. The state 
vectors | /) and | //) which go with the stationary states are related to our original 
base states | 1) and | 2) by 


|1) = | 1)a1 + | 2)a2, 
[H) = | Ta + | 2)a. 


(10.4) 
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Fig. 10-1. A set of base states for 
two protons and an electron. 


The a’s are complex constants, which satisfy 


|a,|? + |ao|? = 1, 


4 _ Fry 

eS eee (10.5) 

|a\|* + lad]? = 1, 

a Fi 

SM oe oe AIS 10.6 

a Err — Ay (10.6) 
If Hy, and Hg» are equal—say both are equal to Eg—and Hj. = Ho, = —A, 


then Ey = Ey + A, Ey; = 
simple: 


Ey — A, and the states | 7) and | J/) are particularly 


ine aloe 12} Rise allot 12)| 


Now we will use these results to discuss a number of interesting examples 
taken from the fields of chemistry and physics. The first example is the hydrogen 
molecular ion. A positively ionized hydrogen molecule consists of two protons 
with one electron worming its way around them. If the two protons are very far 
apart, what states would we expect for this system? The answer is pretty clear: 
The electron will stay close to one proton and form a hydrogen atom in its lowest 
state, and the other proton will remain alone as a positive ion. So, if the two 
protons are far apart, we can visualize one physical state in which the electron is 
“attached” to one of the protons. There is, clearly, another state symmetric to 
that one in which the electron is near the other proton, and the first proton is the 
one that is an ion. We will take these two as our base states, and we’ll call them 
| 1) and | 2). They are sketched in Fig. 10-1. Of course, there are really many 
states of an electron near a proton, because the combination can exist as any one 
of the excited states of the hydrogen atom. We are not interested in that variety 
of states now; we will consider only the situation in which the hydrogen atom is in 
the lowest state—its ground state—and we will, for the moment, disregard spin 
of the electron. We can just suppose that for all our states the electron has its 
spin “up” along the z-axis.} 

Now to remove an electron from a hydrogen atom requires 13.6 electron volts 
of energy. So long as the two protons of the hydrogen molecular ion are far apart, 
it still requires about this much energy—which is for our present considerations a 
great deal of energy—to get the electron somewhere near the midpoint between the 
protons. So it is impossible, classically, for the electron to jump from one proton 
to the other. However, in quantum mechanics it is possible—though not very 
likely. There is some small amplitide for the electron to move from one proton 
to the other. As a first approximation, then, each of our base states | 7) and | 2) 
will have the energy Eo, which is just the energy of one hydrogen atom plus one 
proton. We can take that the Hamiltonian matrix elements H,, and Hoo are 
both approximately equal to Ey. The other matrix elements H,» and H»,, which 
are the amplitudes for the electron to go back and forth, we will again write as — A. 

You see that this is the same game we played in the last two chapters. If we 
disregard the fact that the electron can flip back and forth, we have two states of 
exactly the same energy. This energy will, however, be split into two energy levels 
by the possibility of the electron going back and forth—the greater the probability 
of the transition, the greater the split. So the two energy levels of the system are 
Eo + Aand Ey — A, and the states which have these definite energies are given 
by Eqs. (10.7). 


(10.7) 


t This is satisfactory so long as there are no important magnetic fields. We will discuss 
the effects of magnetic fields on the electron later in this chapter, and the very small 
effects of spin in the hydrogen atom in Chapter 12. 
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From our solution we see that if a proton and a hydrogen ion are put any- 
where near together, the electron will not stay on one of the protons but will flip 
back and forth between the two protons. If it starts on one of the protons, it will 
oscillate back and forth between the states | 7) and | 2)—giving a time-varying 
solution. In order to have the lowest energy solution (which does not vary with 
time), it is necessary to start the system with equal amplitudes for the electron to 
be around each proton. Remember, there are not two electrons—we are not saying 
that there is an electron around each proton. There is only one electron, and it 
has the same amplitude—1/./2 in magnitude—to be in either position. 

Now the amplitude A for an electron which is near one proton to get to the 
other one depends on the separation between the protons. The closer the protons 
are together, the larger the amplitude. You remember that we talked in Chapter 
7 about the amplitude for an electron to “penetrate a barrier,” which it could not 
do classically. We have the same situation here. The amplitude for an electron 
to get across decreases roughly exponentially with the distance—for large distances. 
Since the transition probability, and therefore A, gets larger when the protons are 
closer together, the separation of the energy levels will also get larger. If the system 
is in the state | /), the energy E, + A increases with decreasing distance, so these 
quantum mechanical effects make a repulsive force tending to keep the protons 
apart. On the other hand, if the system is in the state | //), the total energy decreases 
if the protons are brought closer together; there is an affractive force pulling the 
protons together. The variation of the two energies with the distance between the 
two protons should be roughly as shown in Fig. 10-2. We have, then, a quantum- 
mechanical explanation of the binding force that holds the Hf ion together. 
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between the two protons. 


We have, however, forgotten one thing. In addition to the force we have just 
described, there is also an electrostatic repulsive force between the two protons. 
When the two protons are far apart—as in Fig. 10-1—the “bare” proton sees only 
a neutral atom, so there is a negligible electrostatic force. At very close distances, 
however, the “‘bare’’ proton begins to get “inside” the electron distribution—that 
is, it is closer to the proton on the average than to the electron. So there begins 
to be some extra electrostatic energy which is, of course, positive. This energy— 
which also varies with the separation—should be included in Ey. So for Ey we 
should take something like the broken-line curve in Fig. 10-2 which rises rapidly 
for distances less than the radius of a hydrogen atom.We should add and subtract 
the flip-flop energy A from this Eg. When we do that, the energies EZ, and Ey; will 
vary with the interproton distance D as shown in Fig. 10-3. [In this figure, we 
have plotted the results of a more detailed calculation. The interproton distance 
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is given in units of 1 A(10—* cm), and the excess energy over a proton plus a hydro- 
gen atom is given in units of the binding energy of the hydrogen atom—the so- 
called “‘Rydberg”’ energy, 13.6 ev.] We see that the state | 7) has a minimum-en- 
ergy point. This will be the equilibrium configuration—the lowest energy condition 
—for the Hf ion. The energy at this point is lower than the energy of a separated 
proton and hydrogen ion, so the system is bound. A single electron acts to hold 
the two protons together. A chemist would call it a “one-electron bond.” 

This kind of chemical binding is also often called “quantum mechanical 
resonance” (by analogy with the two coupled pendulums we have described 
before). But that really sounds more mysterious than it is, it’s only a “resonance” 
if you start out by making a poor choice for your base states—as we did also! 
If you picked the state | Z7), you would have the lowest energy state—that’s all. 

We can sce in another way why such a state should have a lower energy than 
a proton and a hydrogen atom. Let’s think about an electron near two protons 
with some fixed, but not too large, separation. You remember that with a single 
proton the electron is “spread out’ because of the uncertainty principle. It seeks 
a balance between having a low coulomb pofential energy and not getting con- 
fined into too small a space, which would make a high kinetic energy (because of 
the uncertainty relation Ap Ax ~ hh). Now if there are two protons, there is more 
space where the electron can have a low potential energy. It can spread out— 
lowering its kinetic energy—without increasing its potential energy. The net 
result is a lower energy than a hydrogen atom. Then why does the other state | /) 
have a higher energy? Notice that this state is the difference of the states | 7) and 
| 2). Because of the symmetry of | /) and | 2), the difference must have zero 
amplitude to find the electron half-way between the two protons. This means that 
the electron is somewhat more confined, which leads to a larger energy. 

We should say that our approximate treatment of the H} ion as a two-state 
system breaks down pretty badly once the protons get as close together as they 
are at the minimum in the curve of Fig. 10-3, and so, will not give a good value 
for the actual binding energy. For small separations, the energies of the two 
“states” we imagined in Fig. 6-1 are not really equal to Ey; a more refined quan- 
tum mechanical treatment is needed. 

Suppose we ask now what would happen if instead of two protons, we had 
two different objects—as, for example, one proton and one lithium positive ion 
(both particles still with a single positive charge). In such a case, the two terms 
A,, and Hz of the Hamiltonian would no longer be equal; they would, in fact, 
be quite different. If it should happen that the difference (H,;, — Hoo) is, in 
absolute value, much greater than A = — Ajo, the attractive force gets very weak, 
as we can see in the following way. 

If we put H,;2H2, = A® into Eqs. (10.3) we get 


E 


aa Ay, + Ae a Au — Ho I+ GAY Sls, 
2 2 (Ay; —_ 22)? 


When H,;, — H>2, is much greater than A?, the square root is very nearly equal to 


2Ae 
1 
+ Gi — Any 
The two energies are then 
A? 
Er = Ay + — 
(Ai — Hee) (10.8) 
A? 
E Ayo — vr 4” 
oi “(Ai — Hee) 


They are now very nearly just the energies H,,; and Hz of the isolated atoms, 
pushed apart only slightly by the flip-flop amplitude A. 
The energy difference E; — Ezy is 


2A? 


(Ai, — He) + Wa = Hes 
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The additional separation from the flip-flop of the electron is no longer equal to 
2A; it is smaller by the factor A/(H,, ~ Hoe), which we are now taking to be 
much less than one. Also, the dependence of E; — £;; on the separation of the 
two nuclei is much smaller than for the H} ion—it is also reduced by the factor 
A/(H1; — H22). We can now see why the binding of unsymmetric diatomic 
molecules is generally very weak. 

In our theory of the H} ion we have discovered an explanation for the 
mechanism by which an electron shared by two protons provides, in effect, an 
attractive force between the two protons which can be present even when the 
protons are at large distances. The attractive force comes from the reduced energy 
of the system due to the possibility of the electron jumping from one proton to 
the other. In such a jump the system changes from the configuration (hydrogen 
atom, proton) to the configuration (proton, hydrogen atom), or switches back. 
We can write the process symbolically as 


(H, p) = (p, H). 


The energy shift due to this process is proportional to the amplitude A that an 
electron whose energy is —Wy (its binding energy in the hydrogen atom) can 
get from one proton to the other. 

For large distances R between the two protons, the electrostatic potential 
energy of the electron is nearly zero over most of the space it must go when it 
makes its jump. In this space, then, the electron moves nearly like a free particle 
in empty space—but with a negative energy! We have seen in Chapter 3 [Eq. 
(3.7)] that the amplitude for a particle of definite energy to get from one place 
to another a distance r away is proportional to 


efile 


3 


r 
where p is the momentum corresponding to the definite energy. In the present 
case (using the nonrelativistic formula), p is given by 

2 


| aN 
ri Wr. (10.9) 


This means that p is an imaginary number, 


p = iv2mWy 


(the other sign for the radical gives nonsense here). 
We should expect, then, that the amplitude A for the HZ ion will vary as 
eV 2m W/W 


R 


Aw (10.10) 
for large separations R between the two protons. The energy shift due to the 
electron binding is proportional to A, so there is a force pulling the two protons 
together which is proportional—for large R—to the derivative of (10.10) with 
respect to R. 

Finally, to be complete, we should remark that in the two-proton, one-electron 
system there is still one other effect which gives a dependence of the energy on R. 
We have neglected it until now because it is usually rather unimportant—the 
exception is just for those very large distances where the energy of the exchange 
term A has decreased exponentially to very small values. The new effect we are 
thinking of is the electrostatic attraction of the proton for the hydrogen atom, 
which comes about in the same way any charged object attracts a neutral object. 
The bare proton makes an electric field & (varying as |/R) at the neutral hydrogen 
atom. The atom becomes polarized, taking on an induced dipole moment p» 
proportional to & The energy of the dipole is 48, which is proportional to §?—or 
to 1/R*. So there is a term in the energy of the system which decreases with the 
fourth power of the distance. (it is a correction to Eo.) This energy falls off with 
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distance more slowly than the shift A given by (10.10); at some large separation 
R it becomes the only remaining important term giving a variation of energy with 
R—and, therefore, the only remaining force. Note that the electrostatic term has 
the same sign for both of the base states (the force is attractive, so the energy is 
negative) and so also for the two stationary states, whereas the electron exchange 
term A gives opposite signs for the two stationary states. 


10-2 Nuclear forces 


We have seen that the system of a hydrogen atom and a proton has an energy 
of interaction due to the exchange of the single electron which varies at large 
separations R as 

ea 


R 


; (10.11) 


with a = /2mW7,/h. (One usually says that there is an exchange of a “virtual” 
electron when—as here—the electron has to jump across a space where it would 
have a negative energy. More specifically, a ‘‘virtual exchange” means that the 
phenomenon involves a quantum mechanical interference between an exchanged 
state and a nonexchanged state.) 

Now we might ask the following question: Could it be that forces between 
other kinds of particles have an analogous origin? What about, for example, the 
nuclear force between a neutron and a proton, or between two protons? In an 
attempt to explain the nature of nuclear forces, Yukawa proposed that the force 
between two nucleons is due to a similar exchange effect—only, in this case, due 
to the virtual exchange, not of an electron, but of a new particle, which he called 
a “meson.” Today, we would identify Yukawa’s meson with the w-meson (or 
“pion”’) produced in high-energy collisions of protons or other particles. 

Let’s see, as an example, what kind of a force we would expect from the ex- 
change of a positive pion (7) of mass m7 between a proton and a neutron. Just 
as a hydrogen atom H° can go into a proton p* by giving up an electron e~ 


H° > pt +e, (10.12) 
a proton p* can go into a neutron n° by giving up a 7* meson: 
pt—on? + at. (10.13) 


So if we have a proton at a and a neutron at b separated by the distance R, the 
proton can become a neutron by emitting a 7* which is then absorbed by the 
neutron at 6, turning it into a proton. There is an energy of interaction of the 
two-nucleon (plus pion) system which depends on the amplitude A for the pion 
exchange—just as we found for the electron exchange in the Hj ion. 

In the process (10.12), the energy of the H® atom is less than that of the proton 
by Wz, (calculating nonrelativistically, and omitting the rest energy mc? of the 
electron), so the electron has a negative kinetic energy—or imaginary momentum— 
as in Eq. (10.9). In the nuclear process (10.13), the proton and neutron have 
almost equal masses, so the 7* will have zero total energy. The relation between 
the total energy F and the momentum p for a pion of mass m, is 


E? = prc? + mec' 


Since E is zero (or at least negligible in comparison with m,), the momentum is 
again imaginary: 
p = imac. 


Using the same arguments we gave for the amplitude that a bound electron 
would penetrate the barrier in the space between two protons, we get for the nuclear 
case an exchange amplitude A which should—for large R—go as 


—(m,clhyk 


R 


st (10.14) 
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The interaction energy is proportional to A, and so varies in the same way. We 
get an energy variation in the form of the so-called Yukawa potential between 
two nucleons. Incidentally, we obtained this same formula earlier directly from 
the differential equation for the motion of a pion in free space [see Chapter 28, 
Vol. II, Eq. (28.18)]. 

We can, following the same line of argument, discuss the interaction between 
two protons (or between two neutrons) which results from the exchange of a 
neutral pion (7°). The basic process is now 


pt—pt + x. (10.15) 


A proton can emit a virtual 7°, but then it remains still a proton. If we have two 
protons, proton No. 1 can emit a virtual a° which is absorbed by proton No. 2. 
At the end, we still have two protons. This is somewhat different from the Hf? ion. 
There the H® went into a different condition—the proton—after emitting the 
electron. Now we are assuming that a proton can emit a 7° without changing its 
character. Such processes are, in fact, observed in high-energy collisions. The 
process is analogous to the way that an electron emits a photon and ends up still 
aucleotcn: e— e+ photon. (10.16) 
We do not “‘see” the photons inside the electrons before they are emitted or after 
they are absorbed, and their emission does not change the “nature” of the electron. 

Going back to the two protons, there is an interaction energy which arises 
from the amplitude 4 that one proton emits a neutral pion which travels across 
(with imaginary momentum) to the other proton and is absorbed there. This 
amplitude is again proportional to (10.14), with my the mass of the neutral pion. 
All the same arguments give an equal interaction energy for two neutrons. Since 
the nuclear forces (disregarding electrical effects) between neutron and proton, 
between proton and proton, between neutron and neutron are the same, we con- 
clude that the masses of the charged and neutral pions should be the same. Experi- 
mentally, the masses are indeed very nearly equal, and the small difference is about 
what one would expect from electric self-energy corrections (see Chapter 28, 
Vol. {). 

There are other kinds of particles—like K-mesons—which can be exchanged 
between two nucleons. It is also possible for two pions to be exchanged at the 
same time. But all of these other exchanged ‘‘objects” have a rest mass m, higher 
than the pion mass mz, and lead to terms in the exchange amplitude which vary as 

emi R 
= 
These terms die out faster with increasing R than the one-meson term. No one 
knows, today, how to calculate these higher-mass terms, but for large enough 
values of R only the one-pion term survives. And, indeed, those experiments which 
involve nuclear interactions only at large distances do show that the interaction 
energy is as predicted from the one-pion exchange theory. 

In the classical theory of electricity and magnetism, the coulomb electrostatic 
interaction and the radiation of light by an accelerating charge are closely related— 
both come out of the Maxwell equations. We have seen in the quantum theory that 
light can be represented as the quantum excitations of the harmonic oscillations of 
the classical electromagnetic fields in a box. Alternatively, the quantum theory 
can be set up by describing light in terms of particles—photons—which obey Bose 
statistics. We emphasized in Section 4-5 that the two alternative points of view 
always give identical predictions. Can the second point of view be carried through 
completely to include al/ electromagnetic effects? In particular, if we want to 
describe the electromagnetic field purely in terms of Bose particles—that is, in 
terms of photons—what is the coulomb force due to? 

From the “particle” point of view the coulomb interaction between two 
electrons comes from the exchange of a virtual photon. One electron emits a photon 
—as in reaction (10.16)—which goes over to the second electron, where it is 
absorbed in the reverse of the same reaction. The interaction energy is again given 
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by a formula like (10.14), but now with m, replaced by the rest mass of the photon 
~—which is zero. So the virtual exchange of a photon between two electrons gives 
an interaction energy that varies simply inversely as R, the distance between the 
two electrons—just the normal coulomb potential energy! In the ‘‘particle’” theory 
of electromagnetism, the process of a virtual photon exchange gives rise to all the 
phenomena of electrostatics. 


» ery 
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10-3 The hydrogen molecule 


As our next two-state system we will look at the neutral hydrogen molecule 

Hy. It is, naturally, more complicated to understand because it has two electrons. 

Again, we start by thinking of what happens when the two protons are well 

separated. Only now we have two electrons to add. To keep track of them, we'll 

call one of them “electron a” and the other “electron 6.” We can again imagine 

two possible states. One possibility is that “electron a” is around the first proton 

and “electron 6” is around the second, as shown in Fig. 10-4(a). We have simply 

two hydrogen atoms. We will call this state | 7). There is also another possibility: 

that “electron 6” is around the first proton and that “electron a” is around the 

second. We call this state | 2). From the symmetry of the situation, those two 

possibilities should be energetically equivalent, but, as we will see, the energy of 

t the system is not just the energy of two hydrogen atoms. We should mention that 

there are many other possibilities. For instance, ‘electron a’’ might be near the 

oat first proton and “electron 5” might be in another state around the same proton. 

We'll disregard such a case, since it will certainly have higher energy (because of 

the large coulomb repulsion between the two electrons). For greater accuracy, we 

would have to include such states, but we can get the essentials of the molecular 

binding by considering just the two states of Fig. 10.4. To this approximation we 

can describe any state by giving the amplitude (J | ¢) to be in the state | 7) and an 

amplitude (2 | ) to be in state | 2). In other words, the state vector | ¢) can be 
written as the linear combination 


I$) = D7 1dG1 4). 


| To proceed, we assume—-as usual—that there is some amplitude A that the 
a Ci theo, cod electrons can move through the intervening space and exchange places. This 
fe) 1 i 3” _ possibility of exchange means that the energy of the system is split, as we have seen 

pA) for other two-state systems. As for the hydrogen molecular ion, the splitting is 

very small when the distance between the protons is large. As the protons approach 

Fig. 10-5. The energy levels of the each other, the amplitude for the electrons to go back and forth increases, so the 
H, molecule for different interproton splitting increases. The decrease of the lower energy state means that there is an 
distances D. (Ey = 13.6 ev.) attractive force which pulls the atoms together. Again the energy levels rise when 
the protons get very close together because of the coulomb repulsion. The net 
final result is that the two stationary states have energies which vary with the sep- 
aration as shown in Fig. 10-5. At a separation of about 0.74 A, the lower energy 
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level reaches a minimum; this is the proton-proton distance of the true hydrogen 
molecule. 

Now you have probably been thinking of an objection. What about the fact 
that the two electrons are identical particles? We have been calling them “electron 
a” and “electron b,”’ but there really is no way to tell which is which. And we have 
said in Chapter 4 that for electrons—which are Fermi particles—if there are two 
ways something can happen by exchanging the electrons, the two amplitudes will 
interfere with a negative sign. This means that if we switch which electron is which, 
the sign of the amplitude must reverse. We have Just concluded, however, that 
the bound state of the hydrogen molecule would be (at t = 0) 


—s 
|) = Trae | 2)). 


However, according to our rules of Chapter 4, this state is not allowed. If we 
reverse which electron is which, we get the state 


1 
wae |1)), 


and we get the same sign instead of the opposite one. 

These arguments are correct if both electrons have the same spin. It is true that 
if both electrons have spin up (or both have spin down), the only state that is per- 
mitted is 


aoa es 
|I) = yal? | 2)). 


For this state, an interchange of the two electrons gives 


(|2) — | 2)), 


which is — | /), as required. So if we bring two hydrogen atoms near to each 
other with their electrons spinning in the same direction, they can go into the 
state |Z) and not state | //). But notice that state | D) is the upper energy state. 
Its curve of energy versus separation has no minimum. The two hydrogens will 
always repel and will not form a molecule. So we conclude that the hydrogen 
molecule cannot exist with parallel electron spins. And that is right. 

On the other hand, our state | /7) is perfectly symmetric for the two electrons. 
In fact, if we interchange which electron we call a and which we call b we get back 
exactly the same state. We saw in Section 4-7 that if two Fermi particles are in 
the same state, they must have opposite spins. So, the bound hydrogen molecule 
must have one electron with spin up and one with spin down. 

The whole story of the hydrogen molecule is really somewhat more compli- 
cated if we want to include the proton spins. It is then no longer right to think of 
the molecule as a two-state system. It should really be looked at as an eight-state 
system—there are four possible spin arrangements for each of our states | 1) and 
| 2)—so we were cutting things a little short by neglecting the spins. Our final 
conclusions are, however, correct. 

We find that the lowest energy state—the only bound state—of the Hz mole- 
cule has the two electrons with spins opposite. The total spin angular momentum 
of the electrons is zero. On the other hand, two nearby hydrogen atoms with spins 
parallel—and so with a total angular momentum A—must be in a higher (unbound) 
energy state; the atoms repel each other. There is an interesting correlation be- 
tween the spins and the energies. It gives another illustration of something we 
mentioned before, which is that there appears to be an “interaction” energy be- 
tween two spins because the case of parallel spins has a higher energy than the 
Opposite case. In a certain sense you could say that the spins try to reach an 
antiparallel condition and, in doing so, have the potential to liberate energy—not 
because there is a large magnetic force, but because of the exclusion principle. 


10-9 


Fig. 10-6. The 
CoHe. 


benzene molecule, 


We saw in Section 10-1 that the binding of two different ions by a single elec- 
tron is likely to be quite weak. This is not true for binding by ro electrons. Sup- 
pose the two protons in Fig. 10-4 were replaced by any two ions (with closed inner 
electron shells and a single ionic charge), and that the binding energies of an 
electron at the two ions are different. The energies of states | 7) and | 2) would 
still be equal because in each of these states we have one electron bound to each 
ion. Therefore, we always have the splitting proportional to 4. Two-electron 
binding is ubiquitous—it is the most common valence bond. Chemical binding 
usually involves this flip-flop game played by two electrons. Although two atoms 
can be bound together by only one electron, it is relatively rare—because it re- 
quires just the right conditions. 

Finally, we want to mention that if the energy of attraction for an electron to 
one nucleus is much greater than to the other, then what we have said earlier about 
ignoring other possible states is no longer right. Suppose nucleus a (or it may be 
a positive ion) has a much stronger attraction for an electron than does nucleus b. 
It may then happen that the total energy is still fairly low even when both electrons 
are at nucleus a, and no electron is at nucleus 6. The strong attraction may more 
than compensate for the mutual repulsion of the two electrons. If it does, the 
lowest energy state may have a large amplitude to find both electrons at a (making 
a negative ion) and a small amplitude to find any electron at b. The state looks like 
a negative ion with a positive ion. This is, in fact, what happens in an “ionic” 
molecule like NaCl. You can see that all the gradations between covalent binding 
and ionic binding are possible. 

You can now begin to see how it is that many of the facts of chemistry can 
be most clearly understood in terms of a quantum mechanical description. 


10-4 The benzene molecule 


Chemists have invented nice diagrams to represent complicated organic 
molecules. Now we are going to discuss one of the most interesting of them—the 
benzene molecule shown in Fig. 10-6. It contains six carbon and six hydrogen 
atoms in a symmetrical array. Each bar of the diagram represents a pair of elec- 
trons, with spins opposite, doing the covalent bond dance. Each hydrogen atom 
contributes one electron and each carbon atom contributes four electrons to 
make up the total of 30 electrons involved. (There are two more electrons close to 
the nucleus of the carbon which form the first, or K, shell. These are not shown 
since they are so tightly bound that they are not appreciably involved in the cova- 
lent binding.) So each bar in the figure represents a bond, or pair of electrons, 
and the double bonds mean that there are two pairs of electrons between alternate 
pairs of carbon atoms. 

There is a mystery about this benzene molecule. We can calculate what energy 
should be required to form this chemical compound, because the chemists have 
measured the energies of various compounds which involve pieces of the ring—for 
instance, they know the energy of a double bond by studying ethylene, and so on. 
We can, therefore, calculate the total energy we should expect for the benzene 
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Fig. 10-7. Two possibilities of orthodibromobenzene. The two bromines could 
be separated by a single bond or by a double bond. 
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molecule. The actual energy of the benzene ring, however, is much lower than we 
get by such a calculation; it is more tightly bound than we would expect from what 
is called an “unsaturated double bond system.” Usually a double bond system 
which is not in such a ring is easily attacked chemically because it has a relatively 
high energy—the double bonds can be easily broken by the addition of other 
hydrogens. But in benzene the ring is quite permanent and hard to break up. 
In other words, benzene has a much lower energy than you would calculate from 
the bond picture. 

Then there is another mystery. Suppose we replace two adjacent hydrogens 
by bromine atoms to make ortho-dibromobenzene. There are two ways to do this, 
as shown in Fig. 10-7. The bromines could be on the opposite ends of a double 
bond as shown in part (a) of the figure, or could be on the opposite ends of a single 
bond as in (b). One would think that ortho-dibromobenzene should have two 
different forms, but it doesn’t. There is only one such chemical.t 

Now we want to resolve these mysteries—and perhaps you have already 
guessed how: by noticing, of course, that the “ground state” of the benzene ring 
is really a two-state system. We could imagine that the bonds in benzene could 
be in either of the two arrangements shown in Fig. 10-8. You say, “But they are 
really the same; they should have the same energy.” Indeed, they should. And for 
that reason they must be analyzed as a two-state system. Each state represents a 
different configuration of the whole set of electrons, and there is some amplitude 
A that the whole bunch can switch from one arrangement to the other—there is a 
chance that the electrons can flip from one dance to the other. 

As we have seen, this chance of flipping makes a mixed state whose energy is 
lower than you would calculate by looking separately at either of the two pictures 
in Fig. 10-8. Instead, there are two stationary states—one with an energy above 
and one with an energy below the expected value. So actually, the true normal 
state (lowest energy) of benzene is neither of the possibilities shown in Fig. 10-8, 
but it has the amplitude 1/./2 to be in each of the states shown. It is the only 
state that is involved in the chemistry of benzene at normal temperatures. In- 
cidentally, the upper state also exists; we can tell it is there because benzene has a 
strong absorption for ultraviolet light at the frequency w = (Ey ~— Er1)/h. You 
will remember that in ammonia, where the object flipping back and forth was three 
protons, the energy separation was in the microwave region. In benzene, the 
objects are electrons, and because they are much lighter, they find it easier to flip 
back and forth, which makes the coefficient A very much larger. The result is 
that the energy difference is much larger—about 1.5 ev, which is the energy of 
an ultraviolet photon. 

What happens if we substitute bromine? Again the two “possibilities” (a) 
and (b) in Fig. 10-7 represent the two different electron configurations. The only 
difference is that the two base states we start with would have slightly different 
energies. The lowest energy stationary state will still involve a linear combination 
of the two states, but with unequal amplitudes. The amplitude for state | 7) might 
have a value something like »/2/3, say, whereas state | 2) would have the magnitude 


+ We are oversimplifying a little. Originally, the chemists thought that there should 
be four forms of dibromobenzene: two forms with the bromines on adjacent carbon atoms 
(ortho-dibromobenzene), a third form with the bromines on next-nearest carbons (meta- 
dibromobenzene), and a fourth form with the bromines opposite to each other (para- 
dibromobenzene), However, they found only three forms—there is only one form of 
the ortho-molecule. 

t What we have said is a little misleading. Absorption of ultraviolet light would be 
very weak in the two-state system we have taken for benzene, because the dipole moment 
matrix element between the two states is zero. [The two states are electrically symmetric, 
so in our formula Eq. (9.55) for the probability of a transition, the dipole moment yu 
is zero and no light is absorbed.] If these were the only states, the existence of the upper 
state would have to be shown in other ways. A more complete theory of benzene, how- 
ever, which begins with more base states (such as those having adjacent double bonds) 
shows that the true stationary states of benzene are slightly distorted from the ones we 
have found. The resulting dipole moments permit the transition we mentioned in the text 
to occur by the absorption of ultraviolet light. 
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Fig. 10-8. A set of base states for 
the benzene molecule. 
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Fig. 10-9. Two base states for the 
molecule of the dye magenta. 


+/1/3. We can’t say for sure without more information, but once the two energies 
A, and H2» are no longer equal, then the amplitudes C, and Cz no longer have 
equal magnitudes. This means, of course, that one of the two possibilities in the 
figure is more likely than the other, but the electrons are mobile enough so that 
there is some amplitude for both. The other state has different amplitudes (like 
+/1/3 and —+/2/3) but lies at a higher energy. There is only one lowest state, 
not two as the naive theory of fixed chemical bonds would suggest. 
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We will give you one more chemical example of the two-state phenomenon— 
this time on a Jarger molecular scale. It has to do with the theory of dyes. Many 
dyes—in fact, most artificial dyes—have an interesting characteristic; they have a 
kind of symmetry. Figure 10-9 shows an ion of a particular dye called magenta, 
which has a purplish red color. The molecule has three ring structures—two of 
which are benzene rings. The third is not exactly the same as a benzene ring 
because it has only two double bonds inside the ring. The figure shows two equally 
satisfactory pictures, and we would guess that they should have equal energies. 
But there is a certain amplitude that all the electrons can flip from one condition 
to the other, shifting the position of the “unfilled” position to the opposite end. 
With so many electrons involved, the flipping amplitude is somewhat lower than it 
is in the case of benzene, and the difference in energy between the two stationary 
states is smaller. There are, nevertheless, the usual two stationary states | /) and | //) 
which are the sum and difference combinations of the two base states shown in the 
figure. The energy separation of | J) and | JT) comes out to be equal to the energy 
of a photon in the optical region. If one shines light on the molecule, there is a 
very strong absorption at one frequency, and it appears to be brightly colored. 
That’s why it’s a dye! 

Another interesting feature of such a dye molecule is that in the two base 
states shown, the center of electric charge is located at different places. Asa result, 
the molecule should be strongly affected by an external electric field. We had a 
similar effect in the ammonia molecule. Evidently we can analyze it by using 
exactly the same mathematics, provided we know the numbers Ey and A. Gener- 
ally, these are obtained by gathering experimental data. If one makes measure- 
ments with many dyes, it is often possible to guess what will happen with some 
related dye molecule. Because of the large shift in the position of the center of 
electric charge the value of » in formula (9.55) is large and the material has a high 
probability for absorbing light of the characteristic frequency 24/f#. Therefore, 
it is not only colored but very strongly so—a small amount of substance absorbs 
a lot of light. 

The rate of flipping—and, therefore, A—is very sensitive to the complete struc- 
ture of the molecule. By changing A, the energy splitting, and with it the color of 
the dye, can be changed. Also, the molecules do not have to be perfectly sym- 
metrical. We have seen that the same basic phenomenon exists with slight modifica- 
tions, even if there is some small asymmetry present. So, one can get some modi- 
fication of the colors by introducing slight asymmetries in the molecules. For 
example, another important dye, malachite green, is very similar to magenta, but 
has two of the hydrogens replaced by CH3. It’s a different color because the A is 
shifted and the flip-flop rate is changed. 


10-6 The Hamiltonian of a spin one-half particle in a magnetic field 


Now we would like to discuss a two-state system involving an object of spin 
one-half. Some of what we will say has been covered in earlier chapters, but doing 
it again may help to make some of the puzzling points a little clearer. We can 
think of an electron at rest as a two-state system. Although we will be talking in 
this section about “‘an electron,” what we find out will be true for any spin one-half 
particle. Suppose we choose for our base states | 7) and | 2) the states in which the 
z-component of the electron spin is +4/2 and —/2. 
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These states are, of course, the same ones we have called (+) and (—) in 
earlier chapters. To keep the notation of this chapter consistent, though, we call 
the “plus” spin state | 7) and the “minus” spin state | 2)—-where “plus” and “minus”’ 
refer to the angular momentum in the z-direction. 

Any possible state y for the electron can be described as in Eq. (10.1) by 
giving the amplitude C, that the electron is in state | 7), and the amplitude C, 
that itis in state | 2). To treat this problem, we will need to know the Hamiltonian 
for this two-state system—that is, for an electron in a magnetic field. We begin 
with the special case of a magnetic field in the z-direction. 

Suppose that the vector B has only a z-component B,. From the definition 
of the two base states (that is, spins parallel and antiparallel to B) we know that 
they are already stationary states with a definite energy in the magnetic field. 
State | 7) corresponds to an energy} equal to —B, and state | 2) to +yB,. The 
Hamiltonian must be very simple in this case since C;, the amplitude to be in state 
| 7), is not affected by C2, and vice versa: 


in = E,C, = — B,C, 
(10.17) 
ih aCe = EoC = +uB,Co. 
t 
For this special case, the Hamiltonian is 
Any = —pB,, Ay. = 0, 
H2; = 0, Hoo = +B. (10.18) 


So we know what the Hamiltonian is for the magnetic field in the z-direction, and 
we know the energies of the stationary states. 

Now suppose the field is nor in the z-direction. What is the Hamiltonian? 
How are the matrix elements changed if the field is not in the z-direction? We 
are going to make an assumption that there is a kind of superposition principle 
for the terms of the Hamiltonian. More specifically, we want to assume that if 
two magnetic fields are superposed, the terms in the Hamiltonian simply add—if 
we know the H;; for a pure B, and we know the H;; for a pure B,, then the H,; 
for both B, and B, together is simply the sum. This ts certainly true if we consider 
only fields in the z-direction—if we double B,, then all the H;; are doubled. So 
let’s assume that H is linear in the field B. That’s all we need to be able to find 
the H;; for any magnetic field. 

Suppose we have a constant field B. We could have chosen our z-axis in its 
direction, and we would have found two stationary states with the energies * us. 
Just choosing our axes in a different direction won’t change the pAysics. Our 
description of the stationary states will be different, but their energies will still be 


= » B—that is, 
Er = ~wV Be + By + Bz 

and (10.19) 
Eyr = +uV B? + B? + B?. 


i 


The rest of the game is easy. We have here the formulas for the energies. 
We want a Hamiltonian which is linear in B,, By, and B,, and which will give these 
energies when used in our general formula of Eq. (10.3). The problem: find the 
Hamiltonian. First, notice that the energy splitting is symmetric, with an average 
value of zero. Looking at Eq. (10.3), we can see directly that that requires 


Hoo = —H4}. 


(Note that this checks with what we already know when B, and B, are both zero; 


+ We are taking the rest energy moc? as our “zero” of energy and treating the magnetic 
moment yp of the electron as a negative number, since it points opposite to the spin. 
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in that case Hy, = —yB, and Heo = uB,.) Now if we equate the energies of 
Eq. (10.3) with what we know from Eq. (10.19), we have 


2 
(#5 He) + |His|? = 4°(B2 + BP + 82). (10.20) 


(We have also made use of the fact that Ho; = Ho, so that H,.Ho 1 can also 
be written as |H12|?.) Again for the special case of a field in the z-direction, this 
gives 

WB: + |Hy2|” = n° Be 


Clearly, |H,2| must be zero in this special case, which means that H,» cannot 
have any terms in B,. (Remember, we have said that all terms must be linear in 
B,, By, and B,.) 

So far, then, we have discovered that H,,; and Hoo have terms in B,, while 
Hy, and Hg; do not. We can make a simple guess that will satisfy Eq. (10.20) if 
we say that 

Ai, = —ub., 


Heo = wB,, (10.21) 
|Hio|? = u?(BE + Bj). 


And it turns out that that’s the only way it can be done! 

“Wait”—you say—“Hy5 is not linear in B; Eq. (10.21) gives Hyy = 
pa/B2 + B?.” Not necessarily. There is another possibility which is linear, 
namely, 


and 


Hy = w(By + iBy). 
There are, in fact, several such possibilities—most generally, we could write 
Ay. = WB, + iB, )e®, 


where 6 is some arbitrary phase. Which sign and phase should we use? It turns 
out that you can choose either sign, and any phase you want, and the physical 
results will always be the same. So the choice is a matter of convention. People 
ahead of us have chosen to use the minus sign and to take ec = —1. We might 
as well follow suit and write 


Hy. = —y(B, — iB,), He, = —u(B, + iB,). 


(Incidentally, these conventions are related to, and consistent with, some of the 
arbitrary choices we made in Chapter 6.) 

The complete Hamiltonian for an electron in an arbitrary magnetic field is, 
then 


Ay, = —wuB, Hig = —yu(B, — iB,), 
oe : (10.22) 
Hz, = —p(B, + iB,), Ho. = +yB,. 
And the equations for the amplitudes C, and Cz are 
AC. ; 
ih re = —y[B.C; + (B, — iBy)Co], 
(10.23) 
4 dC , 
ih? = —wl(Bs + iBy)C, ~ B,C2} 


So we have discovered the “equations of motion for the spin states” of an 
electron in a magnetic field. We guessed at them by making some physical argu- 
ment, but the real test of any Hamiltonian ts that it should give predictions in 
agreement with experiment. According to any tests that have been made, these 
equations are right. In fact, although we made our arguments only for constant 
fields, the Hamiltonian we have written is also right for magnetic fields which 
vary with time. So we can now use Eq. (10.23) to look at all kinds of interesting 
problems. 
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10-7 The spinning electron in a magnetic field 


Example number one: We start with a constant field in the z-direction. There 
are just the two stationary states with energies uB,. Suppose we add a small 
field in the x-direction. Then the equations look like our old two-state problem. 
We get the flip-flop business once more, and the energy levels are split a little 
farther apart. Now let’s let the x-component of the field vary with time—say, as 
cos wt. The equations are then the same as we had when we put an oscillating 
electric field on the ammonia molecule in Chapter 9. You can work out the de- 
tails in the same way. You will get the result that the oscillating field causes 
transitions from the +z-state to the —z-state—and vice versa—when the hori- 
zontal field oscillates near the resonant frequency wo = 2uB,/h. This gives the 
quantum mechanical theory of the magnetic resonance phenomena we described 
in Chapter 35 of Volume II (see Appendix). 

It is also possible to make a maser which uses a spin one-half system. A 
Stern-Gerlach apparatus is used to produce a beam of particles polarized in, say, 
the -+2-direction, which are sent into a cavity in a constant magnetic field. The 
oscillating fields in the cavity can couple with the magnetic moment and induce 
transitions which give energy to the cavity. 

Now let’s look at the following question. Suppose we have a magnetic field 
B which points in the direction whose polar angle is 6 and azimuthal angle is 
¢, as in Fig. 10-10. Suppose, additionally, that there is an electron which has been 
prepared with its spin pointing along this field. What are the amplitudes C, and 
C2 for such an electron? In other words, calling the state of the electron |p). 
we want to write 

lv) = |1)C1 + | 2)Co, 


where C, and Cz are 
Cy = (|), C2 = (2|¥), 


where by | /) and | 2) we mean the same thing we used to call | +) and | ~) 
(referred to our chosen z-axis). 

The answer to this question is also in our general equations for two-state 
systems. First, we know that since the electron’s spin is parallel to B it is in a 
stationary state with energy E; = —pB. Therefore, both C, and C, must vary 
as e*#7"/", as in (9.18); and their coefficients a, and ag are given by (10.5), namely, 


ay Ayo 
in a ee (10.24) 


= 


An additional condition is that a; and ay should be normalized so that Ja,|? + 
lao|? = 1. We can take Hy; and Hy9 from (10.22) using 


B, = Bcos 6, B, = Bsin 6cos @, B, = Bsin @sin ¢. 


So we have 
yy = —pBcos 6, 


(10.25) 
Fie 


—pB sin 6 (cos ¢ — isin ¢). 


tt 


The last factor in the second equation is, incidentally, e~**, so it is simpler to write 
Ay. = —uBsin 6e—*, (10.26) 


Using these matrix elements in Eq. (10,16)—and canceling ~B from numer- 
ator and denominator—we find 


a; _ singe 
a2 1 — cos @ 


(10.27) 


With this ratio and the normalization condition, we can find both a, and ag. 
That’s not hard, but we can make a short cut with a little trick. Notice that 
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Fig. 10-10. The direction of B is 
defined by the polar angle @ and the 
azimuthal angle ¢. 


1 — cos @ = 2sin? (6/2), and that sin @ = 2sin (6/2) cos (6/2). Then Eq. 
(10.27) is equivalent to 


i cos 5 eo 
1 = 
are (10.28) 
2 
So one possible answer is 
; i] 
a,= cos Se", a) = sin > (10.29) 


since it fits with (10.28) and also makes 
Jay|? + la]? = 1. 


As you know, multiplying both a; and a, by an arbitrary phase factor doesn’t 
change anything. People generally prefer to make Eqs. (10.29) more symmetric 
by multiplying both by e**/?. So the form usually used is 


6 ; . § ee 
a1 = Cos 5 ea = sin; et tel 2 (10.30) 


and this is the answer to our question. The numbers a, and a2 are the amplitudes 
to find an electron with its spin up or down along the z-axis when we know that 
its spin is along the axis at 6 and ¢. (The amplitudes C, and Cy» are just a; and 
dg times e714") 

Now we notice an interesting thing. The strength B of the magnetic field 
does not appear anywhere in (10.30). The result is clearly the same in the limit that 
B goes to zero. This means that we have answered in general the question of how 
to represent a particle whose spin is along an arbitrary axis. The amplitudes of 
(10.30) are the projection amplitudes for spin one-half particles corresponding to 
the projection amplitudes we gave in Chapter 5 [Eqs. (5.38)] for spin-one par- 
ticles. We can now find the amplitudes for filtered beams of spin one-half particles 
to go through any particular Stern-Gerlach filter. 

Let | +z) represent a state with spin up along the z-axis, and | —z) represent 
the spin down state. If | +z’) represents a state with spin up along a z’-axis which 
makes the polar angles @ and ¢ with the z-axis, then in the notation of Chapter 
5, we have 


(+z| +2’) = cos 5 e #2, (2 | 42") = sin 5 et 14/2, (10.31) 


These results are equivalent to what we found in Chapter 6, Eq. (6.36), by purely 
geometrical arguments. (So if you decided to skip Chapter 6, you now have the 
essential results anyway.) 

As our final example lets look again at one which we’ve already mentioned a 
number of times. Suppose that we consider the following problem. We start 
with an electron whose spin is in some given direction, then turn on a magnetic 
field in the z-direction for 25 minutes, and then turn it off. What is the final state? 
Again let’s represent the state by the linear combination | ¥) = | /)Cy + | 2)Co. 
For this problem, however, the states of definite energy are also our base states 
| 1) and | 2). So C, and Cz only vary in phase. We know that 


Ci) = Cy MeW*Fr™ = CyOye HP", 
and 
Colt) = Co(Oje~*Fr1!!® = Coe #24, 


Now initially we said the electron spin was set in a given direction. That means 
that initially Cy and C, are two numbers given by Eqs. (10.30). After we wait 
for a period of time 7, the new C, and C2 are the same two numbers multiplied 
respectively by e*#8:7/* and e~™:"/"_ What state is that? That’s easy. It’s 
exactly the same as if the angle ¢ had been changed by the subtraction of 2uB,T/h 
and the angle @ had been left unchanged. That means that at the end of the time 
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T, the state | y) represents an electron lined up in a direction which differs from 
the original direction only by a rotation about the z-axis through the angle A¢ = 
2uB,T/h. Since this angle is proportional to T, we can also say the direction of the 
spin precesses at the angular velocity 2uB./i around the z-axis. This result we 
discussed several times previously in a less complete and rigorous manner. Now 
we have obtained a complete and accurate quantum mechanical description of 
the precession of atomic magnets. 

It is interesting that the mathematical ideas we have just gone over for the 
spinning electron in a magnetic field can be applied to any two-state system. 
That means that by making a mathematical analogy to the spinning electron, 
any problem about two-state systems can be solved by pure geometry. It works 
like this. First you shift the zero of energy so that (Hy, + H22) is equal to 
zero so that H,; = —Hoo. Then any two-state problem is formally the same 
as the electron in a magnetic field. All you have to do is identify —uB, with Ay 
and —u(B, — iBy) with Hy2. No matter what the physics is originally—an 
ammonia molecule, or whatever—you can translate it into a corresponding 
electron problem. So if we can solve the electron problem in general, we have 
solved all two-state problems. 

And we have the general solution for the electron! Suppose you have some 
state to start with that has spin “up” in some direction, and you have a magnetic 
field B that points in some other direction. You just rotate the spin direction around 
the axis of B with the vector angular velocity w(/) equal to a constant times the 
vector B (namely w = 24B/h). As B varies with time, you keep moving the axis 
of the rotation to keep it parallel with B, and keep changing the speed of rotation 
so that it is always proportional to the strength of B. See Fig. 10-11. If you keep 
doing this, you will end up with a certain final orientation of the spin axis, and the 
amplitudes C, and Cg are just given by the projections—using (10.30}—into your 
coordinate frame. You see, it’s just a geometric problem to keep track of where you 
end up after all the rotating. Although it’s easy to see what’s involved, this geo- 
metric problem (of finding the net result of a rotation with a varying angular 
velocity vector) is not easy to solve explicitly in the general case. Anyway, we see, 
in principle, the general solution to any two-state problem. In the next chapter 
we will look $ome more into the mathematical techniques for handling the im- 
portant case of a spin one-half particle—and, therefore, for handling two-state 
systems in general. 
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Fig. 10-11. The spin direction of an 
electron in a varying magnetic field B(t) 
precesses at the frequency w(t) about an 
axis parallel to B. 
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More Two-State Systems 


11-1 The Pauli spin matrices 


We continue our discussion of two-state systems. At the end of the last 
chapter we were talking about a spin one-half particle in a magnetic field. We 
described the spin state by giving the amplitude C, that the z-component of spin 
angular momentum is +4/2 and the amplitude C, that it is —h/2. In earlier 
chapters we have called these base states | +) and | —). We will now go back 
to that notation, although we may occasionally find it convenient to use | +) or 
| 1), and | —) or | 2), interchangeably. 

We saw in the last chapter that when a spin one-half particle with a magnetic 
moment p is in a magnetic field B = (Bz, B,, B.), the amplitudes C,(=C) 
and C_(=Cz) are connected by the following differential equations: 


i ee = —B,C, + (Bs — iB,)C_} 
(11.1) 
dC . 
ih 7a = — pl (Bz + iB,)C4. = B,C_]. 
In other words, the Hamiltonian matrix H,; is 
Ai, = —ub, Ay. = ~w(B, - iB,), (11.2) 
Ha, = —p(B, + iB,), Hoo = +uB,. 
And Eqs. (11.1) are, of course, the same as 
., aC; 
a = 2 Hits (11.3) 


where i and j take on the values + and — (or | and 2). 

The two-state system of the electron spin is so important that it is very useful 
to have a neater way of writing things. We will now make a little mathematical 
digression to show you how people usually write the equations of a two-state 
system. It is done this way: First, note that each term in the Hamiltonian is 
proportional to 4 and to some component of B; we can then—purely formally— 
write that 


Ay; = —uloi;B, + of;B, + 07;B-]. (11.4) 


There is no new physics here; this equation just means that the coefficients 07, 
o%,;, and o7;—there are 4 X 3 = 12 of them—can be figured out so that (11.4) 
is identical with (11.2). 

Let’s see what they have to be. We start with B,. Since B, appears only in 
Hy, and Hoo, everything will be O.K. if 


Zz 2 

ou = 1, oi2 = 0, 

4 4 

O91 = 0, 022 = -i1. 


We often write the matrix H,; as a little table like this: 


Ls 
"(Hu HH 
Ais ( 1 a) 
Ho, Hee 


13-1 The Pauli spin matrices 
11-2 The spin matrices as operators 


11-3 The solution of the two-state 
equations 


11-4 The polarization states of the 
photon 


11-5 The neutral K-mesont 


11-6 Generalization to N-state 
systems 


Review: Chapter 35, Vol. I, Polariza- 
tion 


+ This section should be omitted on the 
first reading of this book. It is more ad- 
vanced than is appropriate in a first course. 


Table 11-1 


The Pauli spin matrices 


For the Hamiltonian of a spin one-half particle in the magnetic field B,, this is 
the same as 


; ama 


Hy = ze —uB, = H(By ~ oh 
—p(B, + iB,) +uB, 


In the same way, we can write the coefficients o7, as the matrix 


of; = ( a (11.5) 
Os 


zx xv 
oi, = 0, Oi2 = |, 


= zr 
do, = 1, 022 = 0. 


ot; = ( ). (11.6) 
1 0 


Finally, looking at B,, we get 


Or, in shorthand, 


=< ~ 
o11=0, Gi2 = —i, 
y | es 
oi = |, 052 = 0; 


or A 
of; = « =) (11.7) 
i 0 


With these three sigma matrices, Eqs. (11.2) and (11.4) are identical. To leave 
room for the subscripts i and j, we have shown which o goes with which component 
of B by putting x, y, and z as superscripts. Usually, however, the i and j are omitted 
—it’s easy to imagine they are there—and the x, y, z are written as subscripts. 
Then Eq. (11.4) is written 


H = —plo,B, + o,B, + 0,8,). (11.8) 


Because the sigma matrices are so important—they are used all the time by the 
professionals—we have gathered them together in Table 11-1. (Anyone who is 
going to work in quantum physics really has to memorize them.) They are also 
called the Pauli spin matrices after the physicist who invented them. 

In the table we have included one more two-by-two matrix which is needed if 
we want to be able to take care of a system which has two spin states of the same 
energy, or if we want to choose a different zero energy. For such situations 
we must add EoC, to the first equation in (11.1) and EyC_ to the second equation. 
We can include this in the new notation if we define the unit matrix “1” as 4;;, 


oe ee (: *), (11.9) 
O01 


H = Eo6;; — w(orBz + o,B, + o2Bz). (11.10) 


and rewrite Eq. (11.8) as 


Usually, it is understood that any constant like Ey is automatically to be multiplied 
by the unit matrix; then one writes simply 


H = Eo — wlorB, + o,B, + o,B,). (11.11) 


One reason the spin matrices are useful is that any two-by-two matrix at all 
can be written in terms of them. Any matrix you can write has four numbers 


in it, say, 
M = 6 ‘) : 
c d 
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It can always be written as a linear combination of four matrices. For example, 


wool ool Jeol )re6 9) 


There are many ways of doing it, but one special way is to say that M is a certain 
amount of oz, plus a certain amount of ¢,, and so on, like this: 


M = al + Bo, + Yo, + &6., 


where the “amounts” a, 8, Y, and 5 may, in general, be complex numbers. 

Since any two-by-two matrix can be represented in terms of the unit matrix 
and the sigma matrices, we have all that we ever need for any two-state system. 
No matter what the two-state system—the ammonia molecule, the magenta dye, 
anything—the Hamiltonian equation can be written in terms of the sigmas. 
Although the sigmas seem to have a geometrical significance in the physical 
situation of an electron in a magnetic field, they can also be thought of as just 
useful matrices, which can be used for any two-state problem. 

For instance, in one way of looking at things a proton and a neutron can be 
thought of as the same particle in either of two states. We say the nucleon (proton 
or neutron) is a two-state system—in this case, two states with respect to its charge. 
When looked at that way, the | /) state can represent the proton and the | 2) 
state can represent the neutron. People say that the nucleon has two “‘isotopic- 
spin’’ states. 

Since we will be using the sigma matrices as the “arithmetic” of the quantum 
mechanics of two-state systems, let’s review quickly the conventions of matrix 
algebra. By the “sum” of any two or more matrices we mean just what was obvious 
in Eq. (11.4). In general, if we ‘‘add” two matrices A and B, the “sum” C means 
that each term C;; is given by 

Cij = Aig + Bi. 


Each term of C is the sum of the terms in the same slots of A and B. 
In Section 5-6 we have already encountered the idea of a matrix “‘product.”’ 
The same idea will be useful in dealing with the sigma matrices. In general, the 
“product” of two matrices A and B (in that order) is defined to be a matrix C 
whose elements are 
j= » A ixBrj. 
i 


It is the sum of products of terms taken in pairs from the ith row of A and the kth 
column of B. If the matrices are written out in tabular form as in Fig. 11-1, there 
is a good “‘system” for getting the terms of the product matrix. Suppose you are 
calculating Cy3. You run your left index finger along the second row of A and your 
right index finger down the third column of B, multiplying each pair and adding 
as you go. We have tried to indicate how to do it in the figure. 


(11.12) 


A As Au, By Bip BBS By, 

LAWS ~ Ne Sa 
Baa Bao Be Bay . 

Ay Ayo Ays Ay Bua Bho SS Bay 


Example: Cy, = Any Bys + App Bos + Ang Baz + Any Bys 


Fig. 11-1. Multiplying two matrices. 
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Products of the spin matrices 


Table 11-2 


o,0y = 
Oyo, = 


C0, = 


It is, of course, particularly simple for two-by-two matrices. For instance, 
if we multiply o, times oz, we get 


2 0 1\ /0O 1 1 0 
O; = 0,'°0; = . = , 
1 0/ \l Oo 0 1 


which is just the unit matrix 1. Or, for another example, let’s work out ¢,0,: 


—CC9-6 9 


Referring to Table 11-1, you see that the product is just / times the matrix o.. 
(Remember that a number times a matrix just multiplies each term of the matrix.) 
Since the products of the sigmas taken two at a time are important—as well as 
rather amusing—we have listed them all in Table 11-2. You can work them out as 
we have done for 2 and ¢;0y,. 
There’s another very important and interesting point about these o matrices. 
We can imagine, if we wish, that the three matrices o,,¢,, anda, are analogous to 
the three components of a vector—it is sometimes called the “‘sigma vector” and 
is written o. It is really a “matrix vector” or a ‘‘vector matrix.” It is three different 
matrices—one matrix associated with each axis, x, y, and z. With it, we can write 
the Hamiltonian of the system in a nice form which works in any coordinate 
system: 
H = —-ypo'B. (11.13) 


Although we have written our three matrices in the representation in which 
“up” and “down” are in the z-direction—so that o, has a particular simplicity— 
we could figure out what the matrices would look like in some other representation. 
Although it takes a lot of algebra, you can show that they change among themselves 
like the components of a vector. (We won’t, however, worry about proving it 
right now. You can check it if you want.) You can use @ in different coordinate 
systems as though it is a vector. 

You remember that the H is related to energy in quantum mechanics. It is, 
in fact, just equal to the energy in the simple situation where there is only one state. 
Even for two-state systems of the electron spin, when we write the Hamiltonian 
as in Eq. (11.13), it looks very much like the classical formula for the energy of a 
little magnet with magnetic moment mw in a magnetic field. B Classically, we would 
say 

U = —u B, (11.14) 


where pw is the property of the object and B is an external field. We can imagine 
that Eq. (11.14) can be converted to (11.13) if we replace the classical energy by 
the Hamiltonian and the classical w by the matrix wo. Then, after this purely 
formal substitution, we interpret the result as a matrix equation. It is sometimes 
said that to each quantity in classical physics there corresponds a matrix in quantum 
mechanics. It is really more correct to say that the Hamiltonian matrix corre- 
sponds to the energy, and any quantity that can be defined via energy has a corre- 
sponding matrix. 

For example, the magnetic moment can be defined via energy by saying that 
the energy in an external field B is —u-+ B. This defines the magnetic moment 
vector «. Then we look at the formula for the Hamiltonian of a real (quantum) 
object in a magnetic field and try to identify whatever the matrices are that corre- 
spond to the various quantities in the classical formula. That’s the trick by which 
sometimes classical quantities have their quantum counterparts. 

You may try, if you want, to understand how a classical vector is equal to a 
matrix yo, and maybe you will discover something—but don’t break your head 
on it. That’s not the idea—they are not equal. Quantum mechanics is a different 
kind of a theory to represent the world. It just happens that there are certain 
correspondences which are hardly more than mnemonic devices—things to re- 
member with. That is, you remember Eq. (11.14) when you learn classical physics ; 
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then if you remember the correspondence p» — po, you have a handle for re- 
membering Eq. (11.13). Of course, nature knows the quantum mechanics, and 
the classical mechanics is only an approximation; so there is no mystery in the 
fact that in classical mechanics there is some shadow of quantum mechanical laws— 
which are truly the ones underneath. To reconstruct the original object from the 
shadow is not possible in any direct way, but the shadow does help you to re- 
member what the object looks like. Equation (11.13) is the truth, and Eq. (11.14) 
is the shadow. Because we learn classical mechanics first, we would like fo be 
able to get the quantum formula from it, but there is no sure-fire scheme for 
doing that. We must always go back to the real world and discover the correct 
quantum mechanical equations. When they come out looking like something in 
classical physics, we are in luck. 

If the warnings above seem repetitious and appear to you to be belaboring 
self-evident truths about the relation of classical physics to quantum physics, 
please excuse the conditioned reflexes of a professor who has usually taught 
quantum mechanics to students who hadn’t heard about Pauli spin matrices until 
they were in graduate school. Then they always seemed to be hoping that, somehow, 
quantum mechanics could be seen to follow as a logical consequence of classical 
mechanics which they had learned thoroughly years before. (Perhaps they wanted 
to avoid having to learn something new.) You have learned the classical formula, 
Eq. (11.14), only a few months ago—and then with warnings that it was inade- 
quate—so maybe you will not be so unwilling to take the quantum formula, 
Eq. (11.13), as the basic truth. 


11-2 The spin matrices as operators 


While we are on the subject of mathematical notation, we would like to de- 
scribe still another way of writing things—a way which is used very often because 
it is so compact. It follows directly from the notation introduced in Chapter 8. 
If we have a system in a state | ¥(r)), which varies with time, we can—as we 
did in Eq. (8.31)—write the amplitude that the system would be in the state | i) 
att + Aras 


GW + AD) = DPE) Ut + At) | F1VO). 


The matrix element (i| U(t,¢ + Ar)|/) is the amplitude that the base state | /) 
will be converted into the base state | 7) in the time interval At. We then defined 
Ai;; by writing 


Gi] UG t + Ad] j) = 655 — 5 His At, 


and we showed that the amplitudes C;() = (i| ¥(2)) were related by the differ- 
ential equations 


dC; 
hom da MiG. (11.15) 
7 


ih 
If we write out the amplitudes C; explicitly, the same equation appears as 
3 ay ; 
ih Gil ¥) = x Hi;(j |v). (11.16) 


Now the matrix elements H;; are also amplitudes which we can write as (i | |); 
our differential equation looks like this: 


ih il¥) = do GALA ¥). (11.17) 


We see that —i/h (i | H'|j) is the amplitude that—under the physical conditions 
described by H—a state | j) will, during the time dt, “generate” the state | i). 
(All of this is implicit in the discussion of Section 8-4.) 
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Now following the ideas of Section 8-2, we can drop out the common term 
(i| in Eq. (11.17)—since it is true for any state | i)—and write that equation simply as 


»d ee 
ih 1) = DY LAGI). (11.18) 
j 
Or, going one step further, we can also remove the j and write 


Ae 
ih 5 |v) = HY). (11.19) 


In Chapter 8 we pointed out that when things are written this way, the H in 
H|j) or H|¥) is called an operator. From now on we will put the little hat 
(*) over an operator to remind you that it is an operator and not just a number. 
We will write A|y). Although the two equations (11.18) and (11.19) mean 
exactly the same thing as Eq. (11.17) or Eq. (11.15), we can think about them in a 
different way. For instance, we would describe Eq. (11.18) in this way: “The 
time derivative of the state vector | y) is equal to what you get by operating with 
the Hamiltonian operator H on each base state, multiplying by the amplitude 
(j| ¥) that y is in the state j, and summing over all j.””- Or Eq. (11.19) is described 
this way. “The time derivative (times if) of a state | y) is equal to what you get 
if you operate with the Hamiltonian A on the state vector | y).” It’s just a short- 
hand way of saying what is in Eq. (11.17), but, as you will see, it can be a great 
convenience. 

If we wish, we can carry the “abstraction” idea one more step. Equation 
(11.19) is true for any state |p). Also the left-hand side, iid/dt, is also an operator 
—it’s the operation “differentiate by ¢ and multiply by if.”’ Therefore, Eq. (11.19) 
can also be thought of as an equation between operators—the operator equation 


The Hamiltonian operator (within a constant) produces the same result as does 
d/dt when acting on any state. Remember that this equation—as well as Eq. 
(11.19}—is not a statement that the Hf operator is just the identical operation as 
d/dt. The equations are the dynamical law of nature—the law of motion—for a 
quantum system. 

Just to get some practice with these ideas, we will show you another way we 
could get to Eq. (11.18). You know that we can write any state | ¥) in terms of 
its projections into some base set [see Eq. (8.8)], 


Iv) = Do aX v). (11.20) 
How does | ¥) change with time? Well, just take its derivative: 
ly) = ras | i)(i |p). (11.21) 


Now the base states | 7) do not change with time (at least we are always taking them 
as definite fixed states), but the amplitudes (i | ~) are numbers which may vary. 
So Eq. (11.21) becomes 


4iw= Dlg div. (11.22) 
Since we know d(i | ¥)/dt from Eq. (11.16), we get 
-FD 1} awl) 


—2 lawl AIAG = ED ALDI. 


d 
aly) 


This is Eq. (11.18) all over again. 
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So we have many ways of looking at the Hamiltonian. We can think of the 
set of coefficients H;; as justla bunch of numbers, or we can think of the “‘ampli- 
tudes” (i| H| 7), or we can think of the “matrix” H;;, or we can think of the 
operator” H. It all means the same thing. 

Now let’s go back to our two-state systems. If we write the Hamiltonian in 
terms of the sigma matrices (with suitable numerical coefficients like B,, etc.), 
we can clearly also think of of; as an amplitude (i|¢, |) or, for short, as the 
operator G,. If we use the operator idea, we can write the equation of motion of a 
state | Y) in a magnetic field as 


ts 5 |v) = —H(B.é, + By, + B.62)|¥). (11.23) 


When we want to “use” such an equation we will normally have to express | ~) 
in terms of base vectors (just as we have to find the components of space vectors 
when we want specific numbers). So we will usually want to put Eq. (11.23) in 
the somewhat expanded form: 


in 4 \y) = wD (Be + Boy + BODY. (11.24) 


Now you will see why the operator idea is so neat. To use Eq. (11.24) we 
need to know what happens when the é operators work on each of the base states. 
Let’s find out. Suppose we have &, | +); it is some vector | ?), but what? Well, 
let’s multiply it on the left by (+ |; we have 


(+ |6,|+) =o11 = | 
(using Table 11-1). So we know that 


(+/?) = 1. (11.25) 
Now let’s multiply é, | +) on the left by (— |. We get 
(= [62] +) = o21 = 0; aeaenaes 
so Properties of the G-operator 
(— |?) = 0. (11.26) : 

: . oa o,|+) = | +) 
There is only one state vector that satisfies both (11.25) and (11.26); it is | +). rs eee ee 
We discover then that yee 

Ox =|- 
.|+) = | +). (11.27) 
or|—) = |+) 
By this kind of argument you can easily show that all of the properties of the sigma o,|+)=if— 
matrices can be described in the operator notation by the set of rules given in ss Ame 27 [ES 
Table 11-3. d _ 


If we have products of sigma matrices, they go over into products of operators. 
When two operators appear together as a product, you carry out first the operation 
with the operator which is farthest to the right. For instance, by 6,6, | +) we 
are to understand ¢,(6, | +)). From Table 11-3, we get ¢,| +) = i| —), so 


6,6,|+) = 62(i| —)). (11.28) 


Now any number—like /—just moves through an operator (operators work only 
on state vectors); so Eq. (11.28) is the same as 


G26, | +) > ig, | —) = i| +). 
If you do the same thing for 6,6, | —), you will find that 
626y | =) = ~—i| —). 


Looking at Table 11-3, you see that 6,6, operating on | +) or | —) gives just 
what you get if you operate with 6, and multiply by —i. We can, therefore, say 
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that the operation 6,6, is identical with the operation ié,, and write this statement 
as an operator equation: 
6.0, = i6;. (11.29) 


Notice that this equation is identical with one of our matrix equations of Table 
11-2. So again we see the correspondence between the matrix and operator points 
of view. Each of the equations in Table 11-2 can, therefore, also be considered 
as equations about the sigma operators. You can check that they do indeed 
follow from Table 11-3. It is best, when working with these things, not to keep 
track of whether a quantity likeo or His an operator or a matrix. All the equations 
are the same either way, so Table | 1-2 is for sigma operators, or for sigma matrices, 
as you wish. 


11-3 The solution of the two-state equations 


We can now write our two-state equation in various forms, for example, 
either as 


or (11.30) 


They both mean the same thing. For a spin one-half particle in a magnetic field, 
the Hamiltonian H is given by Eq. (11.8) or by Eq. (11.13). 

If the field is in the z-direction, then—as we have seen several times by now— 
the solution is that the state | y), whatever it is, precesses around the z-axis (just 
as if you were to take the physical object and rotate it bodily around the z-axis) 
at an angular velocity equal to twice the magnetic field times u/h. The same is 
true, of course, for a magnetic field along any other direction, because the physics 
is independent of the coordinate system. If we have a situation where the magnetic 
field varies from time to time in a complicated way, then we can analyze the situa- 
tion in the following way. Suppose you start with the spin in the +z-direction 
and you have an x-magnetic field. The spin starts to turn. Then if the x-field is 
turned off, the spin stops turning. Now if a z-field is turned on, the spin precesses 
about z, and so on. So depending on how the fields vary in time, you can figure 
out what the final state is—along what axis it will point. Then you can refer that 
state back to the original | +) and | —) with respect to z by using the projection 
formulas we had in Chapter 10 (or Chapter 6). If the state ends up with its 
spin in the direction (6, ¢), it will have an up-amplitude cos (6/2)e“/? and a 
down-amplitude sin (6/2)et**!?, That solves any problem. It is a word description 
of the solution of the differential equations. 

The solution just described is sufficiently general to take care of any two-state 
system. Let’s take our example of the ammonia molecule—including the effects of 
an electric field. If we describe the system in terms of the states | /) and | //), the 
equations look like this: 


dC 
Ho FAC + m8Crr, 
(11.31) 
ih aa = —ACrr + pwéCy. 


You say, “No, I remember there was an Ep in there.” Well, we have shifted the 
origin of energy to make the Ey zero. (You can always do that by changing both 
amplitudes by the same factor—e*”o”/*—and get rid of any constant energy.) 
Now if corresponding equations always have the same solutions, then we really 
don’t have to do it twice. If we look at these equations and Jook at Eq. (11.1), 
then we can make the following identification. Let’s call | /) the state | +) and 
| IT) the state | —). That does not mean that we are lining-up the ammonia in space, 
or that | +) and | —) has anything to do with the z-axis. It is purely artificial. 
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We have an artificial space that we might ‘“‘call the ammonia molecule repre- 
sentative space,” or something—a three-dimensional “diagram” in which being 
“up” corresponds to having the molecule in the state | /) and being “down” 
along this false z-axis represents having a molecule in the state | //). Then, the 
equations will be identified as follows. First of all, you see that the Hamiltonian 
can be written in terms of the sigma matrices as 


H = +4o, + p&0;. (11.32) 


Or, putting it another way, B, in Eq. (11.1) corresponds to —A in Eq. (11.32), 
and »B, corresponds to —yé. In our “model” space, then, we have a constant B 
field along the z-direction. If we have an electric field & which is changing with 
time, then we have a B field along the x-direction which varies in proportion. 
So the behavior of an electron in a magnetic field with a constant component in the 
z-direction and an oscillating component in the x-direction is mathematically analo- 
gous and corresponds exactly to the behavior of an ammonia molecule in an oscillating 
electric field. Unfortunately, we do not have the time to go any further into the 
details of this correspondence, or to work out any of the technical details. We 
only wished to make the point that all systems of two states can be made analogous 
to a spin one-half object precessing in a magnetic field. 


11-4 The polarization states of the photon 


There are a number of other two-state systems which are interesting to study, 
and the first new one we would like to talk about is the photon. To describe a 
photon we must first give its vector momentum. For a free photon, the frequency 
is determined by the momentum, so we don’t have to say also what the frequency 
is. After that, though, we still have a property called the polarization. Imagine 
that there is a photon coming at you with a definite monochromatic frequency 
(which will be kept the same throughout all this discussion so that we don’t have 
a variety of momentum states), Then there are two directions of polarization. 
In the classical theory, light can be described as having an electric field which 
oscillates horizontally or an electric field which oscillates vertically (for instance); 
these two kinds of light are called x-polarized and y-polarized light. The light can 
also be polarized in some other direction, which can be made up from the super- 
position of a field in the x-direction and one in the y-direction. Or if you take 
the x- and the y-components out of phase by 90°, you get an electric field that 
rotates—the light is elliptically polarized. (This is just a quick reminder of the 
classical theory of polarized light that we studied in Chapter 35, Vol. 1.) 

Now, however, suppose we have a single photon—just one. There is no electric 
field that we can discuss in the same way. All we have is one photon. But a photon 
has to have the analog of the classical phenomena of polarization. There must be 
at least two different kinds of photons. At first, you might think there should be 
an infinite variety—after all, the electric vector can point in all sorts of directions. 
We can, however, describe the polarization of a photon as a two-state system. 
A photon can be in the state | x) or in the state | y). By | x) we mean the polariza- 
tion state of each one of the photons in a beam of light which classically is x-polar- 
ized light. On the other hand, by | y) we mean the polarization state of each of the 
photons in a y-polarized beam. And we can take | x) and | y) as our base states 
of a photon of given momentum pointing at you—in what we will call the z-direc- 
tion. So there are two base states | x) and | y), and they are all that are needed 
to describe any photon at all. 

For example, if we have a piece of polaroid set with its axis to pass light polar- 
ized in what we call the x-direction, and we send in a photon which we know is in 
the state | y), it will be absorbed by the polaroid. If we send in a photon which we 
know is in the state | x), it will come right through as | x). If we take a piece of 
calcite which takes a beam of polarized light and splits it into an | x) beam and a 
| y) beam, that piece of calcite is the complete analog of a Stern-Gerlach apparatus 
which splits a beam of silver atoms into the two states | +) and | —). So every- 
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thing we did before with particles and Stern-Gerlach apparatuses, we can do 
again with light and pieces of calcite. And what about light filtered through a 
piece of polaroid set at an angle 6? Is that another state? Yes, indeed, it is another 
state. Let’s call the axis of the polaroid x’ to distinguish it from the axes of our 
base states. See Fig. 11-2. A photon that comes out will be in the state | x’). 
However, any state can be represented as a linear combination of base states, and 
the formula for the combination is, here, 


|x’) = cos 8|x) + sind] y). (11.33) 


That is, if a photon comes through a piece of polaroid set at the angle 6 (with 
respect to x), it can still be resolved into | x) and | y) beams—by a piece of calcite, 
for example. Or you can, if you wish, just analyze it into x- and y-components in 
your imagination. Either way, you will find the amplitude cos 6 to be in the | x) 
state and the amplitude sin @ to be in the | y) state. 

Now we ask this question: Suppose a photon is polarized in the x’-direction 
by a piece of polaroid set at the angle @ and arrives at a polaroid at the angle zerro— 
as in Fig. 11-3; what will happen? With what probability will it get through? 
The answer is the following. After it gets through the first polaroid, it is definitely 
in the state | x’). The second polaroid will let the photon through if it is in the 
state | x) (but absorb it if it is the state | y)). So we are asking with what probability 
does the photon appear to be in the state | x)? We get that pyobability from the 
absolute square of amplitude (x | x’) that a photon in the state | x’) is also in 
the state | x). What is (x | x’)? Just multiply Eq. (11.33) by (x | to get 


(x | x’) = cos 6 {x |x) + sin @ (x | y). 


Now (x | y) = 0, from the physics—as they must be if | x) and | y) are base states 
—and (x |x) = 1. So we get 


(x |x’) = cos 4, 
and the probability is cos? 9, For example, if the first polaroid is set at 30°, a 


photon will get through 3/4 of the time, and 1/4 of the time it will heat the polaroid 
by being absorbed therein. 


AXIS OF POLARIZER 


Now let us see what happens classically in the same situation. We would have 
a beam of light with an electric field which is varying in some way or another—say 
“unpolarized.” After it gets through the first polaroid, the electric field is oscillat- 
ing in the x’-direction with a size &; we would draw the field as an oscillating 
vector with a peak value & in a diagram like Fig. 11-4. Now when the light 
arrives at the second polaroid, only the x-component, & cos @, of the electric 
field gets through. The intensity is proportional to the square of the field and, 
therefore, to &8 cos? 6. So the energy coming through is cos? @ weaker than the 
energy which was entering the last polaroid. 
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The classical picture and the quantum picture give similar results. If you 
were to throw 10 billion photons at the second polaroid, and the average prob- 
ability of each one going through is, say, 3/4, you would expect 3/4 of 10 billion 
would get through. Likewise, the energy that they would carry would be 3/4 
of the energy that you attempted to put through. The classical theory says nothing 
about the statistics of the thing—it simply says that the energy that comes through 
will be precisely 3/4 of the energy which you were sending in. That is, of course, 
impossible if there is only one photon. There is no such thing as 3/4 of a photon. 
It is either al/ there, or it isn’t there at all. Quantum mechanics tells us it is all 
there 3/4 of the time. The relation of the two theories is clear. 

What about the other kinds of polarization? For example, right-hand 
circular polarization? In the classical theory, right-hand circular polarization 
has equal components in x and y which are 90° out of phase. In the quantum 
theory, a right-hand circularly polarized (RHC) photon has equal amplitudes to 
be polarized | x) or | y), and the amplitudes are 90° out of phase. Calling a RHC 
photon a state | R) and a LHC photon a state | L), we can write (see Vol. I, Section 
33-1) 


tS 


| R) = 5 lx) + Ely), 
(11.34) 
Se aa 
|L) = ln i|y)). 


—the 1/./2 is put in to get normalized states. With these states you can calculate 
any filtering or interference effects you want, using the laws of quantum theory. 
If you want, you can also choose | R) and | L) as base states and represent every- 
thing in terms of them. You only need to show first that (R | L) = 0—which you 
can do by taking the conjugate form of the first equation above [see Eq. (8.13)] and 
multiplying it by the other. You can resolve light into x- and y-polarizations, or 
into x’- and y’-polarizations, or into right and left polarizations as a basis. 

Just as an example, let’s try to turn our formulas around. Can we represent 
the state | x) as a linear combination of right and left? Yes, here it is: 


Ix) = Se + 1D), 


cs sae = 
r= yy l® | L)). 


(11.35) 


Proof: Add and subtract the two equations in (11.34). It is easy to go from 
one base to the other. 

One curious point has to be made, though. If a photon is right circularly 
polarized, it shouldn’t have anything to do with the x- and y-axes. If we were 
to look at the same thing from a coordinate system turned at some angle about 
the direction of flight, the light would still be right circularly polarized—and simi- 
larly for left. The right and left circularly polarized light are the same for any such 
rotation; the definition is independent of any choice of the x-direction (except 
that the photon direction is given). Isn’t that nice—it doesn’t take any axes to 
define it. Much better than x and y. On the other hand, isn’t it rather a miracle 
that when you add the right and left together you can find out which direction x 
was? If “right” and “left” do not depend on x in any way, how is it that we can 
put them back together again and get x? We can answer that question in part 
by writing out the state | R’), which represents a photon RHC polarized in the 
frame x’, y’. In that frame, you would write 


? ees , ° 
| R’) a ea 
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Fig. 11-4. The classical picture of 
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How does such a state look in the frame x, y? Just substitute x’ from Eq.(11. 33) 
and the corresponding | y’)—we didn’t write it down, but it is (—sin 6) |x) + 
(cos 6)| y). Then 


| R’) = feos x) + sin ay) — isin @| x) + icosé@| y)] 


= Moos 8 — isin @)|x) + i(cos @ — isin 6) | y)] 


zn ohh 
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The first term is just | R), and the second is e+”; our result is that 


(| x) + i| y))(cos 6 — isin 6). 


|.R’) = e—*| R). (11.36) 


The states | R’) and | R) are the same except for the phase factor e~*. If you work 


out the same thing for | ZL’), you get thatt 
{L') = et*|L). (11.37) 


Now you see what happens. If we add | R) and | L), we get something different 
from what we get when we add | R’) and | L’). For instance, an x-polarized photon 
is [Eq. (11.35)] the sum of | R) and | L), but a y-polarized photon is the sum with 
the phase of one shifted 90° backward and the other 90° forward. That is just 
what we would get from the sum of | R’) and | L’) for the special angle 6 = 90°, 
and that’s right. An x-polarization in the prime frame is the same as a y-polariza- 
tion in the original frame. So it is not exactly true that a circularly polarized 
photon looks the same for any set of axes. Its phase (the phase relation of the 
right and left circularly polarized states) keeps track of the x-direction. 


11-5 The neutral K-meson{ 


We will now describe a two-state system in the world of the strange particles— 
a system for which quantum mechanics gives a most remarkable prediction. To 
describe it completely would involve us in a lot of stuff about strange particles, 
so we will, unfortunately, have to cut some corners. We can only give an outline 
of how a certain discovery was made—to show you the kind of reasoning that was 
involved. It begins with the discovery by Gell-Mann and Nishijima of the concept 
of strangeness and of a new law of conservation of strangeness. It was when Gell- 
Mann and Pais were analyzing the consequences of these new ideas that they came 
across the prediction of a most remarkable phenomenon we are going to describe. 
First, though, we have to tell you a little about “strangeness.” 

We must begin with what are called the strong interactions of nuclear particles. 
These are the interactions which are responsible for the strong nuclear forces— 
as distinct, for instance, from the relatively weaker electromagnetic interactions. 
The interactions are “‘strong” in the sense that if two particles get close enough 
to interact at all, they interact in a big way and produce other particles very easily. 


{ It’s similar to what we found (in Chapter 6) for a spin one-half particle when we 
rotated the coordinates about the z-axis—then we got the phase factors e+**/?. It is, in 
fact, exactly what we wrote down in Section 5-7 for the | +) and | —) states of a spin-one 
particle—which is no coincidence. The photon is a spin-one particle which has, however, 
no “zero” state. 

{ We now feel that the material of this section is longer and harder than is appropriate 
at this point in our development. We suggest that you skip it and continue with Section 
11-6. If you are ambitious and have time you may wish to come back to it later. We 
leave it here, because it is a beautiful example—taken from recent work in high-energy 
physics—of what can be done with our formulation of the quantum mechanics of two- 
state systems. 
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The nuclear particles have also what is called a “weak interaction” by which cer- 
tain things can happen, such as beta decay, but always very slowly on a nuclear 
time scale—the weak interactions are many, many orders of magnitude weaker 
than the strong interactions and even much weaker than electromagnetic inter- 
actions. 

When the strong interactions were being studied with the big accelerators, 
people were surprised to find that certain things that “should” happen—that were 
expected to happen—did not occur. For instance, in some interactions a particle 
of a certain type did not appear when it was expected. Gell-Mann and Nishijima 
noticed that many of these peculiar happenings could be explained at once by 
inventing a new conservation law: the conservation of strangeness. They proposed 
that there was a new kind of attribute associated with each particle—which they 
called its “strangeness” number—and that in any strong interaction the “quantity 
of strangeness” is conserved. 

Suppose, for instance, that a high-energy negative K-meson—with, say, an 
energy of many Bev—collides with a proton. Out of the interaction may come 
many other particles: 7-mesons, K-mesons, lambda particles, sigma particles— 
any of the mesons or baryons listed in Table 2-2 of Vol. I. Itis observed, however, 
that only certain combinations appear, and never others. Now certain conservation 
laws were already known to apply. First, energy and momentum are always 
conserved, The total energy and momentum after an event must be the same as 
before the event. Second, there is the conservation of electric charge which says 
that the total charge of the outgoing particles must be equal to the total charge 
carried by the original particles. In our example of a K-meson and a proton 
coming together, the following reactions do occur: 


K> + p>p+K-+a++4+ 477-4 7° 
or (11.38) 
K™ + p— 2- 4+ at. 


We would never get: 
K°+pop+K7-+a+ or K7~+p—>Ag+ at. (11.39) 


because of the conservation of charge. It was also known that the number of 
baryons is conserved. The number of baryons out must be equal to the number 
of baryons in. For this law, an antiparticle of a baryon is counted as minus one 
baryon. This means that we can—and do—see 


K~ + p—A°+ 7° 
or (11.40) 
K”+p>p+K7-+p+5p 


(where p is the antiproton, which carries a negative charge). But we mever see 


K-+p—-K-+ 774 7° 
or (11.41) 
K-+p>p+K-4n 


(even when there is plenty of energy), because baryons would not be conserved. 

These laws, however, do not explain the strange fact that the following re- 
actions—which do not immediately appear to be especially different from some of 
those in (11.38) or (11.40)—are also never observed: 


K” +p>p+K~+K° 
or 

K-+p>p+a7 (11.42) 
or 

K~ + p> A° + K® 


The explanation is the conservation of strangeness. With each particle goes a 
number—its strangeness S—and there is a law that in any sfrong interaction, the 
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Table 11-4 


The strangeness numbers of the strongly interacting particles 


RY 
—2 —1 0 +1 
Baryons } zt p 
| m0 A9D° on 
nm = 
Mesons at Kt 
K? qr? Ko 
| K- _ 


Note: The 7 is the antiparticle of the r+ (or vice versa). 


total strangeness out must equal the total strangeness that went in. The proton and 
antiproton (p, p), the neutron and antineutron (n, 1), and the 7-mesons (7, 7°, 
a) all have the strangeness number zero; the K+ and K° mesons have strangeness 
+1; the K~ and K° (the anti-K°),f the A° and the 2-particles (+, 0, —) have 
strangeness —1I. There is also a particle with strangeness —2—the &-particle 
(capital “‘ksi”)—and perhaps others as yet unknown. We have made a list of these 
strangenesses in Table 11-4. 

Let’s see how the strangeness conservation works in some of the reactions we 
have written down. If we start with a K~ and a proton, we have a total strangeness 
of (—1 + 0) = —1. The conservation of strangeness says that the strangeness 
of products after the reaction must also add up to —1. You see that that is so for 
the reactions of (11.38) and (11.40). But in the reactions of (11.42) the strangeness 
of the right-hand side is zero in each case. Such reactions do not conserve strange- 
ness, and do not occur. Why? Nobody knows. Nobody knows any more than 
what we have just told you about this. Nature just works that way. 

Now let’s look at the following reaction: a 7~ hits a proton. You might, 
for instance, get a A° particle plus a neutral K-particle—two neutral particles. 
Now which neutral K do you get? Since the A-particle has a strangeness —1 and 
the 7 and p* have a strangeness zero, and since this is a fast production reaction, 
the strangeness must not change. The K-particle must have strangeness + 1—it 
must therefore be the K®. The reaction is 


tm + p—A°st RK’, 
with 
S=0+0= —1+ +1 (conserved). 


If the K° were there instead of the K°, the strangeness on the right would be —2 
—which nature does not permit, since the strangeness on the left side is zero. 
On the other hand, a K®° can be produced in other reactions, such as 


nt+tnon+p+K°+ kK", 


S=0+0=0+0+414-! 
or 
K7~ + p—-n+ R°, 


S=-1+0=04-1. 


You may be thinking, “That’s all a lot of stuff, because how do you know 
whether it is a K° or a K°? They look exactly the same. They are antiparticles of 
each other, so they have exactly the same mass, and both have zero electric charge. 


+ Read as: ‘‘K-naught-bar,”’ or “‘K-zero-bar.” 
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Fig. 11-5. High-energy events as seen in a hydrogen bubble chamber. (a) A 7” meson interacts 
with a hydrogen nucleus (proton) producing a A® particle and a K° meson. Both particles decay in 
the chamber. (b) A K° meson interacts with a proton producing a at meson and a A° particle 
which then decays. (The neutral particles leave no tracks. Their inferred trajectories are indicated 
here by light dashed lines.) 


How do you distinguish them?” By the reactions ‘hey produce. For example, 
a K® can interact with matter to produce a .\-particle, like this: 


K° + p> Ao rt, 


but a K° cannot. There is no way a K® can produce a A-particle when it interacts 
with ordinary matter (protons and neutrons).f So the experimental distinction 
between the K® and the K° would be that one of them will and one of them will 
not produce A’s. 

One of the predictions of the strangeness theory is then this—if, in an experi- 
ment with high-energy pions, a A-particle is produced with a neutral K-meson, 
then that neutral K-meson going into other pieces of matter will never produce a A. 
The experiment might run something like this. You send a beam of 7~-mesons 
into a large hydrogen bubble chamber. A a7 track disappears, but somewhere 
else a pair of tracks appear (a proton and a 7) indicating that a A-particle has 
disintegratedt—see Fig. 11-5. Then you know that there is a K° somewhere which 
you cannot see. 

You can, however, figure out where it is going by using the conservation 
of momentum and energy. [It could reveal itself later by disintegrating into two 
charged particles, as shown in Fig. 11-5(a).] As the K®° goes flying along, it may 
interact with one of the hydrogen nuclei (protons), producing perhaps some other 
particles. The prediction of the strangeness theory is that it will never produce a 
A-particle in a simple reaction like, say, 


K° + p— A°+ 7°, 


although a K® can do just that. That is, in a bubble chamber a K° might produce 
the event sketched in Fig. 11-5(b)—in which the A° is seen because it decays—but 
a K° will not. That’s the first part of our story. That’s the conservation of strange- 
ness. 

The conservation of strangeness is, however, not perfect. There are very slow 
disintegrations of the strange particles—decays taking a long { time like 107° 
second in which the strangeness is not conserved. These are called the “weak”’ 
decays. For example, the K° disintegrates into a pair of 7-mesons (+ and —) 


t Except, of course, if it a/so produces two K*t’s or other particles with a total strange- 
ness of +2. Wecan think here of reactions in which there is insufficient energy to produce 
these additional strange particles. 

{ The free A-particle decays slowly via a weak interaction (so strangeness need not be 
conserved). The decay products are either a p and a a~, or annanda 7°. The lifetime 
is 2.2 X 10~!9 sec, 

{ A typical time for strong interactions is more like 10—2? sec. 
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with a lifetime of 10~!° second. That was, in fact, the way K-particles were 
first seen. Notice that the decay reaction 


K° > wt + 27 


does not conserve strangeness, so it cannot go “fast” by the strong interaction; 
it can only go through the weak decay process. 

Now the K° also disintegrates in the same way—into a 7+ and a 7~— and 
also with the same lifetime 


Ro a7 4+ or. 


Again we have a weak decay because it does not conserve strangeness. There is a 
principle that for any reaction there is the corresponding reaction with “matter” 
replaced by “antimatter” and vice versa. Since the K° is the antiparticle of the 
K°, it should decay into the antiparticles of the 7+ and 77, but the antiparticle 
of a rt isthe 7. (Or, if you prefer, vice versa. It turns out that for the 7-mesons 
it doesn’t matter which one you call “matter.”) So as a consequence of the weak 
decays, the K° and K® can go into the same final products. When “seen” through 
their decays—as in a bubble chamber—they look like the same particle. Only 
their strong interactions are different. 

At last we are ready to describe the work of Gell-Mann and Pais. They 
first noticed that since the K° and the K° can both turn into states of two 7-mesons 
there must be some amplitude that a K° can turn into a K°, and also that a K® 
can turn into a K°, Writing the reactions as one does in chemistry, we would have 


K°srt¢rtsKk® (11.43) 


These reactions imply that there is some amplitude per unit time, say —i/h times 
(K°| W|K°®), that a K° will turn into a K° through the weak interaction re- 
sponsible for the decay into two m-mesons. And there is the corresponding 
amplitude (K° | W | K°) for the reverse process. Because matter and antimatter 
behave in exactly the same way, these two amplitudes are numerically equal; 
we'll call them both A: 


(K°| W[K°) = (K°|W/[R% = 4. (11.44) 


Now—said Gell-Mann and Pais—here is an interesting situation. What 
people have been calling two distinct states of the world—the K° and the K®— 
should really be considered as one two-state system, because there is an amplitude 
to go from one state to the other. For a complete treatment, one would, of course, 
have to deal with more than two states, because there are also the states of 27’s, 
and so on; but since they were mainly interested in the relation of K® and K®, 
they did not have to complicate things and could make the approximation of a 
two-state system. The other states were taken into account to the extent that their 
effects appeared implicitly in the amplitudes of Eq. (11.44). 

Accordingly, Gell-Mann and Pais analyzed the neutral particle as a two- 
state system. They began by choosing as their two base states the states | K°®) and 
|K°), (From here on, the story goes very much as it did for the ammonia mole- 
cule.) Any state | y) of the neutral K-particle could then be described by giving 
the amplitudes that it was in either base state. We'll call these amplitudes 


Cy = (K°|¥), C= K®|y). (11.45) 


The next step was to write the Hamiltonian equations for this two-state 
system. If there were no coupling between the K° and the K®, the equations 
would be simply 


» aC 

ih = EoC4, en 

pee ee 
do o- 
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But since there is the amplitude (K° | W | K°) for the K° to turn into a K° there 
should be the additional term 


(K° | W|K)C_ = ACL 


added to the right-hand side of the first equation. And similarly, the term AC, 
should be inserted in the equation for the rate of change of C_. 

But that’s not all. When the two-pion effect is taken into account there is an 
additional amplitude for the K°® to turn into itself through the process 


K° 5 a7 + rt K®. 


The additional amplitude, which we would write (K° | W|K°), is just equal to 
the amplitude (K° | W| K°), since the amplitudes to go to and from a pair of 
m-mesons are identical for the K° and the K°. If you wish, the argument can be 
written out in detail like this. First writef 


(K°| W| K®) = (K°| W| 21)Q2m | W| K*) 


and 
(K°| W| K°) = (K®| W | 20)(Q2m| W| K°). 


Because of the symmetry of matter and antimatter 


27 |W|K°) = Qr|W/K®), 


and also 
(K° | W | 27) = (K° | W | 27). 


It then follows that (K°| W|K°) = (K°| W| K°), and also that (K°| W| K®°) = 
(K° | W | K®°), as we said earlier. Anyway, there are the two additional ampli- 
tudes (K° | W | K°) and (K° | W | K®), both equal to A, which should be included 
in the Hamiltonian equations. The first gives a term AC on the right-hand side 
of the equation for dC,./dt, and the second gives a new term AC_ in the equation 
for dC_/dt. Reasoning this way, Gell-Mann and Pais concluded that the Hamil- 
tonian equations for the K° K® system should be 


in oC = BC, + AC + ACH 
(11.47) 
in 9C= = ByC_ + ACs + AC. 


We must now correct something we have said in earlier chapters: that two 
amplitudes like (K° | W | K°) and (K°| W|K°) which are the reverse of each 
other, are always complex conjugates. That was true when we were talking about 
particles that did not decay. But if particles can decay—and can, therefore, 
become “lost”—the two amplitudes are not necessarily complex conjugates. So 
the equality of (11.44) does not mean that the amplitudes are real numbers; they 
are in fact complex numbers. The coefficient A is, therefore, complex; and we 
can’t just incorporate it into the energy Ep. 

Having played often with electron spins and such, our heroes knew that the 
Hamiltonian equations of (11.47) meant that there was another pair of base states 
which could also be used to represent the K-particle system and which would have 
especially simple behaviors. They said, “Let's take the sum and difference of these 
two equations. Also, let’s measure all our energies from Eo, and use units for 


+ We are making a simplification here. The 27-system can have many states corre- 
sponding to various momenta of the 7-mesons, and we should make the right-hand side 
of this equation into a sum over the various base states of the r’s. The complete treatment 
still leads to the same conclusions. 
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energy and time that make # = 1.” (That’s what modern theoretical physicists 
always do. It doesn’t change the physics but makes the equations take on a 
simple form.) Their result: 


if (CSO) SAE. Cy, if (Cy -—C.)=0. (11.48) 


It is apparent that the combinations of amplitudes (C, + C_) and 
(C, — C_) act independently from each other (corresponding, of course, to 
the stationary states we have been studying earlier). So they concluded that it 
would be more convenient to use a different representation for the K-particle. 
They defined the two states 


aly 0 ro tke 0, _ 0 
ee ee) | Ke) ae? |K°)). (11.49) 


They said that instead of thinking of the K° and K° mesons, we can equally well 
think in terms of the two “particles” (that is, “‘states’’) K, and Kz. (These corre- 
spond, of course, to the states we have usually called | 7) and | JJ). We are not 
using our old notation because we want now to follow the notation of the original 
authors—and the one you will see in physics seminars.) 

Now Gell-Mann and Pais didn’t do all this just to get different names for 
the particles—there is also some strange new physics in it. Suppose that C, and 
Cz are the amplitudes that some state | y) will be either a K, or a Kg meson: 


| Ki) = 


Ci = Kil), Co = (Kely). 


From the equations of (11.49), 


1 1 
Cy; = —(C. C_), Cy = — (Cy — C_). 11.50 
1 gee ) 2 aut ) ( ) 


Then the Eqs. (11.48) become 


i—- = 2AC\, i—— = 0. (11.51) 


The solutions are 
Cit) = Ci(O)e"*“4",, Cat) = C2(0), (11.52) 


where, of course, C,(0) and C.2(0) are the amplitudes at t = 0. 
These equations say that if a neutral K-particle starts out in the state | K,) 
at t = 0 [then C,(0) = 1 and C.(0) = 0], the amplitudes at the time ¢ are 


Ci@) = e744, C(t) = 0. 


Remembering that A is a complex number, it is convenient to take A = 
a — ig. (Since the imaginary part of 2A turns out to be negative, we write it as 
minus i8.) With this substitution, C,(7) reads 


Ci) = CyO)e Pte **!, (11.53) 


The probability of finding a K, particle at ¢ is the absolute square of this ampli- 
tude, which is e~°°4, And, from Eqs. (11.52), the probability of finding the K 2 state 
at any time is zero. That means that if you make a K-particle in the state | Kj), 
the probability of finding it in the same state decreases exponentially with time— 
but you will never find it in state | Ky). Where does it go? It disintegrates into two 
a-mesons with the mean life r = 1/2@ which is, experimentally, 10~'° sec. We 
made provisions for that when we said that 4 was complex. 

On the other hand, Eq. (11.52) says that if we make a K-particle completely 
in the Kg state, it stays that way forever. Well, that’s not really true. It is observed 
experimentally to disintegrate into three 7-mesons, but 600 times slower than the 
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two-pion decay we have described. So there are some other small terms we 
have left out in our approximation. But so long as we are considering only the 
two-pion decay, the Kg lasts “forever.” 

Now to finish the story of Gell-Mann and Pais. They went on to consider what 
happens when a K-particle is produced with a A® particle in a strong interaction. 
Since it must then have a strangeness of +1, it must be produced in the K® state. 
So at f = Oit is neither a K, nor a Ke but a mixture. The initial conditions are 


C,0)=1, C.OM=0. 


But that means—from Eq. (11.50)—that 


1 1 
C1(0) = » C0) = —> 
1(0) wa 2( Ai 
and—from Eq. (11.51)—that 
1 1 
Cit) = —e Me™, C(t) = —- (11.54) 
= eae 


Now remember that K, and Kz are each linear combinations of K° and K°. 
In Eqs. (11.54) the amplitudes have been chosen so that at t = 0 the K° parts 
cancel each other out by interference, leaving only a K® state. But the | K) state 
changes with time, and the | K,) state does not. After t = 0 the interference of 
C, and Cz will give finite amplitudes for both K° and K°. 

What does all this mean? Let’s go back and think of the experiment we 
sketched in Fig. 11-5. A m7 meson has produced a A° particle and a K° meson 
which is tooting along through the hydrogen in the chamber. As it goes along, 
there is some small but uniform chance that it will collide with a hydrogen nucleus. 
At first, we thought that strangeness conservation would prevent the K-particle 
from making a A° in such an interaction. Now, however, we see that that is not 
right. For although our K-particle starts out as a K°—which cannot make a 
A°—it does not stay this way. After a while, there is some amplitude that it will 
have flipped to the K° state. We can, therefore, sometimes expect to see a A° 
produced along the K-particle track. The chance of this happening is given by 
the amplitude C_, which we can [by using Eq. (11.50) backwards] relate to Cy 
and C2. The relation is 


1 — —ia 
C.= Fi (Cy — Co) = Bee — 1). (11.55) 


As our K-particle goes along, the probability that it will “act like” a K° is equal 
to |C_|?, which is 


|C_|? = £1 + e778 — 2e-** cos al). (11.56) 


A complicated and strange result! 

This, then, is the remarkable prediction of Gell-Mann and Pais: when a K° 
is produced, the chance that it will turn into a K °—as it can demonstrate by being 
able to produce a A°—varies with time according to Eq. (11.56). This prediction 
came from using only sheer logic and the basic principles of the quantum me- 
chanics—with no knowledge at all of the inner workings of the K-particle. Since 
nobody knows anything about the inner machinery, that is as far as Gell-Mann 
and Pais could go. They could not give any theoretical values for a and 8. And 
nobody has been able to do so to this date. They were able to give a value of B 
obtained from the experimentally observed rate of decay into two 7’s (28 = 
101° sec), but they could say nothing about a. 

We have plotted the function of Eq. (11.56) for two values of @ in Fig. 11-6. 
You can see that the form depends very much on the ratio of a to 8. There is no 
K° probability at first; then it builds up. If « is large, the probability would have 
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large oscillations. If @ is small, there will be little or no oscillation—the prob- 
ability will just rise smoothly to 1/4. 

Now, typically, the K-particle will be travelling at a constant speed near the 
speed of light. The curves of Fig. 11-6 then also represent the probability along 
the track of observing a K°—with typical distances of several centimeters. You 
can see why this prediction is so remarkably peculiar. You produce a single 
particle and instead of just disintegrating, it does something else. Sometimes it 
disintegrates, and other times it turns into a different kind of a particle. Its char- 
acteristic probability of producing an effect varies in a strange way as it goes 
along. There is nothing else quite like it in nature. And this most remarkable 
prediction was made solely by arguments about the interference of amplitudes. 


t (107'> sec) 


Fig. 11-6. The function of Eq. (11-56): (a) for a = 78, (b) for a = 478 
(with 26 = 10'° sec). 


If there is any place where we have a chance to test the main principles of 
quantum mechanics in the purest way—does the superposition of amplitudes 
work or doesn’t it?—this is it. In spite of the fact that this effect has been pre- 
dicted now for several years, there is no experimental determination that is very 
clear. There are some rough results which indicate that the a is not zero, and that 
the effect really occurs—they indicate that « is between 28 and 48. That’s all there 
is, experimentally. It would be very beautiful to check out the curve exactly to see 
if the principle of superposition really still works in such a mysterious world as 
that of the strange particles—with unknown reasons for the decays, and unknown 
reasons for the strangeness. 

The analysis we have just described is very characteristic of the way quantum 
mechanics is being used today in the search for an understanding of the strange 
particles. All the complicated theories that you may hear about are no more and 
no less than this kind of elementary hocus-pocus using the principles of super- 
position and other principles of quantum mechanics of that level. Some people 
claim that they have theories by which it is possible to calculate the 8 and a, or 
at least the given the @, but these theories are completely useless. For instance, 
the theory that predicts the value of a, given the @, tells us that the value of a 
should be infinite. The set of equations with which they originally start involves 
two 7-mesons and then goes from the two 7r’s back to a K®, and so on. When it’s 
all worked out, it does indeed produce a pair of equations like the ones we have 
here; but because there are an infinite number of states of two 7r’s, depending on 
their momenta, integrating over all the possibilities gives an a which is infinite. 
But nature’s a is not infinite. So the dynamical theories are wrong. It is really 
quite remarkable that the phenomena which can be predicted at all in the world 
of the strange particles come from the principles of quantum mechanics at the 
level at which you are learning them now. 
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11-6 Generalization to N-state systems 


We have finished with all the two-state systems we wanted to talk about. 
In the following chapters we will go on to study systems with more states. The 
extension to N-state systems of the ideas we have worked out for two states is 
pretty straightforward. It goes like this. 

If a system has N distinct states, we can represent any state | ¥(z)) as a linear 
combination of any set of base states | i), where i = 1,2,3,...,.N; 


|wit)) = > DCM). (11.57) 


all ¢ 


The coefficients C,(f) are the amplitudes (| ¥(1)). The behavior of the amplitudes 
C; with time is governed by the equations 


9 Ors o HisC (11.58) 


where the energy matrix H;; describes the physics of the problem. It looks the 
same as for two states. Only now, both i and j must range over all N base states, 
and the energy matrix A;;—or, if you prefer, the Hamiltonian—is an N by N 
matrix with VN? numbers. As before, He = H;-—so long as particles are conserved 
—and the diagonal elements H;; are real numbers. 

We have found a general solution for the C’s of a two-state system when the 
energy matrix is constant (doesn’t depend on 7). It is also not difficult to solve 
Eq. (11.58) for an N-state system when # is not time dependent. Again, we begin 
by looking for a possible solution in which the amplitudes all have the same time 
dependence. We try 


Ceara Nae (11.59) 


When these C,’s are substituted into (11.58), the derivatives dC;(1)/dt become just 
(—i/h)EC;. Canceling the common exponential factor from all terms, we get 


= > Aisa. (11.60) 
i 


This is a set of N linear algebraic equations for the NV unknowns ay, d2,..., @n, 
and there is a solution only if you are lucky—only if the determinant of the co- 
efficients of all the a’s is zero. But it’s not necessary to be that sophisticated; you 
can just start to solve the equations any way you want, and you will find that they 
can be solved only for certain values of £. (Remember that £ is the only adjustable 
thing we have in the equations.) 

If you want to be formal, however, you can write Eq. (11.60) as 


>> (Hi — 6:E)a; = 0. (11.61) 


Then you can use the rule—if you know it—that these equations will have a solu- 
tion only for those values of E for which 


Det (H;; — 6,;£) = 0. (11.62) 


Each term of the determinant is just H,;, except that E is subtracted from every 
diagonal element. That is, (11.62) means just 


Ay, —E Fi. Ay3 
Det | 221 He2-£ Has =0. (11.63) 


As, E32 H33 — E 
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This is, of course, just a special way of writing an algebraic equation for E which 
is the sum of a bunch of products of all the terms taken a certain way. These 
products will give all the powers of E up to EY. 

So we have an Mth order polynomial equal to zero, and there are, in general, 
N roots. (We must remember, however, that some of them may be multiple 
roots—meaning that two or more roots are equal.) Let’s call the N roots 


E,, Err, Errs,..., Eq,..., En. (11.64) 


(We will use n to represent the nth Roman numeral, so that n takes on the values 
I, Il,...,N.) It may be that some of these energies are equal—say Ey; = E;;;— 
but we will still choose to call them by different names. 

The equations (11.60)— or (11.61}—have one solution for each value of E. If 
you put any one of the E’s—say E,,—into (11.60) and solve for the a;, you get a 
set which belongs to the energy E,. We will call this set a;(n). 

Using these a,(n) in Eq. (11.59), we have the amplitudes C,(n) that the definite 
energy states are in the base state | i). Letting | mn) stand for the state vector of the 
definite energy state at ¢ = 0, we can write 


Cin) = (i | n)eWMEnt 
with 
{|n) = a,(n). (11.65) 


The complete definite energy state | y,,(4)) can then be written as 
| ¥a(t)) = Do | iadnje Fn", 


or 
| ¥n(t)) = | ne #nt, (11.66) 


The state vectors | n) describe the configuration of the definite energy states, but 
have the time dependence factored out. Then they are constant vectors which 
can be used as a new base set if we wish. 

Each of the states | n) has the property—as you can easily show—that when 
operated on by the Hamiltonian operator Ai it gives just E, times the same state: 


A|n) = Eq|n). (11.67) 


The energy E, is, then, a number which is a characteristic of the Hamiltonian 
operator H. As we have seen, a Hamiltonian will, in general, have several char- 
acteristic energies. In the mathematician’s world these would be called the ‘“char- 
acteristic values” of the matrix H;;. Physicists usually call them the “eigenvalues” 
of H. (“Eigen” is the German word for “characteristic” or “proper.”) With 
each eigenvalue of H—in other words, for each energy—there is the state of 
definite energy, which we have called the “stationary state.” Physicists usually 
call the states | n) “the eigenstates of H.” Each eigenstate corresponds to a par- 
ticular eigenvalue E,,. 

Now, generally, the states | n)—of which there are N—can also be used as a 
base set. For this to be true, all of the states must be orthogonal, meaning that 
for any two of them, say | nm) and | m), 


(n|[m) = 0. (11.68) 


This will be true automatically if all the energies are different. Also, we can 
multiply all the a;(n) by a suitable factor so that all the states are normalized—by 
which we mean that 
(n|[n) = 1 (11.69) 
for all n. 
When it happens that Eq. (11.63) accidentally has two (or more) roots with 
the same energy, there are some minor complications. First, there are still two 
different sets of a,’s which go with the two equal energies, but the states they give 
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may not be orthogonal. Suppose you go through the normal procedure and find 
two stationary states with equal energies—let’s call them | “) and |v). Then it 
will not necessarily be so that they are orthogonal—if you are unlucky, 


(u |v) = 0. 


It is, however, always true that you can cook up two new states, which we will 
call | u’) and |p’), that have the same energies and are also orthogonal, so that 


(pl |v") = 0. (11.70) 


You can do this by making | p’) and |v’) a suitable linear combination of | 4) 
and |v), with the coefficients chosen to make it come out so that Eq. (11.70) is 
true. It is always convenient to do this. We will generally assume that this has 
been done so that we can always assume that our proper energy states |n) are 
all orthogonal. 

We would like, for fun, to prove that when two of the stationary states have 
different energies they are indeed orthogonal. For the state |n) with the energy 
E,,, we have that 


A |n) = E, |n). (11.71) 


This operator equation really means that there is an equation between numbers. 
Filling the missing parts, it means the same as 


>. GAL ADG| a) = E.G |). (11.72) 
j 
If we take the complex conjugate of this equation, we get 
SG) AL iG | a)* = EXG | m)* (11.73) 
j 


Remember now that the complex conjugate of an amplitude is the reverse ampli- 
tude, so (11.73) can be rewritten as 


D (| Mi] Ali) = Enta| i). (11.74) 


Since this equation is valid for any i, its “short form” is 
(n| H = Ex(n|, (11.75) 


which is called the adjoint to Eq. (11.71). . 
Now we can easily prove that £, is a real number. We multiply Eq. (11.71) 
by (n| to get 


(n|A|n) = E,, (11.76) 
since (n|n) = 1. Then we multiply Eq. (11.75) on the left by | n) to get 
(n|H|[n) = E3. (11.77) 
Comparing (11.76) with (11.77) it is clear that 
E, = Ef, (11.78) 


which means that £,, is real. We can erase the star on £,, in Eq. (11.75). 

Finally we are ready to show that the different energy states are orthogonal. 
Let | n) and | m) be any two of the definite energy base states. Using Eq. (11.75) 
for the state m, and multiplying it by | n), we get that 


(m || n) = E,a(m | n). 
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But if we multiply (11.71) by (m |, we get 
(m |A|n) = £,(m|n). 

Since the left sides of these two equations are equal, the right sides are, also: 
E,.{m|n) = £,(m | n). (11.79) 


If E,, = £,, the equation does not tell us anything. But if the energies of the two 
states |m) and | mn) are different (E,, # E,), Eq. (11.79) says that (m|n) must 
be zero, as we wanted to prove. The two states are necessarily orthogonal so long 
as E,, and £,, are numerically different. 


11-24 


I2 


The Hyperfine Splitting in Hydrogen 


12-1 Base states for a system with two spin one-half particles 


In this chapter we take up the “hyperfine splitting’ of hydrogen, because 
it is a physically interesting example of what we can already do with quantum 
mechanics. It’s an example with more than two states, and it will be illustrative of 
the methods of quantum mechanics as applied to slightly more complicated prob- 
lems. It is enough more complicated that once you see how this one is handled 
you can get immediately the generalization to all kinds of problems. 

As you know, the hydrogen atom consists of an electron sitting in the neigh- 
borhood of the proton, where it can exist in any one of a number of discrete 
energy states in each one of which the pattern of motion of the electron is different. 
The first excited state, for example, lies 3/4 of a Rydberg, or about 10 electron 
volts, above the ground state. But even the so-called ground state of hydrogen 
is not really a single, definite-energy state, because of the spins of the electron and 
the proton. These spins are responsible for the “hyperfine structure’ in the energy 
levels, which splits all the energy levels into several nearly equal levels. 

The electron can have its spin either “up” or “down” and, the proton can 
also have its spin either “‘up” or “down.” There are, therefore, four possible spin 
states for every dynamical condition of the atom. That is, when people say ‘‘the 
ground state” of hydrogen, they really mean the “four ground states,” and not 
just the very lowest state. The four spin states do not all have exactly the same 
energy; there are slight shifts from the energies we would expect with no spins. 
The shifts are, however, much, much smaller than the 10 volts or so from the 
ground state to the next state above. As a consequence, each dynamical state has 
its energy split into a set of very close energy levels—the so-called hyperfine splitting. 

The energy differences among the four spin states is what we want to calculate 
in this chapter. The hyperfine splitting is due to the interaction of the magnetic 
moments of the electron and proton, which gives a slightly different magnetic 
energy for each spin state. These energy shifts are only about ten-millionths 
of an electron volt—really very small compared with 10 volts! It is because of 
this large gap that we can think about the ground state of hydrogen as a “four- 
state” system, without worrying about the fact that there are really many more 
states at higher energies. We are going to limit ourselves here to a study of the 
hyperfine structure of the ground state of the hydrogen atom. 

For our purposes we are not interested in any of the details about the positions 
of the electron and proton because that has all been worked out by the atom so to 
speak—it has worked itself out by getting into the ground state. We need know 
only that we have an electron and proton in the neighborhood of each other with 
some definite spatial relationship. In addition, they can have various different 
relative orientations of their spins. It is only the effect of the spins that we want to 
look into. 

The first question we have to answer is: What are the base states for the system? 
Now the question has been put incorrectly. There is no such thing as ‘‘the’’ base 
states, because, of course, the set of base states you may choose is not unique. 
New sets can always be made out of linear combinations of the old. There are 
always many choices for the base states, and among them, any choice is equally 
legitimate. So the question is not what is the base set, but what could a base set 
be? We can choose any one we wish for our own convenience. It is usually best 
to start with a base set which is physically the clearest. It may not be the solution 
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A set of base states for 


the ground state of the hydrogen atom. 


to any problem, or may not have any direct importance, but it will generally 
make it easier to understand what is going on. 
We choose the following four base states: 


State J: The electron and proton are both spin “up.” 
State 2: The electron is “up” and the proton is “down.” 
State 3: The electron is “down” and the proton is “up.” 
State 4: The electron and proton are both “down.” 


We need a handy notation for these four states, so we'll represent them this way: 


State 1: | + +); electron up, proton up. 
State 2: | + —); electron up, proton down. 
State 3: | — +); electron down, proton up. 
State 4: | — —); electron down, proton down. 


(12.1) 


You will have to remember that the first plus or minus sign refers to the electron 
and the second, to the proton. For handy reference, we’ve also summarized the 
notation in Fig. 12-1. Sometimes it will also be convenient to call these states 
| 1), | 2), | 3), and | 4). 

You may say, “‘But the particles interact, and maybe these aren’t the right 
base states. It sounds as though you are considering the two particles indepen- 
dently.” Yes, indeed! The interaction raises the problem: what is the Hamiltonian 
for the system, but the interaction is not involved in the question of how to describe 
the system. What we choose for the base states has nothing to do with what 
happens next. It may be that the atom cannot ever stay in one of these base states, 
even if it is started that way. That’s another question. That’s the question: 
How do the amplitudes change with time in a particular (fixed) base? In choosing 
the base states, we are just choosing the “unit vectors” for our description. 

While we’re on the subject, let’s look at the general problem of finding a set 
of base states when there is more than one particle. You know the base states for 
a single particle. An electron, for example, is completely described in real life—not 
in our simplified cases, but in real life—by giving the amplitudes to be in each of 
the following states: 

| electron “up” with momentum p) 
or 
| electron “down” with momentum p). 


There are really two infinite sets of states, one state for each value of p. That is 
to say that an electron state | y) is completely described if you know all the ampli- 
tudes 


(+,p|¥) and (-,p|y), 


where the -+ and — represent the components of angular momentum along some 
axis—usually the z-axis—and p is the vector momentum. There must, therefore, 
be two amplitudes for every possible momentum (a multi-infinite set of base 
states). That is all there is to describing a single particle. 

When there is more than one particle, the base states can be written in a 
similar way. For instance, if there were an electron and a proton in a more com- 
plicated situation than we are considering, the base states could be of the following 
kind: 
| an electron with spin “up,”’ moving with momentum py and 

a proton with spin “down,” moving with momentum p.). 


And so on for other spin combinations. If there are more than two particles— 
same idea. So you see that to write down the possible base states is really very easy. 
The only problem is, what is the Hamiltonian? 

For our study of the ground state of hydrogen we don’t need to use the full 
sets of base states for the various momenta. We are specifying particular mo- 
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mentum states for the proton and electron when we say “the ground state.” The 
details of the configuration—the amplitudes for all the momentum base states— 
can be calculated, but that is another problem. Now we are concerned only with 
the effects of the spin, so we can take only the four base states of (12.1). Our 
next problem is: What is the Hamiltonian for this set of states? 


12-2 The Hamiltonian for the ground state of hydrogen 


We'll tell you in a moment what it is. But first, we should remind you of one 
thing: any state can always be written as a linear combination of the base states. 
For any state | y) we can write 


Wy =|/+ $0441) 4+]4+ -4 -|[H 41-40-41» 
+{-—-)-— —|¥) = (12.2) 


Remember that the complete brackets are just complex numbers, so we can also 
write them in the usual fashion as C;, wherei = 1, 2, 3, or 4, and write Eq. (12.2) as 


ly) = [+ 4)C, +/+ —)Cot|— +)Ca +] - —)Ce (12.3) 


By giving the four amplitudes C; we completely describe the spin state | y). If 
these four amplitudes change with time, as they will, the rate of change in time is 
given by the operator A. The problem is to find the A. 

There is no general rule for writing down the Hamiltonian of an atomic 
system, and finding the right formula is much more of an art than finding a set of 
base states. We were able to tell you a general rule for writing a set of base states 
for any problem of a proton and an electron, but to describe the general Hamilton- 
ian of such a combination is too hard at this level. Instead, we will lead you to a 
Hamiltonian by some heuristic argument—and you will have to accept it as the 
correct one because the results will agree with the test of experimental observation. 

You will remember that in the last chapter we were able to describe the 
Hamiltonian of a single, spin one-half particle by using the sigma matrices—or the 
exactly equivalent sigma operators. The properties of the operators are sum- 
marized in Table 12-1. These operators—which are just a convenient, shorthand 
way of keeping track of the matrix elements of the type (+ |o, | +)—were 
useful for describing the behavior of a sing/e particle of spin one-half. The question 
is: Can we find an analogous device to describe a system with two spins? The 
answer is yes, very simply, as follows. We invent a thing which we will call “sigma 
electron,” which we represent by the vector operator o°, and which has the 
x-, y-, and z-components, o&, of, of. We now make the convention that when one 
of these things operates on any one of our four base states of the hydrogen atom, 
it acts only on the electron spin, and in exactly the same way as if the electron were 
all by itself. Example: What is of |— +)? Since a, on an electron “down” 
is —i times the corresponding state with the electron “up”’, 


og|— +) = -i|+ +). 


(When o® acts on the combined state it flips over the electron, but does nothing to 
the proton and multiplies the result by —i.) Operating on the other states, o, 
would give 


7 Me a ct 

oy|+ —) = i|- —), 

o3|- -) = -i[+ -). 
Just remember that the operators o°® work only on the first spin symbol—that is, 
on the electron spin. 


Next we define the corresponding operator “‘sigma proton” for the proton 
spin. Its three components of, of, a! act in the same way as o®, only on the 
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Table 12-1 
hye ae) 
SPS Se) 
re) 
oo aie gala, 
+)=+i|-) 
ay ackane g 


proton spin. For example, if we have o? acting on each of the four base states, we 
get—always using Table 12-1— 


oz[++)=|+—-), 
"7a ate deat ie 
oe|—+)=|-—-—), 
of|~~)=|- +). 


As you can see, it’s not very hard. 

Now in the most general case we could have more complex things. For 
instance, we could have products of the two operators like ojo?. When we have 
such a product we do first what the operator on the right says, and then do what 
the other one says.t For example, we would have that 


oto, | + —) = of2|+ —)) = oX(—|+ —-)) = -o2|+—-)=-|-—-) 


Note that these operators don’t do anything on pure numbers—we have used 
this fact when we wrote a®(—1) = (—1)o%. We say that the operators “commute” 
with pure numbers, or that a number “can be moved through” the operator. 
You can practice by showing that the product ofc? gives the following results 
for the four states: 


oz02|+ +)=+|— +) 


ozo. | + — =-—|--), 
oso2|—-+)=+|/4+ +4), 
aio. | -— —)=—|+4+-). 


If we take all the possible operators, using each kind of operator only once, 
there are sixteen possibilities. Yes, sixteen—provided we include also the “unit 
operator” i. First, there are the three: o&, 0%, 0%. Then the three o?, o}, o7—that 
makes six. In addition, there are the nine possible products of the form o{o}, 
which makes a total of 15. And there’s the unit operator which just leaves any 
state unchanged. Sixteen in all. 

Now note that for a four-state system, the Hamiltonian matrix has to be 
a four-by-four matrix of coefficients—it will have sixteen entries. It is easily 
demonstrated that any four-by-four matrix—and, therefore, the Hamiltonian 
matrix in particular—can be written as a linear combination of the sixteen double- 
spin matrices corresponding to the set of operators we have just made up. There- 
fore, for the interaction between a proton and an electron that involves only their 
spins, we can expect that the Hamiltonian operator can be written as a linear 
combination of the same 16 operators. The only question is, how? 

Well, first, we know that the interaction doesn’t depend on our choice of 
axes for a coordinate system. If there is no external disturbance—like a magnetic 
field—to determine a unique direction in space, the Hamiltonian can’t depend on 
our choice of the direction of the x-, y-, and z-axes. That means that the 
Hamiltonian can’t have a term like o$ all by itself. It would be ridiculous, because 
then somebody with a different coordinate system would get different results. 

The only possibilities are a term with the unit matrix, say a constant a (times 
1), and some combination of the sigmas that doesn’t depend on the coordinates— 
some “invariant” combination. The only scalar invariant combination of two 
vectors is the dot product, which for our o’s is 


o°- a” = alo, + of, + O20). (12.4) 
This operator is invariant with respect to any rotation of the coordinate system. 


+ For these particular operators, you will notice it turns out that the sequence of the 
operators doesn’t matter. 
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So the only possibility for a Hamiltonian with the proper symmetry in space is a 
constant times the unit matrix plus a constant times this dot product, say, 


H = Ey + Ao&:o?. (12.5) 


That’s our Hamiltonian. It’s the only thing that it can be, by the symmetry of 
space, so long as there is no external field. The constant term doesn’t tell us much; 
it just depends on the level we choose to measure energies from. We may just 
as well take Ey = 0. The second term tells us all we need to know to find the 
level splitting of the hydrogen. 

If you want to, you can think of the Hamiltonian in a different way. If there 
are two magnets near each other with magnetic moments m, and mp, the mutual 
energy will depend on m.*#,—among other things. And, you ‘remember, we 
found that the classical thing we call u, appears in quantum mechanics as pede. 
Similarly, what appears classically as #1» will usually turn out in quantum mechanics 
to be upo, (where , is the magnetic moment of the proton, which is about 1000 
times smaller than u,, and has the opposite sign). So Eq. (12.5) says that the 
interaction energy is like the interaction between two magnets—only not quite, 
because the interaction of the two magnets depends on the radial distance between 
them. But Eq. (12.5) could be—and, in fact, is—some kind of an average inter- 
action. The electron is moving all around inside the atom, and our Hamiltonian 
gives only the average interaction energy. All it says is that for a prescribed ar- 
rangement in space for the electron and proton there is an energy proportional 
to the cosine of the angle between the two magnetic moments, speaking classically. 
Such a classical qualitative picture may help you to understand where it comes 
from, but the important thing is that Eq. (12.5) is the correct quantum mechanical 
formula. 

The order of magnitude of the classical interaction between two magnets 
would be the product of the two magnetic moments divided by the cube of the 
distance between them. The distance between the electron and the proton in the 
hydrogen atom is, speaking roughly, one half an atomic radius, or 0.5 angstrom. 
It is, therefore, possible to make a crude estimate that the constant A should be 
about equal to the product of the two magnetic moments pu, and pp divided by 
the cube of 1/2 angstrom. Such an estimate gives a number in the right ball park. 
It turns out that 4 can be calculated accurately once you understand the complete 
quantum theory of the hydrogen atom—which we so far do not. It has, in fact, 
been calculated to an accuracy of about 30 parts in one million. So, unlike the 
flip-flop constant A of the ammonia molecule, which couldn’t be calculated at 
all well by a theory, our constant 4 for the hydrogen can be calculated from a more 
detailed theory. But never mind, we will for our present purposes think of the A 
as a number which could be determined by experiment, and analyze the physics 
of the situation. 

Taking the Hamiltonian of Eq. (12.5), we can use it with the equation 


aC; = DY Hi; (12.6) 
j 


to find out what the spin interactions do to the energy levels. To do that, we need 
to work out the sixteen matrix elements H;; = (i| H|j/) corresponding to each 
pair of the four base states in (12.1). 

We begin by working out what A'|/) is for each of the four base states. 
For example, 


Al ++) = Ao®-o"|4+ +) = Afotoz + ojo, + ofo2}|++). (12.7) 


Using the method we described a little earlier—it’s easy if you have memorized 
Table 12-1—we find what each pair of o’s does on | + +). The answer is 


ofo,|++)=+|-—-); 
oy (++)=—-l-—) (12.8) 


oc, |+ +) = +|+ +). 
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So (12.7) becomes 


A|+ +) = 4--)-|--)+]4+ 4) = 4l t+) (129) 
Since our four base states are all orthogonal, that gives us immediately that 
(+ +/A|+ +) = 444 +/+ 4) = 4, 
Ch Ey ACE = ee) = 8, 
(+ + || ++) = 4(— +14 +) = 0, 
(as Ae AES Ae ea pe, 


(12.10) 


Remembering that (j| H| i) = (i| H|/)*, we can already write down the differ- 
ential equation for the amplitudes C,: 


ihCy = HyiCy + HieCe + HigC3 + AisCa 
or 
aC, = AC). (12.11) 


Table 12-2 That’s all! We get only the one term. 

Now to get the rest of the Hamiltonian equations we have to crank through 
the same procedure for H operating on the other states. First, we will let you 
practice by checking out all of the sigma products we have written down in Table 


Spin operators for the hydrogen atom 


ozo, |+ +) = +|-— —) 12-2. Then we can use them to get: 

o202|+ ~) = +|— +) 

eo SS eae A\|+ —-) = AQ2|-~+)-—|+-)}, 

a es ee ee A\|— +) = AQQ|+ -)-|-— +), (12.12) 
: A|--)=A|--). 

oy |+ +) = -|- -) 

ao,|+ —-) = +|-— +) Then, multiplying each one in turn on the left by all the other state vectors, we 
o,0, | =) = 4/4 =) get the following Hamiltonian matrix, H;;: 

oyy|—- —) = -—|+ +) j 

G0, ( +) ela) Aa Dor 2 

ep 

oie | + -)=-|+-) Hie. | ea SO (12.13) 
g.0;|— +) = —|—- +) 0 24 —A 0 

6 Pp 

Cll ge ee) 0 0 O A 


It means, of course, nothing more than that our differential equations for the four 
amplitudes C; are 


ihC, = AC, 

nC, = —AC2 + 2ACs, (12.14) 
ihC3 = 2AC, — AC3, 

inCy = AC. 


Before solving these equations we can’t resist telling you about a clever 
rule due to Dirac—it will make you feel that you are really advanced—although 
we don’t need it for our work. We have—from the equations (12.9) and (12.12)— 


that 
oo |+ +) =|4+ +) 
Pat |e pad |= +). |e (12.15) 
oo? |— +) = 2|+ -) —|- +), 
i a emai aes 
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Look, said Dirac, I can also write the first and last equations as 
oo? | ++)=2)/++)-—|+-+4), 
o°- oP | —)=2|--)-|--); 


then they are all quite similar. Now I invent a new operator, which I will call 
Pepin exch and which I define to have the following properties: 


Pepin exch | + +) = | + +); 
Proin exch | + —) = | — +), 
Papin exch | — +) =|+ —), 
Papin exch | — —) = | ~- —). 


All the operator does is interchange the spin directions of the two particles. Then 
I can write the whole set of equations in (12.15) as a simple operator equation: 


oa” = 2Pspin exch — |. (12.16) 
That’s the formula of Dirac. His “spin exchange operator” gives a handy 
rule for figuring out o*-o°. (You see, you can do everything now. The gates 


are open.) 


12-3 The energy levels 


Now we are ready to work out the energy levels of the ground state of hydro- 
gen by solving the Hamiltonian equations (12.14). We want to find the energies 
of the stationary states. This means that we want to find those special states 
|¥) for which each amplitude C; = (i|) in the set belonging to | y) has the 
same time dependence—namely, e~“*. Then the state will have the energy E = fw. 
So we want a set for which 

Cy = ae HM Et, (12.17) 


where the four coefficients a; are independent of time. To see whether we can 
get such amplitudes, we substitute (12.17) into Eq. (12.14) and see what happens. 
Each ih dC/dt in Eq. (12.14) turns into EC, and—after cancelling out the common 
exponential factor—each C becomes an a; we get 


Ea, = Aa, 

Eay = —Ad2 + 2Aaz, 
Ea3 = 2Aaz — Aaz, 
Ea, = Ads, 


(12.18) 


which we have to solve for a, a2, a3, and a4. Isn’t it nice that the first equation is 
independent of the rest—that means we can see one solution right away. If we 
choose E = A, 

a, = 1, ag = a3 = a, = 0, 


gives a solution. (Of course, taking all the a’s equal to zero also gives a solution, 
but that’s no state at all!) Let’s call our first solution the state | 7):t 


|Z) = | 7) = | ++). (12.19) 
Its energy is 
E; = A. 


+ This operator is now called the “Pauli spin exchange operator.” 
{ The state is really | J)e~/MEz*; but, as usual we will identify the states by the con- 
stant vectors which are equal to the complete vectors at ¢ = 0. 
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E -3A 


Fig. 12-2. Energy-level diagram for 
the ground state of atomic hydrogen. 


With that clue you can immediately see another solution from the last equation 
in (12.18): 
a, = do = a3 = O, a,= 1, 


E=A, 


We'll call that solution state | 77): 


[ey = 4) ee), (12.20) 
Ey; = A. 


Now it gets a little harder; the two equations left in (12.18) are mixed up. 
But we’ve done it all before. Adding the two, we get 


E(ag + a3) = A(a2 + a3). (12.21) 
Subtracting, we have 
E(a2 bag a3) = —3A(a2 = a3). (12.22) 


By inspection—and remembering ammonia—we see that there are two solutions: 
ag = 43, E=A 
and (12.23) 


ag = —a43, E= —3A. 


They are mixtures of | 2) and | 3). Calling these states | //7) and | JV), and putting 
in a factor 1/\/2 to make the states properly normalized, we have 


il 


| HI) = (|2)+ | 3)) = (|+—)+|—+)), 
v2 v2 (12.24) 
Err a A 
and 
1 1 
| Iv) = — (|2)-13) = 42d+-)-I-+)) 
v2 v2 (12.25) 


Ery = —3A. 


We have found four stationary states and their energies. Notice, incidentally, 
that our four states are orthogonal, so they also can be used for base states if 
desired. Our problem is completely solved. 

Three of the states have the energy A, and the last has the energy —3A. 
The average is zero—which means that when we took £y = 0 in Eq. (12.5), we 
were choosing to measure all the energies from the average energy. We can draw 
the energy-level diagram for the ground state of hydrogen as shown in Fig. 12-2. 

Now the difference in energy between state | JV) and any one of the others 
is 44. An atom which happens to have gotten into state | 7) could fall from there 
to state | JV) and emit light. Not optical light, because the energy is so tiny—it 
would emit a microwave quantum. Or, if we shine microwaves on hydrogen gas, 
we will find an absorption of energy as the atoms in state | /V) pick up energy and 
go into one of the upper states—but only at the frequency w = 44/h. This 
frequency has been measured experimentally; the best result, obtained very 
recently,f is 


f = w/2m = (1,420,405,751.800 + 0,028) cycles per second. (12.26) 


The error is only two parts in 100 billion! Probably no basic physical quantity is 
measured better than that—it’s one of the most remarkably accurate measurements 
in physics. The theorists were very happy that they could compute the energy to 
an accuracy of 3 parts in 10°, but in the meantime it has been measured to 2 parts in 
10'!—a million times more accurate than the theory. So the experimenters are 

+ Crampton, Kleppner, and Ramsey; Physical Review Letters, Vol. 11, page 338 (1963). 
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way ahead of the theorists. In the theory of the ground state of the hydrogen atom 
you are as good as anybody. You, too, can just take your value of A from experi- 
ment—that’s what everybody has to do in the end. 

You have probably heard before about the “‘21-centimeter line’”’ of hydrogen. 
That’s the wavelength of the 1420 megacycle spectral line between the hyperfine 
states. Radiation of this wavelength is emitted or absorbed by the atomic hydrogen 
gas in the galaxies. So with radio telescopes tuned in to 21-cm waves (or 1420 
megacycles approximately) we can observe the velocities and the location of con- 
centrations of atomic hydrogen gas. By measuring the intensity, we can estimate 
the amount of hydrogen. By measuring the frequency shift due to the Doppler 
effect, we can find out about the motion of the gas in the galaxy. That is one of 
the big programs of radio astronomy. So now we are talking about something 
that’s very real—it is not an artificial problem. 


12-4 The Zeeman splitting 


Although we have finished the problem of finding the energy levels of the 
hydrogen ground state, we would like to study this interesting system some more. 
In order to say anything more about it—for instance, in order to calculate the 
rate at which the hydrogen atom absorbs or emits radio waves at 21 centimeters— 
we have to know what happens when the atom is disturbed. We have to do as we 
did for the ammonia molecule—after we found the energy levels we went on and 
studied what happened when the molecule was in an electric field. We were then 
able to figure out the effects from the electric field in a radio wave. For the hydro- 
gen atom, the electric field does nothing to the levels, except to move them all by 
some constant amount proportional to the square of the field—which is not of 
any interest because that won’t change the energy differences. It is now the 
magnetic field which is important. So the next step is to write the Hamiltonian 
for a more complicated situation in which the atom sits in an external magnetic 
field. 

What, then, is the Hamiltonian? We'll just tell you the answer, because we 
can’t give you any “proof” except to say that this is the way the atom works. 

The Hamiltonian is 


HA = A(o° +a”) — po? B — ya”: B. (12.27) 


It now consists of three parts. The first term Ao°- oa” represents the magnetic 
interaction between the electron and the proton—it is the same one that would 
be there if there were no magnetic field. This is the term we have already had; 
and the influence of the magnetic field on the constant A is negligible. The effect 
of the external magnetic field shows up in the last two terms, The second term, 
—p.o° : B, is the energy the electron would have in the magnetic field if it were 
there alone.t In the same way, the last term —y,o"- B, would have been the 
energy of a proton alone. Classically, the energy of the two of them together would 
be the sum of the two, and that works also quantum mechanically. In a magnetic 
field, the energy of interaction due to the magnetic field is just the sum of the energy 
of interaction of the electron with the external field, and of the proton with the 
field—both expressed in terms of the sigma operators. In quantum mechanics 
these terms are not really the energies, but thinking of the classical formulas for 
the energy is a way of remembering the rules for writing down the Hamiltonian. 
Anyway, the correct Hamiltonian is Eq. (12.27). 

Now we have to go back to the beginning and do the problem all over again. 
Much of the work is, however, done—we need only to add the effects of the new 
terms. Let’s take a constant magnetic field B in the z-direction. Then we have to 


t+ Remember that classically U = —p- B, so the energy is lowest when the moment 
is along the field. For positive particles, the magnetic moment is parallel to the spin and 
for negative particles it is opposite. So in Eq. (12.27), up is a positive number, but yu, is 
*a negative number. 
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add to our Hamiltonian operator HW the two new pieces—which we can call A’: 
A! = —(ueo? + ppo?)B. 
Using Table 12-1, we get right away that 


A’ | + +) = —(e + mp)B| + +), 
A’|+—) = -(. — my)B| + —), 
A’ | — +) = —Cte + up)B| — +), 
B=) = Git a)B] — —), 


How very convenient! The A’ operating on each state just gives a number times 
that state. The matrix (| H’|/) has, therefore, only diagonal elements—we can 
just add the coefficients in (12.28) to the corresponding diagonal terms of (12.13), 
and the Hamiltonian equations of (12.14) become 


(12.28) 


ihdC,/dt = {A — (We + My) B} C1, 

ihdC2/dt = —{A + (te — bp)B} Co + 2AC3, 
ihdC3/dt = 2AC, — {A — (He — bp) B}Cs, 
ihdC 4/dt = {A + (ue + by) B} Cy. 


(12.29) 


The form of the equations is not different—only the coefficients. So long 
as B doesn’t vary with time, we can continue as we did before. Substituting 
Cy = aye—VME* we get—as a modification of (12.18)— 


Ea, = A {= (te + by) B} ay, 

Ea, = —{A + (ue — Mp) B} ay + 2Aas, 
Eaz = 2Aay — {A — (Ue — bp) Baz, 
Ea, = {A + (We + my) Bh ag. 


(12.30) 


li 


Fortunately, the first and fourth equations are still independent of the rest, so the 
same technique works again. 
One solution is the state | 7) for which a; = 1, a2 = ag = a, = 0,0r 


l= |[4)=[+-+), 
with (12.31) 
E; = A — (He + Mp)B. 
Another is 
|) = |4) = |—-), 
with (12.32) 
Err = A+ (Me + bp) B. 


A little more work is involved for the remaining two equations, because the 
coefficients of az and ag are no Jonger equal. But they are just like the pair we had 
for the ammonia molecule. Looking back at Eq. (9.20), we can make the following 
analogy (remembering that the labels | and 2 there correspond to 2 and 3 here): 


Any + —A — (ue — My)B, 


Hi2 => 2A, 
(12.33) 
Hy; =? 2A, 
Ho. ~-A ot (He ma My) B. 
The energies are then given by (9.25), which was 
= ay) > : 
p= Sut Me J oe Hisar (12.34) 
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Making the substitutions from (12.33), the energy formula becomes 


E= —A = Vue — u,)°B? + 482, 


Although in Chapter 9 we used to call these energies Ey and E;;, and we are in 
this problem calling them Ey; and E;y, 


Eprr = A{—1 + 2/1 + (te — bp)?B?/4A2}, 
Evy = ~A{1 + 271 ¥ (ue — Mp)? B?/4.4}. 


So we have found the energies of the four stationary states of a hydrogen 
atom in a constant magnetic field. Let’s check our results by letting B go to zero 
and seeing whether we get the same energies we had in the preceding section. You 
see that we do. For B = 0, the energies E;, Err, and Errr go to +A, and Ery 
goes to —3A, Even our labeling of the states agrees with what we called them be- 
fore. When we turn on the magnetic field though, all of the energies change in a 
different way. Let’s see how they go. 

First, we have to remember that for the electron, Me iS negative, and about 
1000 times larger than y,—which is positive. So pe + Mp and fe — Mp are both 
negative numbers, and nearly equal. Let’s call them — and —y’: 


B= —(He + Up), wb! = ~—(te — By). (12.36) 


(Both » and y’ are positive numbers, nearly equal to magnitude of u.—which is 
about one Bohr magneton.) Then our four energies are 


E; = A+ wB, 

Er; = A — uB, 
Errry = A{—1 + 21 + w2B2/442}, 
Ey = —A{l + 2/1 + w?B2/4ayy. 


The energy E; starts at A and increases linearly with B—with the slope uy. The 


(12.35) 


(12.37) 


Fig. 12-3. The energy levels of the ground state Fig. 12-4. Transitions between the levels of 
of hydrogen in a magnetic field B. ground state energy levels of hydrogen in some 
particular magnetic field B. 
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energy E,; also starts at A but decreases linearly with increasing B—its slope is 
—p. These two levels vary with B as shown in Fig. 12-3. We show also in the 
figure the energies E;7; and Eyy. They have a different B-dependence. For small 
B, they depend quadratically on B, so they start out with horizontal slopes. Then 
they begin to curve, and for large B they approach straight lines with slopes 
+’, which are nearly the same as the slopes of Ey and £7;. 

The shift of the energy levels of an atom due to a magnetic field is called the 
Zeeman effect. We say that the curves in Fig. 12~3 show the Zeeman splitting of 
the ground state of hydrogen. When there is no magnetic field, we get just one 
spectral line from the hyperfine structure of hydrogen. The transitions between 
state | /V) and any one of the others occurs with the absorption or emission of a 
photon whose frequency 1420 megacycles is 1/h times the energy difference 44. 
When the atom is in a magnetic field B, however, there are many more lines. 
There can be transitions between any two of the four states. So if we have atoms 
in all four states, energy can be absorbed—or emitted—in any one of the six 
transitions shown by the vertical arrows in Fig. 12-4. Many of these transitions 
can be observed by the Rabi molecular beam technique we described in Volume II, 
Section 35-3 (see Appendix). 

What makes the transitions go? The transitions will occur if you apply a small 
disturbing magnetic field that varies with time (in addition to the steady strong 
field B). It’s just as we saw for a varying electric field on the ammonia molecule. 
Only here, it is the magnetic field which couples with the magnetic moments and 
does the trick. But the theory follows through in the same way that we worked 
it out for the ammonia. The theory is the simplest if you take a perturbing mag- 
netic field that rotates in the xy-plane—although any horizontal oscillating field 
will do. When you put in this perturbing field as an additional term in the Ham- 
iltonian, you get solutions in which the amplitudes vary with time—as we found 
for the ammonia molecule. So you can calculate easily and accurately the prob- 
ability of a transition from one state to another. And you find that it all agrees 
with experiment. 


12-5 The states in a magnetic field 


We would like now to discuss the shapes of the curves in Fig. 12-3. In the 
first place, the energies for large fields are easy to understand, and rather interesting. 
For B large enough (namely for uB/1 > 1) we can neglect the | in the formulas 
of (12.37). The four energies become 


Ey = A+ uB, Err = A — pB, 


(12.38) 
Eqr‘= -A+wB, Env = —-A— we. 


These are the equations of the four straight lines in Fig. 12-3. We can understand 
these energies physically in the following way. The nature of the stationary states 
in a zero field is determined completely by the interaction of the two magnetic 
moments. The mixtures of the base states | + —) and | — +) in the stationary 
states | /17) and | JV) are due to this interaction. In large external fields, however, 
the proton and electron will be influenced hardly at all by the field of the other; 
each will act as if it were alone in the external field. Then—as we have seen many 
times—the electron spin will be either parallel to or opposite to the external 
magnetic field. 

Suppose the electron spin is “up’—that is, along the field: its energy will be 
—p.B. The proton can still be either way. If the proton spin is also “‘up,”’ its 
energy is —u,B. The sum of the two is —(u. + “,)B = wB. That is just what 
we find for E;—which is fine, because we are describing the state |+ +) = | J). 
There is still the small additional term A (now pB > A) which represents the 
interaction energy of the proton and electron when their spins are parallel. (We 
originally took A as positive because the theory we spoke of says it should be, 
and experimentally it is indeed so.) On the other hand, the proton can have its 
spin down. Then its energy in the external field goes to —u,)B, so it and the electron 
have the energy —(uco — mp)B = p’B. And the interaction energy becomes — A. 
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The sum is just the energy Ey77 in (12.38). So the state | I/7) must for large fields 
become the state | + —). 

Suppose now the electron spin is “down.” Its energy in the external field is 
y_B. If the proton is also “down,” the two together have the energy (uv, + up))B = 
uB, plus the interaction energy A—since their spins are parallel. That makes just 
the energy Ey, in (12.38) and corresponds to the state | — —) = | Z/)—which is 
nice. Finally if the electron is “down” and the proton is “up,” we get the energy 
(He — Hp)B — A (minus A for the interaction because the spins are opposite) 
which is just Eyy. And the state corresponds to | — +). 

“But, wait a moment!”, you are probably saying, “The states | 77) and 
| IV) are not the states | + —) and | — +); they are mixtures of the two.” Well, 
only slightly. They are indeed mixtures for B = 0, but we have not yet figured 
out what they are for large B. When we used the analogies of (12.33) in our formu- 
las of Chapter 9 to get the energies of the stationary states, we could also have 
taken the amplitudes that go with them. They come from Eq. (9.23), which is 


The ratio a2/az is, of course, just C./C3. Plugging in the analogous quantities 
from (12.33), we get 


Co _ E+ A — (He — bp)B 
Cs 2A 
or 
C. E+A+ WB 
C3 2A : 


(12.39) 


where for E we are to use the appropriate energy—either E77; or Eyy. For instance. 
for state | I/7) we have 
c) u’B 
= oe 12.40 
(2 ur A ( ) 


So for large B the state | J7/) has Cz >> C3; the state becomes almost completely 
the state | 2) = | + —). Similarly, if we put Eyy into (12.39) we get (C2/C3)rv 
<1; for high fields state | /V) becomes just the state | 3) = | — +). You see that 
the coefficients in the linear combinations of our base states which make up the 
stationary states depend on B. The state we call | ///) is a 50-50 mixture of | + —) 
and | — +) at very low fields, but shifts completely over to | + —) at high fields. 
Similarly, the state | JV), which at low fields is also a 50-50 mixture (with opposite 
signs) of | + —) and | — +), goes over into the state | — +) when the spins are 
uncoupled by a strong external field. 

We would also like to call your attention particularly to what happens at 
very low magnetic fields. There is one energy—at ~—3A——which does not change 
when you turn on a small magnetic field. And there is another energy—at + A— 
which splits into three different energy levels when you turn on a small magnetic 
field. For weak fields the energies vary with B as shown in Fig. 12-5. Suppose 
that we have somehow selected a bunch of hydrogen atoms which all have the 
energy —3A. If we put them through a Stern-Gerlach experiment—with fields 
that are not too strong-—we would find that they just go straight through. (Since 
their energy doesn’t depend on B, there is—according to the principle of virtual 
work—no force on them in a magnetic field gradient.) Suppose, on the other hand, 
we were to select a bunch of atoms with the energy +A, and put them through 
a Stern-Gerlach apparatus, say an S apparatus. (Again the fields in the apparatus 
should not be so great that they disrupt the insides of the atom, by which we mean 
a field small enough that the energies vary linearly with B.) We would find three 
beams. The states | /) and | //) get opposite forces—their energies vary linearly 
with B with the slopes + so the forces are like those on a dipole with uy, = yu; 
but the state | J/I) goes straight through. So we are right back in Chapter 5. 
A hydrogen atom with the energy +A is a spin-one particle. This energy state is a 
“particle” for which j = 1, and it can be described—with respect to some set of 
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Fig. 12-5. The states of the hydrogen 
atom for small magnetic fields. 


axes in space—in terms of the base states | +S), | 0S), and | —.S) we used in Chap- 
ter 5. On the other hand, when a hydrogen atom has the energy —34, it is a spin- 
zero particle. (Remember, what we are saying is only strictly true for infinitesimal 
magnetic fields.) So we can group the states of hydrogen in zero magnetic field 


this way: 
[ty =|+ 4) | +S) 
ty = Lt a 22> spin |0S) (12.41) 
|) = |— -) J | —S) 
pyel Se sacae MT y (12.42) 


We have said in Chapter 35 of Volume II (Appendix) that for any particle its 
component of angular momentum along any axis can have only certain values 
always # apart. The z-component of angular momentum J, can be jh, (j — Lh, 
Vj — 2)h,..., (—j)h, where / is the spin of the particle (which can be an integer or 
half-integer). Although we neglected to say so at the time, people usually write 


Table 12-3 
J, = mh, (12.43) 
Zero field states of the hydrogen atom 

State | Am) 17 | me | Ournotation where m stands for one of the numbers j, 7 — 1,7 — 2,..., —j. You will, there- 
: a aa fore, see people in books label the four ground states of hydrogen by the so-called 
| t, +1) 1/ +t} |) =|+4+5S) quantum numbers j and m {often called the “total angular momentum quantum 
| 1,0) 1 0||Mm =| 0S) number” (j), and “magnetic quantum number” (m)]. Then, instead of our state 
ze = Shad symbols | J), | I/), and so on, they will write a state as | j, m). So they would write 

| 1, —1) 1 1 | IT) | S) ‘i : f 
| 0, 0) 0 0 || IV) our little table of states for zero field in (12.41) and (12.42) as shown in Table 12-3. 


It’s not new physics, it’s all just a matter of notation. 


12-6 The projection matrix for spin one + 


We would like now to use our knowledge of the hydrogen atom to do some- 
thing special. We discussed in Chapter 5 that a particle of spin one which was in 
one of the base states (+, 0, or —) with respect to a Stern-Gerlach apparatus of a 
particular orientation—say an S apparatus—would have a certain amplitude to 
be in each of the three states with respect to a T apparatus with a different orienta- 
tion in space. There are nine such amplitudes (jT | iS) which make up the pro- 
jection matrix. In Section 5-7 we gave without proof the terms of this matrix 
for various orientations of T with respect to S. Now we will show you one way 
they can be derived. 

In the hydrogen atom we have found a spin-one system which is made up 
of two spin one-half particles. We have already worked out in Chapter 6 how 
to transform the spin one-half amplitudes. We can use this information to calculate 
the transformation for spin one. This is the way it works: We have a system—a 
hydrogen atom with the energy +A—which has spin one. Suppose we run it 
through a Stern-Gerlach filter S, so that we know it is in one of the base states 
with respect to S, say | +S). What is the amplitude that it will be in one of the 
base states, say | +7), with respect to the T apparatus? If we call the coordinate 
system of the S apparatus the x, y, z system, the | +S) state is what we have been 
calling the state | + +). But suppose another guy took his z-axis along the axis 
of T. He will be referring his states to what we will call the x’, y’, z’ frame. His 
“up” and “down” states for the electron and proton would be different from ours. 
His “plus-plus” state—which we can write |-+’ +’), referring to the “prime” 
frame—is the | +7) state of the spin-one particle. What we want is (+-7 | +5) 
which is just another way of writing the amplitude (+’ +’| + +). 


+ Those who chose to jump over Chapter 6 should skip this section also. 
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We can find the amplitude (+’ +’ | + +) in the following way. In our frame 
the e/ectron in the | + +) state has its spin “up”. That means that it has some 
amplitude (+’| +). of being ‘‘up” in Ais frame, and some amplitude (—’ | +), 
of being “down” in that frame. Similarly, the proton in the | + +) state has 
spin “up” in our frame and the amplitudes (+’ | +), and (—’| +), of having 
spin “up” or spin “down” in the “prime” frame. Since we are talking about two 
distinct particles, the amplitude that both particles will be ‘up’ fogether in his 
frame is the product of the two amplitudes, 


Hi AY | + AD = CAT Ade" 1 +) (12.44) 


We have put the subscripts e and p on the amplitudes (+’ | +) to make it clear 
what we were doing. But they are both just the transformation amplitudes for a 
spin one-half particle, so they are really identical numbers. They are, in fact, just 
the amplitude we have called (+71! -+.S) in Chapter 6, and which we listed in 
the tables at the end of that chapter. 

Now, however, we are about to get into trouble with notation. We have to 
be able to distinguish the amplitude (+7 | +S) for a spin one-half particle from 
what we have also called (+T | +S) for a spin-one particle—yet they are completely 
different! We hope it won’t be too confusing, but for the moment at least, we will 
have to use some different symbols for the spin one-half amplitudes. To help 
you keep things straight, we summarize the new notation in Table 12-4. We will 
continue to use the notation | +S), | 0S), and | —S) for the states of a spin-one 
particle. 

With our new notation, Eq. (12.44) becomes simply 


(Ho +) 4+ 4) = 


and this is just the spin-one amplitude (+7 | +S). Now, let’s suppose, for in- 
stance, that the other guy’s coordinate frame—that is, the 7, or “primed,” appara- 
tus—is just rotated with respect to our z-axis by the angle ¢; then from Table 6-2, 


a= (4'| +) = ei#l?, 
So from (12.44) we have that the spin-one amplitude is 


(+T| +S) = CH’ +7 + +) = (e*/?)? = el, (12.45) 


You can see how it goes. 

Now we will work through the general case for all the states. If the proton 
and electron are both “up” in our frame—the S-frame—the amplitudes that it 
will be in any one of the four possible states in the other guy’s frame—the 7-frame— 
are 


GPE! ae tee? | a) Rt Dab ea, 
Came [te ee eR Lin es 


(H+ Y= OE FE t)y = ba, ee 
(—) "1+ +) = ("| 4)e(-' | +p = 8. 

We can, then, write the state | + +) as the following linear combination: 

[+ +) = a? 44!) + abl t=) + 1-7 +9} + 571-7). 2.47) 


Now we notice that | +’ +’) is the state | +7), that {] +’ —’) + | —' +’)} is 
just \/2 times the state | 0 T)—see (12.41)—and that | —’ —’) = | —T). In other 
words, Eq. (12.47) can be rewritten as 


| +S) = a?| +7) + V2ab|0T) + b?| —7). (12.48) 
In a similar way you can easily show that 
| —-S) = c?|+T) + V2cd|0T) + a?| —7). (12.49) 
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Table 12-4 


Spin one-half amplitudes 


; This chapter ; Chapter 6 
oH) GT 45) 
b = (-'’|4+) (-T! +S) 
eS tt le) AE eS) 
d=(-'|-)  (-T|-5) 


For | 0 S) it’s a little more complicated, because 
l 
[O8) Sole a Uae 
V2 


But we can express each of the states | + —) and | — +) in terms of the “prime” 
states and take the sum. That is, 


ae): Soge |e ad |e =) be] = ob od |) 1230) 


and 
| ~ +) = ac| + +’) + be| +’ —’) + ad| —' +’) + bd| -' —’). (12.51) 
Taking 1/./2 times the sum, we get 
ose del a) + nal et 
It follows that 
[0 S) = V2ac| +7) + (ad + be)|0T) + V/2bd| -T). (12.52) 


We have now all of the amplitudes we wanted. The coefficients of Eqs. 
(12.48), (12.49), and (12.52) are the matrix elements (j7 | iS). Let’s pull them all 
together: 


itll @ V2 ac c? 
QT | iS) = /2 ab ad + be V2 cd (12.53) 
bv V2 bd a 


We have expressed the spin-one transformation in terms of the spin one-half 
amplitudes a, b, c, and d. 

For instance, if the 7-frame is rotated with respect to S by the angle a about 
the y-axis—as in Fig. 5-6—the amplitudes in Table 12-4 are just the matrix 
elements of R,(a) in Table 6-2. 


Qa . a 
a= cos 5, b= —sin 5, 
(12.54) 
a in= d cos = 
cC=S > 5 


Using these in (12.53), we get the formulas of (5.38), which we gave there without 
proof. 

What ever happened to the state | JV)?! Well, it is a spin-zero system, so it 
has only one state—it is the same in all coordinate systems. We can check that 
everything works out by taking the difference of Eq. (12.50) and (12.51); we get 
that 

[ee ay ad = be) 9 = | = as 


But (ad — hc) is the determinant of the spin one-half matrix, and so is equal to 1. 
We get that 
| iv’) = | IV) 


for any relative orientation of the two coordinate frames. 
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Propagation in a Crystal Lattice 


13-1 States for an electron in a one-dimensional lattice 


You would, at first sight, think that a low-energy electron would have great 
difficulty passing through a solid crystal. The atoms are packed together with 
their centers only a few angstroms apart, and the etfective diameter of the atom 
for electron scattering is roughly an angstrom or so. That is, the atoms are large, 
relative to their spacing, so that you would expect the mean free path between 
collisions to be of the order of a few angstroms—which 1s practically nothing. 
You would expect the electron to bump into one atom or another almost imme- 
diately. Nevertheless, it is a ubiquitous phenomenon of nature that if the lattice 
is perfect, the electrons are able to travel through the crystal smoothly and easily— 
almost as if they were in a vacuum. This strange fact is what lets metals conduct 
electricity so easily; 1t has also permitted the development of many practical 
devices. It is, for instance, what makes it possible for a transistor to imitate the 
radio tube. In a radio tube electrons move freely through a vacuum, while in the 
transistor they move freely through a crystal lattice. The machinery behind the 
behavior of a transistor will be described in this chapter; the next one will describe 
the application of these principles in various practical devices. 

The conduction of electrons in a crystal is one example of a very common 
phenomenon. Not only can electrons travel through crystals, but other “things”’ like 
atomic excitations can also travel in a similar manner. So the phenomenon which 
we want to discuss appears in many ways in the study of the physics of the solid 
state. 

You will remember that we have discussed many examples of two-state sys- 
tems. Let’s now think of an electron which can be in either one of two positions, 
in each of which it is in the same kind of environment. Let’s also suppose that 
there is a certain amplitude to go from one position to the other, and, of course, 
the same amplitude to go back, just as we have discussed for the hydrogen molec- 
ular ion in Section 10-1. The laws of quantum mechanics then give the following 
results. There are two possible states of definite energy for the electron. Each 
state can be described by the amplitude for the electron to be in each of the two 
basic positions. In either of the definite-energy states, the magnitudes of these 
two amplitudes are constant in time, and the phases vary in time with the same 
frequency. On the other hand, if we start the electron in one position, it will later 
have moved to the other, and still later will swing back again to the first position. 
The amplitude is analogous to the motions of two coupled pendulums. 

Now consider a perfect crystal lattice in which we imagine that an electron 
can be situated in a kind of “‘pit”’ at one particular atom and with some particular 
energy. Suppose also that the electron has some amplitude to move into a different 
pit at one of the nearby atoms. It is something like the two-state system—but with 
an additional complication. When the electron arrives at the neighboring atom, 
it can afterward move on to still another position as well as return to its starting 
point. Now we have a situation analogous not to two coupled pendulums, but to 
an infinite number of pendulums all coupled together. It is something like what 
you see in one of those machines—made with a long row of bars mounted on a 
torsion wire—that is used in first-year physics to demonstrate wave propagation. 

If you have a harmonic oscillator which is coupled to another harmonic 
oscillator, and that one to another, and so on... , and if you start an irregularity 
in one place, the irregularity will propagate as a wave along the line. The same 
situation exists if you place an electron at one atom of a long chain of atoms. 
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Fig. 13-1. The base states of an 
electron in a one-dimensional crystal. 


Usually, the simplest way of analyzing the mechanical problem is not to think 
in terms of what happens if a pulse 1s started at a definite place, but rather in 
terms of steady-wave solutions. There exist certain patterns of displacements 
which propagate through the crystal as a wave of a single, fixed frequency. Now 
the same thing happens with the electron—and for the same reason, because it’s 
described in quantum mechanics by similar equations. 

You must appreciate one thing, however; the amplitude for the electron to 
be at a place is an amplitude, not a probability. If the electron were simply leaking 
from one place to another, like water going through a hole, the behavior would 
be completely different. For example, if we had two tanks of water connected 
by a tube to permit some leakage from one to the other, then the levels would 
approach each other exponentially. But for the electron, what happens is amplitude 
leakage and not just a plain probability leakage. And it’s a characteristic of the 
imaginary term—the i in the differential equations of quantum mechanics—which 
changes the exponential solution to an oscillatory solution. What happens then 
is quite different from the leakage between interconnected tanks. 

We want now to analyze quantitatively the quantum mechanical situation. 
Imagine a one-dimensional system made of a long line of atoms as shown in 
Fig. 13-1(a). (A crystal is, of course, three-dimensional but the physics 1s very 
much the same; once you understand the one-dimensional case you will be able 
to understand what happens in three dimensions.) Next, we want to see what 
happens if we put a single electron on this line of atoms. Of course, in a real crystal 
there are already millions of electrons. But most of them (nearly all for an in- 
sulating crystal) take up positions in some pattern of motion each around its own 
atom—and everything is quite stationary. However, we now want to think about 
what happens if we put an extra electron in. We will not consider what the other 
ones are doing because we suppose that to change their motion involves a lot of 
excitation energy. We are going to add an electron as if to produce one slightly 
bound negative ion. In watching what the one extra electron’does we are making 
an approximation which disregards the mechanics of the inside workings of the 
atoms. 

Of course the electron could then move to another atom, transferring the 
negative ion to another place. We will suppose that just as in the case of an 
electron jumping between two protons, the electron can jump from one atom to 
the neighbor on either side with a certain amplitude. 

Now how do we describe such a system? What will be reasonable base states? 
If you remember what we did when we had only two possible positions, you can 
guess how it will go. Suppose that in our line of atoms the spacings are all equal; 
and that we number the atoms in sequence, as shown in Fig, 13-1(a). One of the 
base states is that the electron is at atom number 6, another base state is that the 
electron is at atom number 7, or at atom number 8, and so on. We can describe 
the nth base state by saying that the electron is at atom number n. Let’s say that 
this is the base state |m). Figure 13-1 shows what we mean by the three base 
states 


jn— 1), |[m), and |na+ 1). 


Using these base states, any state | ¢) of our one-dimensional crystal can be de- 
scribed by giving all the amplitudes (| ¢) that the state | ¢) is in one of the 
base states—which means the amplitude that it is located at one particular atom. 
Then we can write the state | ¢) as a superposition of the base states 


|) = >>| 2)@| 4). (13.1) 


n 


Next, we are going to suppose that when the electron is at one atom, there is a 
certain amplitude that it will leak to the atom on either side. And we’ll take the 
simplest case for which it can only leak to the nearest neighbors—to get to the 
next-nearest neighbor, it has to go in two steps. We’ll take that the amplitudes for 
the electron jump from one atom to the next is i4/n (per unit time). 

13-2 


For the moment we would like to write the amplitude (| ¢) to be on the 
nth atom as C,. Then Eq. (13.1) will be written 


lo) = doi n)c,. (13.2) 


If we knew each of the amplitudes C,, at a given moment, we could take their 
absolute squares and get the probability that you would find the electron if you 
looked at atom n at that time. 

What will the situation be at some later time? By analogy with the two-state 
systems we have studied, we would propose that the Hamiltonian equations for 
this system should be made up of equations like this: 


dC,,(t) 


ih Fi 


= EoCr(t) — AC) — ACy1(0). (13.3) 


The first coefficient on the right, Eo, is, physically, the energy the electron 
would have if it couldn’t leak away from one of the atoms. (It doesn’t matter 
what we call Eg; as we have seen many times, it represents really nothing but our 
choice of the zero of energy.) The next term represents the amplitude per unit 
time that the electron is leaking into the nth pit from the (n + 1)st pit; and the 
last term is the amplitude for leakage from the (nm — 1)st pit. As usual, we’ll 
assume that A is a constant (independent of £). 

For a full description of the behavior of any state | ¢), we would have one 
equation like (13.3) for every one of the amplitudes C,. Since we want to consider 
a crystal with a very large number of atoms, we’ll assume that there are an in- 
definitely large number of states—that the atoms go on forever in both directions. 
(To do the finite case, we will have to pay special attention to what happens at the 
ends.) If the number WN of our base states is indefinitely large, then also our full 
Hamiltonian equations are infinite in number! We’ll write down just a sample: 


dC, —1 


ih Wp EoCn—1 — ACn-2 — ACh, 
ih ae Ee = AC ge AC a4: (13.4) 
ih ACn+1 = EpCny1 — AC, — ACi 42, 


dt 


13-2 States of definite energy 


We could study many things about an electron in a lattice, but first let’s try 
to find the states of definite energy. As we have seen in earlier chapters this means 
that we have to find a situation in which the amplitudes all change at the same 
frequency if they change with time at all. We look for solutions of the form 


Cr, = ane Et, (13.5) 


The complex number a, tell us about the non-time-varying part of the amplitude 
to find the electron at the nth atom. If we put this trial solution into the equations 
of (13.4) to test them out, we get the result 


Ea, = Epa, — Adn41 — Aan—1. (13.6) 


We have an infinite number of such equations for the infinite number of unknowns 
a,—which is rather petrifying. 

All we have to do is take the determinant... but wait! Determinants are 
fine when there are 2, 3, or 4 equations. But if there are a large number—or an 
infinite number—of equations, the determinants are not very convenient. We'd 
better just try to solve the equations directly. First, let’s label the atoms by their 
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Fig. 13-2. Variation of the real part 
of C,, with x,. 


positions; we'll say that the atom a is at x, and the atom (2 + 1) is at x,41. If 
the atomic spacing is b—as in Fig. 13-1—we will have that x,4, = x, +6. 
By choosing our origin at atom zero, we can even have it that x, = nb. We can 
rewrite Eq. (13.5) as 


C, = alx,e2*, (13.7) 
and Eq. (13.6) would become 
Ea(xn) = Eoa(Xn41) — Aain41) — Aa(%n—1). (13.8) 
Or, using the fact that X»41 = Xn + 5, we could also write 
Ea(xn) = Eoa(xn) — Aa(x, + 6) — Aa(x, — 8). (13,9) 


This equation is somewhat similar to a differential equation. It tells us that a 
quantity, a(x), at one point, (x,), is related to the same physical quantity at some 
neighboring points, (x, + b). (A differential equation relates the value of a func- 
tion at a point to the values at infinitesimally nearby points.) Perhaps the methods 
we usually use for solving differential equations will also work here, let’s try. 

Linear differential equations with constant coefficients can always be solved 
in terms of exponential functions. We can try the same thing here; let’s take as a 
trial solution 


a(Xn) = e'**, (13.10) 
Then Eq. (13.9) becomes 


Ee'ttn = Eye» — fettnth) _ gothan—), (13.11) 


We can now divide out the common factor e***2; we get 
E = Ey — Ae™ — Ae~*”, (13.12) 
The last two terms are just equal to (2A cos kb), so 
E = Ey — 2Acoskb. (13.13) 


We have found that for any choice at all for the constant k there is a solution 
whose energy is given by this equation. There are various possible energies 
depending on k, and each k corresponds to a different solution. There are an 
infinite number of solutions—which 1s not surprising, since we started out with 
an infinite number of base states. 

Let’s see what these solutions mean. For each k, the a’s are given by Eq. 
(13.10). The amplitudes C,, are then given by 


C, = etttng— PEt (13.14) 


where you should remember that the energy E also depends on k as given in Eq. 
(13.13). The space dependence of the amplitudes is e'**», The amplitudes 
oscillate as we go along from one atom to the next. 

We mean that, in space, the amplitude goes as a complex oscillation—the 
magnitude is the same at every atom, but the phase at a given time advances by the 
amount (ikb) from one atom to the next. We can visualize what is going on by 
plotting a vertical line to show just the real part at each atom as we have done in 
Fig. 13-2. The envelope of these vertical lines (as shown by the broken-line curve) 


a ae 


Re(C) 


‘a 
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is, of course, a cosine curve. The imaginary part of C,, is also an oscillating function, 
but is shifted 90° in phase so that the absolute square (which is the sum of the 
squares of the real and imaginary parts) is the same for all the C’s. 

Thus if we pick a k, we get a stationary state of a particular energy E. And 
for any such state, the electron is equally likely to be found at every atom—there 
is no preference for one atom or the other. Only the phase is different for different 
atoms. Also, as time goes on the phases vary. From Eq. (13.14) the real and 
imaginary parts propagate along the crystal as waves—namely as the real or 
imaginary parts of 

Ps aaa (13.15) 


The wave can travel toward positive or negative x depending on the sign we have 
picked for k. 

Notice that we have been assuming that the number & that we put in our 
trial solution, Eq. (13.10), was a real number. We can see now why that must be 
so if we have an infinite line of atoms. Suppose that k were an imaginary number, 
say ik’. Then the amplitudes a, would go as e*’*2, which means that the amplitude 
would get larger and larger as we go toward large x’s—or toward large negative 
x’s if k’ is a negative number. This kind of solution would be O.K. if we were 
dealing with line of atoms that ended, but cannot be a physical solution for an 
infinite chain of atoms. It would give infinite amplitudes—and, therefore, infinite 
probabilities—which can’t represent a real situation. Later on we will see an ex- 
ample in which an imaginary k does make sense. 

The relation between the energy E and the wave number k as given in Eq. 
(13.13) is plotted in Fig. 13-3. As you can see from the figure, the energy can go 
from (Ey — 2A) at k = 0 to (Ey) + 2A) at k = +a/b. The graph is plotted 
for positive A; if A were negative, the curve would simply be inverted, but the 
range would be the same. The significant result is that any energy is possible 
within a certain range or “band” of energies, but no others. According to our 
assumptions, if an electron in a crystal is in a stationary state, it can have no 
energy other than values in this band. 

According to Eq. (13.10), the smallest &’s correspond to low-energy states— 
E = (Eo — 2A). As k increases in magnitude (toward either positive or negative 
values) the energy at first increases, but then reaches a maximum atk = +7/b, 
as shown in Fig. 13-3. For k’s larger than 2/b, the energy would start to decrease 
again. But we do not really need to consider such values of k, because they do 
not give new states—they just repeat states we already have for smaller k. We 
can see that in the following way. Consider the lowest energy state for which 
k = 0. The coefficient a(x,) is the same for all x,. Now we would get the same 
energy for k = 22/b. But then, using Eq. (13.10), we have that 


a(Xn) A etl2tl btn, 
However, taking x9 to be at the origin, we can set x, = nb; then a(x,) becomes 


a(x) = e?™" = 1, 


The state described by these a(x,) is physically the same state we got for k = 0. 
It does not represent a different solution. 

As another example, suppose that k were 7/4b. The real part of a(x,) would 
vary as shown by curve 1 in Fig. 13-4. If k were seven times larger (k = 77/4), 
the real part of a(x,) would vary as shown by curve 2 in the figure. (The complete 
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Fig. 13-3. The energy of the station- 
ary states as a function of the param- 
eter k. 


Fig. 13-4. Two values of k which 
represent the same physical situation; 
curve | is for k = 1/4, curve 2 is for 
k = 77/4, 


cosine curves don’t mean anything, of course; all that matters 1s their values at 
the pomts x,. The curves are just to help you see how things are going.) You see 
that both values of k give the same amplitudes at all of the x,,’s. 

The upshot 1s that we have all the possible solutions of our problem if we take 
only &’s in a certain limited range. We'll pick the range between —72/b and 
+2/b——the one shown in Fig. 13-3. In this range, the energy of the stationary 
states increases uniformly with an increase in the magnitude of k. 

One side remark about something you can play with. Suppose that the elec- 
tron cannot only jump to the nearest neighbor with amplitude 14/h, but also has 
the possibility to jump in one direct leap to the next nearest neighbor with some 
other amplitude iB/f#. You will find that the solution can again be written in the 
form a, = e’**n»—this type of solution 1s umversal You will also find that the 
stationary states with wave number k have an energy equal to (Ey — 2A cos kb — 
2B cos 2kb). This shows that the shape of the curve of E against k is not universal, 
but depends upon the particular assumptions of the problem. It 1s not always a 
cosine wave—it’s not even necessarily symmetrical about some horizontal line. 
It is true, however, that the curve always repeats 1tself outside of the interval from 
—7/b to 1/6, so you never need to worry about other values of k. 

Let’s look a little more closely at what happens for small k—that is, when 
the variations of the amplitudes from one x, to the next are quite slow. Suppose 
we choose our zero of energy by defining Ey = 24; then the minimum of the 
curve in Fig. 13-3 is at the zero of energy. For small enough k, we can write that 


coskb = 1 — k?b?/2, 
and the energy of Eq. (13.13) becomes 
E = Ak*b?. (13.16) 


We have that the energy of the state is proportional to the square of the wave 
number which describes the spatial variations of the amplitudes C,,. 


13-3 Time-dependent states 


In this section we would like to discuss the behavior of states in the one- 
dimensional lattice in more detail. If the amplitude for an electron to be at x, 
is C,, the probability of finding it there 1s |C,|*. For the stationary states described 
by Eq. (13.12), this probability is the same for all x,, and does not change with time. 
How can we represent a situation which we would describe roughly by saying an 
electron of a certain energy is localized in a certain region—so that it is more likely 
to be found at one place than at some other place? We can do that by making 
a superposition of several solutions like Eq. (13.12) with slightly different values 
of k—and, therefore, slightly different energies. Then at ¢ = 0, at least, the ampli- 
tude C,, will vary with position because of the interference between the various 
terms, just as one gets beats when there is a mixture of waves of different wave- 
lengths (as we discussed in Chapter 48, Vol. I). So we can make up a “‘wave packet” 
with a predominant wave number kg, but with various other wave numbers near ko. 

In our superposition of stationary states, the amplitudes with different k’s 
will represent states of slightly different energies, and, therefore, of slightly different 
frequencies; the interference pattern of the total C,, will, therefore, also vary with 
time—there will be a pattern of “beats.’’ As we have seen in Chapter 48 of Volume 
I, the peaks of the beats [the place where |C(x,,)|? is large] will move along in x 
as time goes on; they move with the speed we have called the ‘“‘group velocity.” 
We found that this group velocity was related to the variation of k with frequency by 


da 


Ugroup = dk? (13.17) 


¢ Provided we do not try to make the packet too narrow. 
13-6 


the same derivation would apply equally well here. An electron state which is a 
‘“clump”—namely one for which the C, vary in space like the wave packet of 
Fig. 13-5—will move along our one-dimensional “‘crystal’’ with the speed v equal 
to dw/dk, where w = E/h. Using (13.16) for £, we get that 


_ 2Ab? 
OR 


v 


k. (13.18) 


In other words, the electrons move along with a speed proportional to the typical 
k. Equation (13.16) then says that the energy of such an electron is proportional 
to the square of its velocity—it acts like a classical particle. So long as we look 
at things on a scale gross enough that we don’t see the fine structure, our quantum 
mechanical picture begins to give results like classical physics. In fact, if we solve 
Eq. (13.18) for k and substitute into (13.16), we can write 


E= BMert v?, (13.19) 
where ™,4; 1S a constant. The extra ‘‘energy of motion” of the electron in a packet 


depends on the velocity just as for a classical particle. The constant me—called 
the ‘‘effective mass’”’—is given by 


h2 
Meth = Ab? (13.20) 
Also notice that we can write 
Moe v= hk. (13.21) 


If we choose to call mere v the *“tmomentum,”’ it is related to the wave number k 
in the way we have described earlier for a free particle. 

Don’t forget that mer has nothing to do with the real mass of an electron. 
It may be quite different—although in real crystals 1t often happens to turn out to be 
the same general order of magnitude, about 2 to 20 times the free-space mass of 
the electron. 

We have now explained a remarkable mystery—how an electron in a crystal 
(like an extra electron put into germanium) can ride nght through the crystal and 
flow perfectly freely even though it has to hit all the atoms. It does so by having 
its amplitudes going pip-pip-pip from one atom to the next, working its way through 
the crystal. That 1s how a solid can conduct electricity. 


13-4 An electron in a three-dimensional lattice 


Let’s look for a moment at how we could apply the same ideas to see what 
happens to an electron in three dimensions. The results turn out to be very similar. 
Suppose we have a rectangular lattice of atoms with lattice spacings of a, 6, c in 
the three directions (If you want a cubic lattice, take the three spacings all equal.) 
Also suppose that the amplitude to leap in the x-direction to a neighbor is (74,/h), 
to leap in the y-direction 1s (1A,/#), and to leap in the z-direction 1s (:4./h). Now 
how should we describe the base states? As in the one-dimensional case, one 
base state is that the electron is at the atom whose locations are x, y, z, where 
(x, y, z) 18 one of the lattice potnts. Choosing our origin at one atom, these points 
are all at 


X = A-Q, y = n,b, and Z = nc, 


where #;, Ny, 1, are any three integers. Instead of using subscripts to indicate such 
points, we will now just use x, y, and z, understanding that they take on only their 
values at the lattice points. Thus the base state is represented by the symbol 
| electron at x, y, z), and the amplitude for an electron in some state | ¥) to be in 
this base state 1s C(x, y, z) = (electron at x, y,z | y). 
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Fig. 13-5. The real part of C(x,) as 
a function of x for a superposition of 
several states of similar energy. (The 
spacing b is very small on the scale of 
x shown.) 


As before, the amplitudes C(x, y, z) may vary with time. With our assump- 
tions, the Hamiltonian equations should be like this: 


ih $C) © BoC(x, y, 2) — A(x + 0,52) — ACO — 4952) 
oa Ay C(x, y “2, z) = A, C(x, y — b,z) 
— A,C(x, y,z +c) — A,C(x, y,z — c). (13.22) 


It looks rather long, but you can see where each term comes from. 
Again we can try to find a stationary state in which all the C’s vary with time 
in the same way. Again the solution is an exponential: 


C(x, y, z) = eT ER thee thy thee) (13.23) 


If you substitute this into (13.22) you see that it works, provided that the energy 
E is related to k;, ky, and k, in the following way: 


E = Ey) — 2A,cosk,a — 2A,cos kyb — 2A, cos k,c. (13.24) 


The energy now depends on the three wave numbers k,, k,, kz, which, incidentally, 
are the components of a three-dimensional vector k. In fact, we can write Eq. 
(13.23) in vector notation as 


C(x, y, 2) = @ BR ter (13.25) 


The amplitude varies as a cc mplex plane wave in three dimensions, moving in the 
direction of k, and with the wave number k = (k2 + k2 + ky"? 

The energy associated with these stationary states depends on the three com- 
ponents of k in the complicated way given in Eq. (13.24). The nature, of the 
variation of E with k depends on relative signs and magnitudes of A,, A,, and A,. 
If these three numbers are all positive, and if we are interested in small values of 
k, the dependence is relatively simple. 

Expanding the cosines as we did before to get Eq. (13.16), we can now get that 


E = Emin + Aza?k? + Aybk? + Azck?. (13.26) 


For a simple cubic lattice with lattice spacing a we expect that A, and A, 
and A, would be equal—say all are just A—and we would have just 


E = Emin + Aa*(k? + ky + k2), 
or 
E = Emin + Aa?k?. (13.27) 


This is just like Eq. (13.16). Following the arguments used there, we would con- 
clude that an electron packet in three dimensions (made up by superposing many 
states with nearly equal energies) also moves like a classical particle with some 
effective mass. 

In a crystal with a lower symmetry than cubic (or even in a cubic crystal in 
which the state of the electron at each atom is not symmetrical) the three coefficients 
A,, Ay, and A, are different. Then the “effective mass” of an electron localized 
in a small region depends on its direction of motion. It could, for instance, have a 
different inertia for motion in the x-direction than for motion in the y-direction. 
(The details of such a situation are sometimes described in terms of an “effective 
mass tensor.”’) 


13-5 Other states in a lattice 


According to Eq. (13.24) the electron states we have been talking about can 
have energies only 1n a certain “band” of energies which covers the energy range 
from the minimum energy 


Ey — 2(A; + A, + A.) 
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to the maximum energy 
Ey + 2(4, + Ay + A:). 


Other energies are possible, but they belong to a different class of electron states. 
For the states we have described, we imagined base states in which an electron is 
placed on an atom of the crystal in some particular state, say the lowest energy 
state. 

If you have an atom in empty space, and add an electron to make an ion, the 
ion can be formed in many ways. The electron can go on in such a way as to make 
the state of lowest energy, or it can go on to make one or another of many possible 
“excited states” of the ion each with a definite energy above the lowest energy. The 
same thing can happen in a crystal. Let's suppose that the energy Ey we picked 
above corresponds to base states which are ions of the lowest possible energy. 
We could also imagine a new set of base states in which the electron sits near the 
nth atom in a different way—in one of the excited states of the ion—so that the 
energy Ey is now quite a bit higher. As before there is some amplitude A (different 
from before) that the electron will jump from its excited state at one atom to the 
same excited state at a neighboring atom. The whole analysis goes as before, we 
find a band of possible energies centered at a higher energy. There can, in general, 
be many such bands each corresponding to a different level of excitation. 

There are also other possibilities. There may be some amplitude that the 
electron jumps from an excited condition at one atom to an unexcited condition 
at the next atom. (This is called an interaction between bands.) The mathematical 
theory gets more and more complicated as you take into account more and more 
bands and add more and more coefficients for leakage between the possible states. 
No new ideas are involved, however; the equations are set up much as we have 
done in our simple example. 

We should remark also that there is not much more to be said about the vari- 
ous coefficients, such as the amplitude A, which appear in the theory. Generally 
they are very hard to calculate, so in practical cases very little 1s known theoretically 
about these parameters and for any particular real situation we can only take 
values determined experimentally. 

There are other situations where the physics and mathematics are almost 
exactly like what we have found for an electron moving in a crystal, but in which 
the ‘‘obyect” that moves is quite different. For instance, suppose that our original 
crystal—or rather linear lattice—was a line of neutral atoms, each with a loosely 
bound outer electron. Then imagine that we were to remove one electron. Which 
atom has lost its electron? Let C, now represent the amplitude that the electron 
is missing from the atom at x,. There will, in general, be some amplitude iA/h 
that the electron at a neighboring atom—say the (n — 1)st atom—will jump to 
the nth leaving the (1 — 1)st atom without its electron. This is the same as saying 
that there is an amplitude A for the ‘‘missing electron’ to jump from the nth 
atom to the (n ~— 1)st atom. You can see that the equations will be exactly the 
same—of course, the value of A need not be the same as we had before. Again 
we will get the same formulas for the energy levels, for the “‘waves’’ of probability 
which move through the crystal with the group velocity of Eq. (13.18), for the 
effective mass, and so on. Only now the waves describe the behavior of the missing 
electron—or “‘hole”’ as it is called. So a “hole” acts just like a particle with a 
certain mass mor. You can see that this particle will appear to have a positive 
charge. We'll have some more to say about such holes in the next chapter. 

As another example, we can think of a line of identical neutral atoms one of 
which has been put into an excited state—that is, with more than its normal 
ground state energy. Let C,, be the amplitude that the nth atom has the excitation. 
It can interact with a neighboring atom by handing over to it the extra energy and 
returning to the ground state. Call the amplitude for this process iA/f#. You 
can see that 1t’s the same mathematics all over again. Now the object which moves 
is called an exciton. It behaves like a neutral ‘particle’ moving through the crystal, 
carrying the excitation energy. Such motion may be involved 1n certain biological 
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processes such as vision, or photosynthesis. It has been guessed that the absorption 
of light in the retina produces an “exciton” which moves through some periodic 
structure (such as the layers in the rods we described in Chapter 36, Vol. 1; see 
Fig. 36-5) to be accumulated at some special station where the energy is used to 
induce a chemical reaction. 


13-6 Scattering from imperfections in the lattice 


We want now to consider the case of a single electron in a crystal which is 
not perfect. Our earlier analysis says that perfect crystals have perfect conductivity 
—that electrons can go slipping through the crystal, as in a vacuum, without friction. 
One of the most important things that can stop an electron from going on forever 
is an imperfection or irregularity in the crystal. As an example, suppose that 
somewhere in the crystal there is a missing atom; or suppose that someone put 
one wrong atom at one of the atomic sites so that things there are different than 
at the other atomic sites. Say the energy, Ey or the amplitude A could be different. 
How would we describe what happens then? 

To be specific, we will return to the one-dimensional case and we will assume 
that atom number “zero” is an “impurity” atom and has a different value of Eo 
than any of the other atoms. Let’s call this energy (Ey + F). What happens? 
When an electron arrives at atom ‘‘zero”’ there is some probability that the electron 
is scattered backwards. If a wave packet is moving along and it reaches a place 
where things are a little bit different, some of it will continue onward and some of 
it will bounce back. It’s quite difficult to analyze such a situation using a wave 
packet, because everything varies in time. It is much easier to work with steady- 
state solutions. So we will work with stationary states, which we will find can be 
made up of continuous waves which have transmitted and reflected parts. In 
three dimensions we would call the reflected part the scattered wave, since it 
would spread out in various directions. 

We start out with a set of equations which are just like the ones in Eq. (13.6) 
except that the equation for nm = Ois different from all the rest. The five equations 
form = —2, —1, 0, +1, and +2 look like this: 


Ea_2 = Epa_, — Aa_, — Ada_3, 

Fa_,; = Epa,  — Ady — Aa_s, 
Eag = (Eo + F)adg — Aa, — Aa_,, (13.28) 
Ea, = Epa, — Aag — Ado, 


Eag = Ease = Aa3 = Aa, 


There are, of course, all the other equations for |n| is greater than 2. They will 
look just like Eq. (13.16). 

For the general case, we really ought to use a different A for the amplitude 
that the electron jumps to or from atom “zero,” but the main features of what 
goes on will come out of a simplified example in which all the A’s are equal. 

Equation (13.10) would still work as a solution for all of the equations except 
the one for atom “‘zero”—it isn’t right for that one equation. We need a different 
solution which we can cook up in the following way. Equation (13.10) represents 
a wave going in the positive x-direction. A wave going in the negative x-direction 
would have been an equally good solution. It would be written 

a(x,) = en, 
The most general solution we could have taken for Eq. (13.6) would be a com- 
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bination of a forward and a backward wave, namely 


a, = ae'*t 4+ Behn, (13.29) 


This solution represents a complex wave of amplitude a moving in the +x-direction 
and a wave of amplitude 8 moving in the — x-direction. 

Now take a look at the set of equations for our new problem—the ones in 
(13.28) together with those for all the other atoms. The equations involving 
ys withn < 1 are all satisfied by Eq. (13.29), with the condition that k is related 
to E and the lattice spacing b by 


E = Ey — 2A coskb. (13.30) 


The physical meaning is an “incident” wave of amplitude a approaching atom 
“zero” (the ‘‘scatterer’’) from the left, and a “‘scattered’’ or “‘reflected”’ wave of 
amplitude 6 going back toward the left. We do not loose any generality if we set 
the amplitude a of the incident wave equal to 1. Then the amplitude @ is, in 
general, a complex number. 

We can say all the same things about the solutions of a, for n > 1. The 
coefficients could be different, so we would have for them 


a, = Yen 4 gem for =n > I. (13.31) 


Here, ¥ is the amplitude of a wave going to the right and 5 a wave coming from 
the right. We want to consider the physical situation in which a wave is originally 
started only from the left, and there is only a ‘“‘transmitted’’ wave that comes out 
beyond the scatterer—or impurity atom. We will try for a solution in which 
6 = 0, We can, certainly, satisfy all of the equations for the a, except for the 
middle three in Eq. (13.28) by the following trial solutions. 


— ptkrn thay, 
a, (forn < 0) = e+ Bev", (13.32) 


a, (forn > 0) = YerFn, 


The situation we are talking about is illustrated in Fig. 13-6. 

By using the formulas in Eq. (13.32) for a_, and a,,, the three middle equa- 
tions of Eq. (13.28) will allow us to solve for ao and also for the two coefficients 
Band Y. So we have found a complete solution. Setting x, = nb, we have to solve 
the three equations 


(E _ Ey){e\— + pei = — Alay pi eth\-2%) + Bere. 
(E — Ey — Fay = —Afre’®? + e—) 4 ge“ (13.33) 
(E ~ Epyve’™ = —Afve*?” + ao}. 


Remember that E is given in terms of k by Eq. (13.30). If you substitute this 
value for E into the equations, and remember that cos x = $(e* + e7'*), you 
get from the first equation that 


ao=1+4+8; (13.34) 
and from the third equation that 
ao = ¥. (13.35) 
These are consistent only if 
y=1+68 (13.36) 


This equation says that the transmitted wave (7) is just the original incident wave 
(1) with an added wave (8) equal to the reflected wave. This is not always true, 
but happens to be so for a scattering at one atom only. If there were a clump of 
impurity atoms, the amount added to the forward wave would not necessarily 
be the same as the reflected wave. 


13-11 


SCATTERED WAVE 
TRANSMITTED WAVE 


B=—— 


| 
{ 
! 
INCIDENT WAVE y 
aaa 
| 
oee en @ 
n--4 -3 -2 -- O 1 2 3 4 


Fig. 13-6. Waves in a one-dimen- 
sional lattice with one “impurity” atom 
atn = 0. 
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Fig. 13-7. The relative probabilities 
of finding a trapped electron at atomic 
sites near the trapping impurity atom. 


We can get the amplitude 6 of the reflected wave from the middle equation 
of Eq. (13.33); we find that 
—F 
B= F-7idsn kb ees 
We have the complete solution for the lattice with one unusual atom. 

You may be wondering how the transmitted wave can be “more” than the 
incident wave as it appears in Eq. (13.34). Remember, though, that 8 and Y are 
complex numbers and that the number of particles (or rather, the probability of 
finding a particle) in a wave 1s proportional to the absolute square of the amplitude. 
In fact, there will be “conservation of electrons” only if 


lal? + |r|? = 1. (13.38) 


You can show that this is true for our solution. 


13-7 Trapping by a lattice imperfection 


There is another interesting situation that can arise if F is a negative number. 
If the energy of the electron is lower at the impurity atom (at n = 0) than it is 
anywhere else, then the electron can get caught on this atom. That is, if (Ey + F) 
is below the bottom of the band at (Ey — 2A), then the electron can get “trapped” 
in a state with E < Ey — 2A. Such a solution cannot come out of what we have 
done so far. We can get this solution, however, if we permit the trial solution we 
took in Eq. (13.15) to have an imaginary number fork. Let’ssetk = ix Again, we 
can have different solutions for n < 0 and for n > 0. A possible solution for 
n < 0 might be 


a, (forn < 0) = cett*”. (13.39) 


We have to take a plus sign in the exponent; otherwise the amplitude would get 
indefinitely large for large negative values of n. Similarly, a possible solution for 
n > 0 would be 


a, (forn > 0) = cle~**”, (13.40) 


If we put these trial solutions into Eq. (13.28) all but the middle three are 
satisfied provided that 


E = Ey — A(e’ +e"), (13.41) 


Since the sum of the two exponential terms is always greater than 2, this energy 
is below the regular band, and 1s what we are looking for. The remaining three 
equations in Eq. (13.28) are satisfied if ¢ = c’ and if x is chosen so that 


Ale’ — e@") = —F, (13.42) 


Combining this equation with Eq. (13.41) we can find the energy of the trapped 
electron; we get 


E= Ey — V4A? + FP? (13.43) 


The trapped electron has a unique energy—located somewhat below the con- 
duction band. 

Notice that the amplitudes we have in Eq. (13.39) and (13.40) do nor say that 
the trapped electron sits right on the impurity atom. The probability of finding 
the electron at nearby atoms is given by the square of these amplitudes. For one 
particular choice of the parameters it might vary as shown in the bar graph of 
Fig. 13-7. The probability is greatest for finding the electron on the impurity 
atom. For nearby atoms the probability drops off exponentially with the distance 
from the impurity atom. This is another example of “‘barrier penetration.” From 
the point-of-view of classical physics the electron doesn’t have enough energy to 
get away from the energy “hole” at the trapping center. But quantum mechanically 
it can leak out a little way. 
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13-8 Scattering amplitudes and bound states 


Finally, our example can be used to illustrate a point which is very useful 
these days in the physics of high-energy particles. It has to do with a relationship 
between scattering amplitudes and bound states. Suppose we have discovered— 
through experiment and theoretical analysis—the way that pions scatter from 
protons. Then a new particle is discovered and someone wonders whether maybe 
it is just a combination of a pion and a proton held together in some bound state 
(in an analogy to the way an electron is bound to a proton to make a hydrogen 
atom). By a bound state we mean a combination which has a lower energy than 
the two free-particles. 

There is a general theory which says that a bound state will exist at that 
energy at which the scattering amplitude becomes infinite if extrapolated alge- 
braically (the mathematical term is ‘analytically continued’’) to energy regions 
outside of the permitted band. 

The physical reason for this is as follows. A bound state is a situation in 
which there are only waves tied on to a point and there’s no wave coming in to get 
it started, it just exists there by itself. The relative proportion between the so-called 
“scattered”? or created wave and the wave being “‘sent in’’ is infinite. We can test 
this idea in our example. Let’s write our expression Eq. (13.37) for the scattered 
amplitude directly in terms of the energy E of the particle being scattered (instead 
of in terms of &). Since Equation (13.30) can be rewritten as 


2A sinkb = V/4A2 — (E — Ep)?, 
the scattered amplitude is 


8 —F 


f= (AT OIE = Ee (13.44) 


From our derivation, this equation should be used only for real states—those with 
energies in the energy band, E = E, + 2A. But suppose we forget that fact and 
extend the formula into the “unphysical” energy regions where |E — Eo| > 24. 
For these unphysical regions we can writet 


GA? — (E— Ey? = iV(E — Ey)? — 482. 
Then the ‘‘scattering amplitude,’’ whatever it may mean, is 
— =P . 
F+ V(E— Ey)? — 44 


B (13.45) 


Now we ask: Is there any energy E for which 8 becomes infinite (i.e., for which the 
expression for 6 has a “pole’’)? Yes, so long as F is negative, the denominator of 
Eq (13.45) will be zero when 


(E — Ep)? — 4A? = F?, 


E= Ey + V4A2 + F?. 


The minus sign gives just the energy we found in Eq. (13.43) for the trapped energy. 

What about the plus sign? This gives an energy above the allowed energy 
band. And indeed there is another bound state there which we missed when we 
solved the equations of Eq. (13.28). We leave it as a puzzle for you to find the 
energy and amplitudes a, for this bound state. 

The relation between scattering and bound states provides one of the most 
useful clues in the current search for an understanding of the experimental ob- 
servations about the new strange particles. 


or when 


t The sign of the root to be chosen here is a technical point related to the allowed 
signs of «x in Eqs. (13.39) and (13 40). We won’t go into it here. 
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14 


Semiconductors 


14-1 Electrons and holes in semiconductors 


One of the remarkable and dramatic developments in recent years has been 
the application of solid state science to technical developments 1n electrical devices 
such as transistors. The study of semiconductors led to the discovery of their 
useful properties and to a large number of practical applications. The field 1s 
changing so rapidly that what we tell you today may be incorrect next year. It 
will certainly be incomplete. And it is perfectly clear that with the continuing 
study of these materials many new and more wonderful things will be possible 
as time goes on. You will not need to understand this chapter for what comes 
later in this volume, but you may find it interesting to see that at least something 
of what you are learning has some relation to the practical world. 

There are Jarge numbers of semiconductors known, but we'll concentrate 
on those which now have the greatest technical application. They are also the 
ones that are best understood, and 1n understanding them we will obtain a degree 
of understanding of many of the others. The semiconductor substances in most 
common use today are silicon and germanium. These elements crystallize in the 
diamond lattice, a kind of cubic structure in which the atoms have tetrahedral 
bonding with their four nearest neighbors. They are insulators at very low tempera- 
tures—near absolute zero—although they do conduct electricity somewhat at 
room temperature. They are not metals; they are called semiconductors. 

If we somehow put an extra electron into a crystal of silicon or germanium 
which 1s at a low temperature, we will have just the situation we described in the 
last chapter. The electron will be able to wander around in the crystal jumping 
from one atomic site to the next. Actually, we have looked only at the behavior 
of electrons in a rectangular lattice, and the equations would be somewhat different 
for the real lattice of silicon or germanium. All of the essential points are, however, 
illustrated by the results for the rectangular lattice. 

As we saw in Chapter 13, these electrons can have energies only in a certain 
energy band—called the conduction band. Within this band the energy is related 
to the wave-number & of the probability amplitude C (see Eq. 13.24) by 


E = Ey — 2A,cosk,a — 2A,cosk,b — 2Acosk,c. (14.1) 


The A’s are the amplitudes for jumping in the x-, y-, and z-directions, and a, b. 
and c are the lattice spacings in these directions. 
For energies near the bottom of the band, we can approximate Eq. (14.1) by 


E = Eni + Apa*k? + Ab?kG + Asctk? (14.2) 


(see Section 13-4) 

If we think of electron motion 1n some particular direction, so that the com- 
ponents of & are always in the same ratio, the energy is a quadratic function of 
the wave number—and as we have seen of the momentum of the electron. We 
can write 


E = Evin + ak?, (14.3) 


where a is some constant, and we can make a graph of E versus k as in Fig. 14-1. 
We'll call such a graph an “energy diagram.” An electron in a particular state of 
energy and momentum can be indicated by a point such as S tn the figure 
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Fig. 14-1. The energy diagram for 
an electron in an insulating crystal. 


As we also mentioned in Chapter 13, we can have a similar situation if we 
remove an electron from a neutral insulator. Then, an electron can jump over 
from a nearby atom and fill the “hole,” but leaving another “‘hole”’ at the atom it 
started from. We can describe this behavior by writing an amplitude to find the 
hole at any particular atom, and by saying that the Hole can jump from one atom to 
the next. (Clearly, the amplitudes A that the hole jumps from atom a to atom b 
is just the same as the amplitude that an electron on atom 6 jumps into the hole 
at atom a.) The mathematics is just the same for the Aole as it was for the extra 
electron, and we get again that the energy of the hole is related to its wave number 
by an equation just like Eq. (14.1) or (14.2), except, of course, with different nu- 
merical values for the amplitudes 4,, A,, and A,. The hole has an energy related 
to the wave number of its probability amplitudes. Its energy lies in a restricted 
band, and near the bottom of the band its energy varies quadratically with the 
wave number—or momentum—just as in Fig. 14-1. Following the arguments of 
Section 13-3, we would find that the hole also behaves like a classical particle 
with a certain effective mass—except that in noncubic crystals the mass depends 
on the direction of motion. So the hole behaves like a positive particle moving 
through the crystal. The charge of the hole-particle is positive, because it is located 
at the site of a missing electron: and when it moves in one direction there are ac- 
tually electrons moving in the opposite direction. 

If we put several electrons into a neutral crystal, they will move around much 
like the atoms of a low-pressure gas. If there are not too many, their interactions 
will not be very important. If we then put an electric field across the crystal, the 
electrons will start to move and an electric current will flow. Eventually they would 
all be drawn to one edge of the crystal, and, if there is a metal electrode there, 
they would be collected, leaving the crystal neutral. 

Similarly we could put many holes into a crystal. They would roam around 
at random unless there is an electric field. With a field they would flow toward 
the negative terminal, and would be “collected’”—what actually happens is that 
they are neutralized by electrons from the metal terminal. 

One can also have both holes and electrons together. If there are not too 
many, they will all go their way independently. With an electric field, they will 
all contribute to the current. For obvious reasons, electrons are called the negative 
carriers and the holes are called the positive carriers. 

We have so far considered that electrons are put into the crystal from the 
outside, or are removed to make a hole. It is also possible to “‘create’’ an electron- 
hole pair by taking a bound electron away from one neutral atom and putting it 
some distance away in the same crystal. We then have a free electron and a free 
hole, and the two can move about as we have described. 

The energy required to put an electron into a state S—we say to “create” 
the state S—is the energy E~ shown in Fig, 14-2. It is some energy above Ej. 
The energy required to “create” a hole in some state S’ is the energy Et of Fig. 
14-3, which is some energy greater than E,,. Now if we create a pair in the states 
S and S’, the energy required 1s just E~ + E*. 


Fig. 14-2. The energy E~ is required Fig. 14-3. The energy E* is required 


to create” a free electron. 


to “create” a hole in the state S’. 
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The creation of pairs is a common process (as we will see later), so many 
people like to put Fig. 14-2 and Fig. 14-3 together on the same graph—with the 
hole energy plotted downward, although it is, of course a positive energy. We have 
combined our two graphs in this way in Fig. 14-4. The advantage of such a 
graph 1s that the energy Ey... = E~ + Et required to create a pair with the 
electron in S and the hole in S’ 1s just the vertical distance between S and S’ as 
shown in Fig. 14-4. The minimum energy required to create a pair is called the 
“gap” energy and is equal to E,,, + E.. 

Sometimes you will see a simpler diagram called an energy level diagram which 
is drawn when people are not interested in the k variable. Such a diagram—shown 
in Fig. 14-5—just shows the possible energies for the electrons and holes.f 

How can electron-hole pairs be created? There are several ways. For ex- 
ample, photons of light (or x-rays) can be absorbed and create a pair if the photon 
energy is above the energy of the gap. The rate at which pairs are produced is 
proportional to the light intensity. If two electrodes are plated on a wafer of the 
crystal and a “‘bias” voltage is applied, the electrons and holes will be drawn to 
the electrodes. The circuit current will be proportional to the intensity of the light. 
This mechanism is responsible for the phenomenon of photoconductivity and the 
operation of photoconductive cells. 

Electron hole pairs can also be produced by high-energy particles. When a 
fast-moving charged particle—for instance, a proton or a pion with an energy of 
tens or hundreds of Mev—goes through a crystal, its electric field will knock elec- 
trons out of their bound states creating electron-hole pairs. Such events occur 
hundreds of thousands of times per millimeter of track. After the passage of the 
particle, the carriers can be collected and in doing so will give an electrical pulse. 
This is the mechanism at play in the semiconductor counters recently put to use 
for experiments in nuclear physics. Such counters do not require semiconductors: 
they can also be made with crystalline insulators. In fact, the first of such counters 
was made using a diamond crystal which is an insulator at room temperature. 
Very pure crystals are required if the holes and electrons are to be able to move 
freely to the electrodes without being trapped. The semiconductors silicon and 
germanium are used because they can be produced with high purity in reasonable 
large sizes (centimeter dimensions). 

So far we have been concerned with semiconductor crystals at temperatures 
near absolute zero. At any finite temperature there is still another mechanism by 
which electron-hole pairs can be created. The pair energy can be provided from 
the thermal energy of the crystal. The thermal vibrations of the crystal can transfer 
their energy to a pair—giving rise to “spontaneous” creation. 

The probability per unit time that the energy as large as the gap energy Egap 
will be concentrated at one atomic site is proportional to e—“ear/*", where T is the 
temperature and x is Boltzmann’s constant (see Chapter 40, Vol. I). Near absolute 
zero there is no appreciable probability, but as the temperature rises there is 
an increasing probability of producing such pairs. At any finite temperature the 
production should continue forever at a constant rate giving more and more 
negative and positive carriers. Of course that does not happen because after 
awhile the electrons and holes accidentally find each other—the electron drops 
into the hole and the excess energy is given to the lattice. We say that the electron 
and hole ‘“‘annihilate.”” There is a certain probability per second that a hole meets 
an electron and the two things annihilate each other. 

If the number of electrons per unit volume is N, (” for negative carriers) 
and the density of positive carriers is V,, the chance per unit time that an electron 
and a hole will find each other and annihilate is proportional to the product NV, Np. 
In equilibrium this rate must equal the rate that pairs are created. You see that in 


+ In many books this same energy diagram is interpreted in a different way. The energy 
scale refers only to electrons. Instead of thinking of the energy of the hole, they think of 
the energy an electron would have if it filled the hole. This energy 1s /ower than the free- 
electron energy—in fact, just the amount lower that you see in Fig. 14-5. With this 
interpretation of the energy scale, the gap energy is the minimum energy which must be 
given fo an electron to move it from its bound state to the conduction band. 


14-3 


E (electron) 
ELECTRON 


(Positive energy downward) 


Fig. 14-4. Energy diagrams for an 
electron and a hole drawn together. 


E (electron) 


BAND 


HOLE 
CONDUCTION 
BAND 


E*(hole) 


Fig. 14-5. Energy level diagram for 
electrons and holes. 


equilibrium the product of N, and N, should be given by some constant times the - 
Boltzmann factor: 


N,N», = const e 2 eer!*? (144) 


When we say constant, we mean nearly constant. A more complete theory—which 
includes more details about how holes and electrons “find” each other—shows 
that the “constant” is slightly dependent upon temperature, but the major de- 
pendence on temperature is in the exponential. 

Let’s consider, as an example, a pure material which is originally neutral. 
At a finite temperature you would expect the number of positive and negative 
carriers to be equal, N, = Ny. Then each of them should vary with temperature 
as e “a!?*T The variation of many of the properties of a superconductor—the 
conductivity for example—is mainly determined by the exponential factor because 
all the other factors vary much more slowly with temperature. The gap energy for 
germanium is about 0.72 ev and for silicon 1.1 ev. 

At room temperature xT is about 1/40 of an electron volt. At these tempera- 
tures there are enough holes and electrons to give a significant conductivity, while 
at, say, 30°K—one-tenth of room temperature—the conductivity is imperceptible. 
The gap energy of diamond is 6 or 7 ev and diamond is a good insulator at room 
temperature. 


14-2 Impure semiconductors 


So far we have talked about two ways that extra electrons can be put into an 
otherwise ideally perfect crystal lattice. One way was to inject the electron from 
an outside source; the other way, was to knock a bound electron off a neutral 
atom creating simultaneously an electron and a hole. It is possible to put electrons 
into the conduction band of a crystal in still another way. Suppose we imagine a 
crystal of germanium in which one of the germanium atoms is replaced by an 
arsenic atom. The germanium atoms have a valence of 4 and the crystal structure 
is controlled by the four valence electrons. Arsenic, on the other hand, has a 
valence of 5. It turns out that a single arsenic atom can sit in the germanium lattice 
(because it has approximately the correct size), but in doing so it must act as a 
valence 4 atom—using four of its valence electrons to form the crystal bonds and 
having one electron left over. This extra electron is very loosely attached—the 
binding energy is less than 1/10 of a volt. At room temperature the electron easily 
picks up that much energy from the thermal energy of the crystal, and then takes 
off on its own—moving about in the lattice as a free electron. An impurity atom 
such as the arsenic is called a donor site because it can give up a negative carrier 
to the crystal. If a crystal of germanium is grown from a melt to which a very small 
amount of arsenic has been added, the arsenic donor sites will be distributed 
throughout the crystal and the crystal will have a certain density of negative 
carriers built in. 

You might think that these carriers would get swept away as soon as any small 
electric field was put across the crystal. This will not happen, however, because 
the arsenic atoms in the body of the crystal each have a positive charge. If the body 
of the crystal is to remain neutral, the average density of negative carrier electrons 
must be equal to the density of donor sites. If you put two electrodes on the edges 
of such a crystal and connect them to a battery, a current will flow; but as the 
carrier electrons are swept out at one end, new conduction electrons must be 
introduced from the electrode on the other end so that the average density of 
conduction electrons is left very nearly equal to the density of donor sites. 

Since the donor sites are positively charged, there will be some tendency for 
them to capture some of the conduction electrons as they diffuse around inside 
the crystal. A donor site can, therefore, act as a trap such as those we discussed 
in the Jast section. But if the trapping energy is sufficiently small—as it is for arsenic 
—the number of carriers which are trapped at any one time is a small fraction 
of the total. For a complete understanding of the behavior of semiconductors 
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one must take into account this trapping. For the rest of our discussion, however, 
we will assume that the trapping energy is sufficiently low and the temperature is 
sufficiently high, that all of the donor sites have given up their electrons. This is, 
of course, just an approximation. 

It is also possible to build into a germanium crystal some impurity atom 
whose valence is 3, such as aluminum. The aluminum atom tries to act as a 
valence 4 object by stealing an extra electron. It can steal an electron from some 
nearby germanium atom and end up as a negatively charged atom with an effective 
valence of 4. Of course, when it steals the electron from a germanium atom, it 
leaves a hole there; and this hole can wander around in the crystal as a positive 
carrier. An impurity atom which can produce a hole in this way is called an 
acceptor because it “accepts” an electron. If a germanium or a silicon crystal is 
grown from a melt to which a small amount of aluminum impurity has been 
added, the crystal will have built-in a certain density of holes which can act as 
positive carriers. 

When a donor or an acceptor impurity is added to a semiconductor, we say 
that the material has been ‘“‘doped.” 

When a germanium crystal with some built-in donor impurities is at room 
temperature, some conduction electrons are contributed by the thermally induced 
electron-hole pair creation as well as by the donor sites. The electrons from both 
sources are, naturally, equivalent, and it is the total number N,, which comes into 
play in the statistical processes that lead to equilibrium. If the temperature is not 
too low, the number of negative carriers contributed by the donor impurity atoms 
is roughly equal to the number of impurity atoms present. In equilibrium Eq. 
(14.4) must still be valid; at a given temperature the product N,N, is determined. 
This means that if we add some donor impurity which increases N,, the number 
N, of positive carriers will have to decrease by such an amount that N,N, is 
unchanged. If the impurity concentration is high enough, the number WN, of nega- 
tive carriers is determined by the number of donor sites and is nearly independent 
of temperature—all of the variation in the exponential factor is supplied by N,, 
even though it is much less than N,. An otherwise pure crystal with a small con- 
centration of donor impurity will have a majority of negative carriers; such a 
material is called an ‘“‘n-type’’ semiconductor. 

If an acceptor-type impurity is added to the crystal lattice, some of the new 
holes will drift around and annihilate some of the free electrons produced by 
thermal fluctuation. This process will go on until Eq. (14.4) is satisfied. Under 
equilibrium conditions the number of positive carriers will be increased and the 
number of negative carriers will be decreased, leaving the product a constant. A 
material with an excess of positive carriers 1s called a “‘p-type’’ semiconductor. 

If we put two electrodes on a piece of semiconductor crystal and connect 
them to a source of potential difference, there will be an electric field inside the 
crystal. The electric field will cause the positive and the negative carriers to move, 
and an electric current will flow. Let’s consider first what will happen in an 
n-type material in which there is a large majority of negative carriers. For such 
material we can disregard the holes, they will contribute very little to the current 
because there are so few of them. Jn an ideal crystal the carriers would move across 
without any impediment. In a real crystal at a finite temperature, however,— 
especially in a crystal with some impurities—the electrons do not move completely 
freely. They are continually making collisions which knock them out of their 
original trajectories, that is, changing their momentum. These collisions are just 
exactly the scatterings we talked about in the last chapter and occur at any irregu- 
larity in the crystal lattice. In an n-type material the main causes of scattering are 
the very donor sites that are producing the carriers. Since the conduction electrons 
have a very slightly different energy at the donor sites, the probability waves are 
scattered from that point. Even in a perfectly pure crystal, however, there are 
(at any finite temperature) irregularities in the lattice due to thermal vibrations. 
From the classical point of view we can say that the atoms aren’t lined up exactly 
on a regular lattice, but are, at any instant, slightly out of place due to their thermal 
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vibrations. The energy Ep associated with each lattice point in the theory we 
described in Chapter 13 varies a little bit from place to place so that the waves of 
probability amplitude are not transmitted perfectly but are scattered in an irregular 
fashion. At very high temperatures or for very pure materials this scattering may 
become important, but in most doped materials used in practical devices the 
impurity atoms contribute most of the scattering. We would like now to make an 
estimate of the electrical conductivity of such a material. 

When an electric field is applied to an n-type semiconductor, each negative 
carrier will be accelerated in this field, picking up velocity until it is scattered from 
one of the donor sites. This means that the carriers which are ordinarily moving 
about in a random fashion with their thermal energies will pick up an average 
drift velocity along the lines of the electric field and give rise to a current through 
the crystal. The drift velocity is in general rather small compared with the typical 
thermal velocities so that we can estimate the current by assuming that the average 
time that the carrier travels between scatterings is a constant. Let’s say that the 
negative carrier has an effective electric charge g,. In an electric field &, the force 
on the carrier will be g,8. In Section 43-3 of Volume I we calculated the average 
drift velocity under such circumstances and found that it is given by F7/m, where 
F is the force on the charge, 7 is the mean free time between collisions, and m is the 
mass. We should use the effective mass we calculated in the last chapter but 
since we want to make a rough calculation we will suppose that this effective mass 
is the same in all directions. Here we will call 1t m,. With this approximation the 
average drift velocity will be 


Vanit = ———" (14.5) 


Knowing the drift velocity we can find the current. Electric current density j is 
just the number of carriers per unit volume, N,,, multiplied by the average drift 
velocity, and by the charge on each carrier. The current density is therefore 


NnGaTn 
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We see that the current density is proportional to the electric field; such a semi- 
conductor material obeys Ohm’s law. The coefficient of proportionality between 
j and &, the conductivity a, is 
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For an n-type material the conductivity is relatively independent of temperature. 
First, the number of majority carriers N,, 1s determined primarily by the density 
of donors in the crystal (so long as the temperature is not so low that too many 
of the carriers are trapped). Second, the mean time between collisions 7, is mainly 
controlled by the density of impurity atoms, which is, of course, independent of 
the temperature. 

We can apply all the same arguments to a p-type material, changing only the 
values of the parameters which appear in Eq. (14.7). If there are comparable 
numbers of both negative and positive carriers present at the same time, we must 
add the contributions from each kind of carrier. The total conductivity will be 
given by 


c= Nn ath + Np QT | 


Mm, Mp 


(14.8) 


For very pure materials, V,, and N,, will be nearly equal. They will be smaller 
than in a doped material, so the conductivity will be fess. Also they will vary 
rapidly with temperature (like e~"er!*7, as we have seen), so the conductivity 
may change extremely fast with temperature. 
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14-3 The Hall effect 


It is certainly a peculiar thing that in a substance where the only relatively 
free objects are electrons, there should be an electrical current carried by holes 
that behave like positive particles. We would like, therefore, to describe an experi- 
ment that shows in a rather clear way that the sign of the carrier of electric current 
is quite definitely positive. Suppose we have a block made of semiconductor 
material—it could also be a metal—and we put an electric field on it so as to drawa 
current in some direction, say the horizontal direction as drawn in Fig. 14-6. 
Now suppose we put a magnetic field on the block pointing at a right angle to 
the current, say info the plane of the figure. The moving carriers will feel a mag- 
netic force g(v X B). And since the average drift velocity 1s either right or left— 
depending on the sign of the charge on the carrier—the average magnetic force on 
the carriers will be either up or down. No, that is not right! For the directions 
we have assumed for the current and the magnetic field the magnetic force on the 
moving charges will always be wp. Positive charges moving 1n the direction of j 
(to the right) will feel an upward force. If the current 1s carried by negative charges, 
they will be moving left (for the same sign of the conduction current) and they 
will also feel an upward force. Under steady conditions, however, there is no 
upward motion of the carriers because the current can flow only from left to right. 
What happens is that a few of the charges initially flow upward, producing a sur- 
face charge density along the upper surface of semiconductor—leaving an equal 
and opposite surface charge density along the bottom surface of the crystal. The 
charges pile up on the top and bottom surfaces until the electric forces they produce 
on the moving charges Just exactly cancel the magnetic force (on the average) so 
that the steady current flows horizontally. The charges on the top and bottom 
surfaces will produce a potential difference vertically across the crystal which can 
be measured with a high-resistance voltmeter, as shown in Fig. 14-7. The sign 
of the potential difference registered by the voltmeter will depend on the sign of 
the carrier charges responsible for the current. 

When such experiments were first done it was expected that the sign of the 
potential difference would be negative as one would expect for negative conduction 
electrons. People were, therefore, quite surprised to find that for some materials 
the sign of the potential difference was in the opposite direction. It appeared that 
the current carrier was a particle with a positive charge. From our discussion of 
doped semiconductors it is understandable that an n-type semiconductor should 
produce the sign of potential difference appropriate to negative carriers, and that 
a p-type semiconductor should give an opposite potential difference, since the 
current is carried by the positively charged holes. 

The original discovery of the anomalous sign of the potential difference in 
the Hall effect was made in a metal rather than a semiconductor. It had been 
assumed that in metals the conduction was always by electron; however, it was 
found out that for berylium the potential difference had the wrong sign. It 1s now 
understood that in metals as well as in semiconductors it is possible, in certain 
circumstances, that the ‘“‘objects” responsible for the conduction are holes. Al- 
though it is ultimately the electrons in the crystal which do the moving, neverthe- 
Jess, the relationship of the momentum and the energy, and the response to external 
fields is exactly what one would expect for an electric current carried by positive 
particles. 

Let’s see if we can make a quantitative estimate of the magnitude of the volt- 
age difference expected from the Hall effect. If the voltmeter in Fig 14-7 draws a 
negligible current, then the charges inside the semiconductor must be moving 
from left to right and the vertical magnetic force must be precisely cancelled by a 
vertical electric field which we will call &, (the “tr” is for ‘transverse’’). If this 
electric field is to cancel the magnetic forces, we must have 


Str = —Vant x B. (14.9) 


Using the relation between the drift velocity and the electric current density given 
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Fig. 14~7. Measuring the Hall effect. 
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in Eq. (14.6), we get 
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The potential difference between the top and the bottom of the crystal is, of course, 
this electric field strength multiplied by the height of the crystal. The electric field 
strength &, in the crystal is proportional to the current density and to the mag- 
netic field strength. The constant of proportionality 1/gN 1s called the Hall 
coefficient and is usually represented by the symbol Ry. The Hall coefficient de- 
pends just on the density of carriers—provided that carriers of one sign are in a 
large majority. Measurement of the Hall effect is, therefore, one convenient way 
of determining experimentally the density of carriers in a semiconductor. 


14-4 Semiconductor junctions 


We would like to discuss now what happens if we take two pieces of germanium 
or silicon with different internal characteristics—say different kinds or amounts 
of doping—and put them together to make a “junction.”’ Let’s start out with what 
is called a p-n junction in which we have p-type germanium on one side of the 
boundary and n-type germanium on the other side of the boundary—as sketched 
in Fig. 14-8. Actually, it 1s not practical to put together two separate pieces of 
crystal and have them in uniform contact on an atomic scale. Instead, junctions 
are made out of a single crystal which has been modified in the two separate 
regions. One way is to add some suitable doping impurity to the “melt” after 
only half of the crystal has grown. Another way is to paint a little of the impurity 
element on the surface and then heat the crystal causing some impurity atoms to 
diffuse into the body of the crystal. Junctions made in these ways do not have a 
sharp boundary, although the boundaries can be made as thin as 107 * centimeters 
or so. For our discussions we will imagine an ideal situation in which these two 
regions of the crystal with different properties meeting at a sharp boundary. 

On the n-type side of p-n junction there are free electrons which can move 
about, as well as the fixed donor sites which balance the overall electric charge. 
On the p-type side there are free holes moving about and an equal number of 
negative acceptor sites keeping the charge balanced. Actually, that describes the 
situation before we put the two materials in contact. Once they are connected 
together the situation will change near the boundary. When the electrons in 
the -type material arrive at the boundary they will not be reflected back as they 
would at a free surface, but are able to go right on into the p-type material. Some 
of the electrons of the n-type material will, therefore, tend to diffuse over into the 
p-type material where there are fewer electrons. This cannot go on forever because 
as we lose electrons from the n-side the net positive charge there increases until 
finally an electric voltage is built up which retards the diffusion of electrons into 
the p-side. In a similar way, the positive carriers of the p-type material can diffuse 
across the junction into the n-type material. When they do this they leave behind 
an excess of negative charge. Under equilibrium conditions the net diffusion cur- 
rent must be zero. This brought about by the electric fields which are established 
in such a way as to draw the positive carriers back toward the p-type material. 

The two diffusion processes we have been describing go on simultaneously 
and, you will notice, both act in the direction which will charge up the n-type 
material in a positive sense and the p-type material in a negative sense. Because 
of the finite conductivity of the semiconductor material, the change in potential 
from the p-side to the n-side will occur in a relatively narrow region near the bound- 
ary; the main body of each block of material will have a uniform potential. Let's 
imagine an x-axis 1n a direction perpendicular to the boundary surface. Then the 
electric potential will vary with x, as shown in Fig. 14-9(b). We have also shown 
in part (c) of the figure the expected variation of the density N,, of n-carriers and 
the density N, of p-carners. Far away from the junction the carrier densities 
N, and N,, should be just the equilibrium density we would expect for individual 
blocks of materials at the same temperature. (We have drawn the figure for a 
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junction in which the p-type material is more heavily doped than the n-type 
material.) Because of the potential gradient at the junction, the positive carriers 
have to climb up a potential hill to get to the p-type side. This means that under 
equilibrium conditions there can be fewer positive carriers in the n-type material 
than there are in the p-type material Remembering the laws of statistical me- 
chanics, we expect that the ratio of p-type carriers on the two sides to be given by 
the following equation: 

N,(p-side) _ a, Vix 

Nansidey nik: 
The product q,V in the numerator of the exponential is yust the energy required to 
carry a charge of g, through a potential difference V. 

We have a precisely similar equation for the densities of the n-type carriers: 


Ny (n-side) a, Vix 

N,,(p-side) : 
If we know the equilibrium densities in each of the two materials, we can use 
either of the two equations above to determine the potential difference across the 
junction. 

Notice that if Eqs. (14.10) and (14.11) are to give the same value for the 
potential difference V, the product N,N, must be the same for the p-side as for 
the n-side. (Remember that g, = —gp.) We have seen earlier, however, that this 
product depends only on the temperature and the gap energy of the crystal. 
Provided both sides of the crystal are at the same temperature, the two equations 
are consistent with the same value of the potential difference. 

Since there is a potential difference from one side of the junction to the other, 
it looks something like a battery. Perhaps if we connect a wire from the n-type side 
to the p-type side we will get an electrical current. That would be nice because 
then the current would flow forever without using up any material and we would 
have an infinite source of energy in violation of the second law of thermodynamics! 
There is, however, no current if you connect a wire from the p-side to the n-side. 
And the reason 1s easy to see. Suppose we imagine first a wire made out of a piece 
of undoped material. When we connect this wire to the n-type side, we have a 
Junction. There will be a potential difference across this junction. Let’s say that 
it is just one-half the potential difference from the p-type material to the n-type 
material. When we connect our undoped wire to the p-type side of the junction, 
there is also a potential difference at this junction—again, one-half the potential 
drop across the p-n junction. At all the junctions the potential differences adjust 
themselves so that there is no net current flow in the circuit. Whatever kind of wire 
you use to connect together the two sides of the n-p Junction, you are producing 
two new junctions, and so long as all the junctions are at the same temperature, the 
potential yumps at the junctions all compensate each other and no current will 
flow in the circuit. It does turn out, however—if you work out the details—that if 
some of the junctions are at a different temperature than the other junctions, 
currents will flow. Some of the junctions will be heated and others will be cooled 
by this current and thermal energy will be converted into electrical energy. This 
effect is responsible for the operation of thermocouples which are used for measur- 
ing temperatures, and of thermoelectric generators. The same effect is also used 
to make small refrigerators. 

If we cannot measure the potential difference between the two sides of an 
n-p junction, how can we really be sure that the potential gradient shown in Fig. 
14-9 really exists? One way is to shine light on the junction. When the light 
photons are absorbed they can produce an electron-hole pair. In the strong 
electric field that exists at the junction (equal to the slope of the potential curve of 
Fig. 14-9) the hole will be driven into the p-type region and the electron will be 
driven into the n-type region. If the two sides of the junction are now connected 
to an external circuit, these extra charges will provide a current. The energy of 
the light will be converted into electrical energy in the junction. The solar cells 
which generate electrical power for the operation of some of our satellites operate 
on this principle. 


(14.11) 
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In our discussion of the operation of a semiconductor junction we have been 
assuming that the holes and the electrons act more-or-less independently—except 
that they somehow get into proper statistical equilibrium. When we were describing 
the current produced by light shining on the junction, we were assuming that an 
electron or a hole produced in the junction region would get into the main body of 
the crystal before being annihilated by a carrier of the opposite polarity. In the 
immediate vicinity of the junction, where the density of carriers of both signs is 
approximately equal, the effect of electron-hole annihilation (or as it is often 
called, “recombination”’) is an important effect, and in a detailed analysis of a semi- 
conductor junction must be properly taken into account. We have been assuming 
that a hole or an electron produced in a junction region has a good chance of 
getting into the main body of the crystal before recombining. The typical time 
for an electron or a hole to find an opposite partner and annihilate it is for typical 
semiconductor materials in the range between 107? and 107? seconds. This time 
is, incidentally, much longer than the mean free time 7 between collisions with 
scattering sites in the crystal which we used in the analysis of conductivity. In 
a typical n-p junction, the time for an electron or hole formed in the junction region 
to be swept away into the body of the crystal is generally much shorter than the 
recombination time. Most of the pairs will, therefore, contribute to an external 
current, 


14-5 Rectification at a semiconductor junction 


We would like to show next how it is that a p-n junction can act like a rectifier. 
If we put a voltage across the junction, a large current will flow if the polarity is in 
one direction, but a very small current will flow if the same voltage is applied in the 
opposite direction. If an alternating voltage is applied across the junction, a net 
current will flow in one direction—the current is “‘rectified.”” Let’s look again at 
what 1s going on in the equilibrium condition described by the graphs of Fig. 
14-9. In the p-type material there is a large concentration N, of positive carriers. 
These carriers are diffusing around and a certain number of them each second 
approach the junction. This current of positive carriers which approaches the 
junction 1s proportional to N,. Most of them, however, are turned back by the 
high potential hill at the junction and only the fraction e~@”/*? gets through. 
There is also a current of positive carriers approaching the junction from the other 
side. This current is also proportional to the density of positive carriers in the 
n-type region, but the carrier density here is much smaller than the density on the 
p-type side. When the positive carriers approach the junction from the n-type 
side, they find a hill with a negative slope and immediately slide downhill to the 
p-type side of the junction. Let’s call this current 7p. Under equilibrium the cur- 
rents from the two directions are equal. We expect then the following relation: 


In ~ N,(n-side) = N,(p-sideje~2"'*". (14.12) 


You will notice that this equation is really just the same as Eq. (14-10). We have 
just derived it in a different way. 

Suppose, however, that we lower the voltage on the n-side of the junction by 
an amount AV—which we can do by applying an external potential difference to 
the junction. Now the difference in potential across the potential hill is no longer 
V but V — AV. The current of positive carriers from the p-side to the n-side will 
now have this potential difference in its exponential factor. Calling this current 
J,, we have 

Ty ~ N,(p-sideye2" AF, 


This current is larger than Jy by just the factor e?4/*?, So we have the following 
relation between J, and J,: 
Lee Teen (14.13) 


The current from the p-side increases exponentially with the externally applied 
voltage AV. The current of positive carriers from the -side, however, remains 
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constant so long as AV is not too large. When they approach the barrier, these 
carriers will still find a downhill potential and will all fall down to the p-side 
(If AV is larger than the natural potential difference V, the situation would change, 
but we will not consider what happens at such high voltages.) The net current J of 
positive carriers which flows across the junction 1s then the difference between the 
currents from the two sides: 

T= Ipfett4¥'*? — 4), (14.14) 


The net current J of holes flows into the n-type region. There the holes diffuse 
into the body of the m-region, where they are eventually annihilated by the majority 
n-type carriers—the electrons. The electrons which are lost in this anmhilation 
will be made up by a current of electrons from the external terminal of the n-type 
material. 

When AV 1s zero, the net current in Eq. (14.14) is zero For positive AV the 
current increases rapidly with the applied voltage. For negative AV the current 
reverses 1n sign, but the exponential term soon becomes negligible and the negative 
current never exceeds Jy—which under our assumptions is rather small. This 
back current J is limited by the small density of the minority carriers on the n-side 
of the junction. 

If you go through exactly the same analysis for the current of negative carriers 
which flows across the junction, first with no potential difference and then with a 
small externally applied potential difference AV, you get again an equation just 
like (14.14) for the net electron current. Since the total current is the sum of the 
currents contributed by the two carriers, Eq. (14.14) still applies for the total 
current provided we identify / 9 as the maximum current which can flow for a 
reversed voltage. 

The voltage-current characteristic of Eq. (14.14) 1s shown in Fig. 14-10. It 
shows the typical behavior of solid state diodes—such as those used in modern 
computers. We should remark that Eq. (14.14) 1s true only for small voltages. 
For voltages comparable to or larger than the natural internal voltage difference 
V, other effects come into play and the current no longer obeys the simple equation. 

You may remember, incidentally, that we got exactly the same equation we 
have found here in Eq. (14.14) when we discussed the “‘mechanical rectifier” —the 
ratchet and pawl—in Chapter 46 of Volume I. We get the same equations in the 
two situations because the basic physical processes are quite similar. 


14-6 The transistor 


Perhaps the most important application of semiconductors is in the transistor. 
The transistor consists of two semiconductor junctions very close together. Its 
operation 1s based in part on the same principles that we just described for the 
semiconductor diode—the rectifying junction. Suppose we make a little bar of 
germanium with three distinct regions, a p-type region, an a-type region, and 
another p-type region, as shown in Fig. 14-11(a). This combination is called a 
p-n-p transistor. Each of the two junctions in the transistor will behave much in 
the way we have described in the last section. In particular, there will be a potential 
gradient at each junction having a certain potential drop from the n-type region to 
each p-type region. If the two p-type regions have the same internal properties, 
the variation in potential as we go across the crystal will be as shown in the graph 
of Fig. 14-11(b). 

Now let’s imagine that we connect each of the three regions to external voltage 
sources as shown in part (a) of Fig. 14-12 We will refer all voltages to the terminal 
connected to the left-hand p-region so it will be, by definition, at zero potential. 
We will call this terminal the emitter. The n-type region 1s called the base and it is 
connected to a slightly negative potential. The right-hand p-type region is called 
the collector, and is connected to a somewhat larger negative potential. Under 
these circumstances the variation of potential across the crystal will be as shown in 
the graph of Fig. 14~12(b). 

Let’s first see what happens to the positive carriers, since it is primarily their 
behavior which controls the operation of the p-n-p transistor. Since the emitter is 
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at a relatively more positive potential than the base, a current of positive carriers 
will flow from the emitter region into the base region. A relatively large current 
flows, since we have a junction operating with a ‘‘forward voltage’’—corresponding 
to the right-hand half of the graph in Fig. 14-10. With these conditions, positive 
carriers or holes are being “emitted”’ from the p-type region into the n-type region. 
You might think that this current would flow out of the n-type region through the 
base terminal b. Now, however, comes the secret of the transistor. The n-type 
region is made very thin—typically 10~* cm or less, much narrower than its trans- 
verse dimensions. This means that as the holes enter the n-type region they have 
a very good chance of diffusing across to the other junction before they are anni- 
hilated by the electrons in the n-type region. When they get to the right-hand 
boundary of the n-type region they find a steep downward potential hill and im- 
mediately fall into the right-hand p-type region. This side of the crystal 1s called 
the collector because it “‘collects” the holes after they have diffused across the n-type 
region. In a typical transistor, all but a fraction of a percent of the hole current 
which leaves the emitter and enters the base is collected in the collector region, 
and only the small remainder contributes to the net base current. The sum of the 
base and collector currents is, of course, equal to the emitter current. 

Now imagine what happens if we vary slightly the potential V, on the base 
terminal. Since we are on a relatively steep part of the curve of Fig. 14-10, a 
small variation of the potential V; will cause a rather large change in the emitter 
current J,. Since the collector voltage V, is much more negative than the base 
voltage, these slight variations in potential will not effect appreciably the steep 
potential hill between the base and the collector. Most of the positive carriers 
emitted into the n-region will still be caught by the collector. Thus as we vary 
the potential of the base electrode, there will be a corresponding variation 1n the 
collector current 7... The essential point, however, is that the base current /, 
always remains a small fraction of the collector current. The transistor 1s an 
amplifier; a small current J; introduced into the base electrode gives a large current 
—100 or so times higher—at the collector electrode. 

What about the electrons—the negative carriers that we have been neglecting 
so far? First, note that we do not expect any significant electron current to flow 
between the base and the collector. With a large negative voltage on the collector, 
the electrons in the base would have to climb a very high potential energy hill and 
the probability of doing that is very small. There is a very small current of elec- 
trons to the collector. 

On the other hand, the electrons in the base can go into the emitter region. 
In fact, you might expect the electron current in this direction to be comparable to 
the hole current from the emitter into the base. Such an electron current isn’t 
useful, and, on the contrary, is bad because it increases the total base current 
required for a given current of holes to the collector. The transistor is, therefore, 
designed to minimize the electron current to the emitter. The electron current is 
proportional to N,(base), the density of negative carriers in the base material 
while the hole current from the emitter depends on N,(emitter), the density of 
positive carriers in the emitter region. By using relatively little doping in the n-type 
material N,,(base) can be made much smaller than N,(emitter). (The very thin 
base region also helps a great deal because the sweeping out of the holes in this 
region by the collector increases significantly the average hole current from the 
emitter into the base, while leaving the electron current unchanged.) The net 
result is that the electron current across the emitter-base junction can be made 
much Jess than the hole current, so that the electrons do not play any significant 
role in operation of the p-n-p transistor. The currents are dominated by motion of 
the holes, and the transistor performs as an amplifier as we have described above. 

It is also possible to make a transistor by interchanging the p-type and n-type 
materials in Fig. 14-11. Then we have what is called an n-p-n transistor. In the 
n-p-n transistor the main currents are carried by the electrons which flow from the 
emitter into the base and from there to the collector. Obviously, all the arguments 
we have made for the p-n-p transistor also apply to the n-p-n transistor if the po- 
tentials of the electrodes are chosen with the opposite signs. 
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The Independent Particle Approximation 


15-1 Spin waves 


In Chapter 13 we worked out the theory for the propagation of an electron or 
of some other “particle,” such as an atomic excitation, through a crystal lattice. 
In the last chapter we applied the theory to semiconductors. But when we talked 
about situations in which there are many electrons we disregarded any interactions 
between them. To do this is of course only an approximation. In this chapter 
we will discuss further the idea that you can disregard the interaction between the 
electrons. We will also use the opportunity to show you some more applications 
of the theory of the propagation of particles. Since we will generally continue to 
disregard the interactions between particles, there is very little really new in this 
chapter except for the new applications. The first example to be considered is, 
however, one in which it is possible to write down quite exactly the correct equa- 
tions when there is more than one “particle” present. From them we will be able 
to see how the approximation of disregarding the interactions is made. We will 
not, though, analyze the problem very carefully. 

As our first example we will consider a “‘spin wave” in a ferromagnetic crystal. 
We have discussed the theory of ferromagnetism in Chapter 36 of Volume II. 
At zero temperature all the electron spins that contribute to the magnetism in the 
body of a ferromagnetic crystal are parallel. There is an interaction energy between 
the spins, which is lowest when all the spins are down. At any nonzero temperature, 
however, there is some chance that some of the spins are turned over. We calculated 
the probability in an approximate manner in Chapter 36. This time we will describe 
the quantum mechanical theory—so you will see what you would have to do if you 
wanted to solve the problem more exactly. (We will still make some idealizations 
by assuming that the electrons are localized at the atoms and that the spins interact 
only with neighboring spins.) 

We consider a model in which the electrons at each atom are all paired except 
one, so that all of the magnetic effects come from one spin-3 electron per atom. 
Further, we imagine that these electrons are localized at the atomic sites in the 
lattice. The model corresponds roughly to metallic nickel. 

We also assume that there 1s an interaction between any two adjacent spinning 
electrons which gives a term in the energy of the system 


E= —))Kz,-o,, (15.1) 
ty J 


where o’s represent the spins and the summation is over all adjacent pairs of 
electrons. We have already discussed this kind of interaction energy when we 
considered the hyperfine splitting of hydrogen due to the interaction of the mag- 
netic moments of the electron and proton in a hydrogen atom. We expressed it 
then as Ao, a». Now, for a given pair, say the electrons at atom 4 and at atom 5, 
the Hamiltonian would be —Ko4:oa5. We have a term for each such pair, and 
the Hamiltonian is (as you would expect for classical energies) the sum of these 
terms for each interacting pair. The energy is written with the factor —K so that 
a positive K will correspond to ferromagnetism—that is, the lowest energy results 
when adjacent spins are parallel. In a real crystal, there may be other terms which 
are the interactions of next nearest neighbors, and so on, but we don’t need to con- 

sider such complications at this stage. 
With the Hamiltonian of Eq. (15.1) we have a complete description of the 
ferromagnet—within our approximation—and the properties of the magnetization 
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15-6 Other uses of the 
approximation 


should come out. We should also be able to calculate the thermodynamic proper- 
ties due to the magnetization. If we can find all the energy levels, the properties 
of the crystal at a temperature T can be found from the principle that the prob- 
ability that a system will be found in a given state of energy E is proportional to 
e “/*? This problem has never been completely solved. 

We will show some of the problems by taking a simple example in which all 
the atoms are in a line—a one-dimensional lattice. You can easily extend the ideas 
to three dimensions. At each atomic location there is an electron which has two 
possible states, either spin up or spin down, and the whole system is described by 
telling how all of the spins are arranged. We take the Hamiltonian of the system 
to be the operator of the interaction energy. Interpreting the spin vectors of Eq. 
(15.1) as the sigma-operators—or the sigma-matrices—we write for the linear lattice 


Bg as 
A=) - 5 n° Ong. (15.2) 


In this equation we have written the constant as A/2 for convenience (so that some 
of the later equations will be exactly the same as the ones in Chapter 13). 

Now what is the lowest state of this system? The state of lowest energy is 
the one in which all the spins are parallel—let’s say, all up.f We can write this 
state as |---+ + + +-°°-), or | gnd) for the “ground,” or lowest, state. It’s 
easy to figure out the energy for this state. One way is to write out all the vector 
sigmas in terms of &,, &,, and &,, and work through carefully what each term of 
the Hamiltonian does to the ground state, and then add the results. We can, 
however, also use a good short cut. We saw in Section 12-2, that é,-¢, could 
be written in terms of the Pauli spin exchange operator like this: 


6,6, = QP" — 1), (15.3) 


where the operator P:?!"® interchanges the spins of the ith and jth electrons. 
With this substitution the Hamiltonian becomes 


A= -Ay OP" — (15.4) 


It is now easy to work out what happens to different states. For instance if i and j 
are both up, then exchanging the spins leaves everything unchanged, so P,, acting 
on the state just gives the same state back, and is equivalent to multiplying by +1. 
The expression (P,, — 4) is just equal to one-half. (From now on we will leave 
off the descriptive superscript on the P.) 

For the ground state all spins are up; so if you exchange a particular pair of 
spins, you get back the original state. The ground state is a stationary state. If 
you operate on it with the Hamiltonian you get the same state again multiplied 
by a sum of terms, — (4/2) for each pair of spins. That is, the energy of the system 
in the ground state is —A/2 per atom 

Next we would like to look at the energies of some of the excited states. It 
will be convenient to measure the energies with respect to the ground state—that 
is, to choose the ground state as our zero of energy. We can do that by adding the 
energy A/2 to each term in the Hamiltonian. That just changes the ‘4’ in Eq. 
(15.4) to “1.” Our new Hamiltonian is 


H = -AD) Pang — 1. (15.5) 


With this Hamiltonian the energy of the lowest state is zero; the spin exchange 
operator is equivalent to multiplying by unity (for the ground state) which is 
cancelled by the “1” in each term. 


+ The ground state here is really ‘““degenerate”; there are other states with the same 
energy—for example, all spins down, or all in any other direction. The slightest external 
field in the z-direction will give a different energy to all these states, and the one we have 
chosen will be the true ground state. 
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For describing states other than the ground state we will need a suitable set 
of base states. One convenient approach is to group the states according to whether 
one electron has spin down, or two electrons have spin down, and so on. There 
are, of course, many states with one spin down. The down spin could be at atom 
“4,” or at atom “5,” or at atom ‘‘6,”... Wecan, in fact, choose just such states 
for our base states. We could write them this way: | 4), |5),|6),... It will, 
however, be more convenient later if we label the ‘‘odd atom’—the one with the 
down-spinning electron—by its coordinate x. That is, we’ll define the state | x5) 
to be one with all the electrons spinning up except for the one on the atom at x5, 
which has a down-spinning electron (see Fig. 15-1). In general, | x,) is the state 
with one down spin that is located at the coordinate x, of the nth atom. 

What is the action of the Hamiltonian (15.5) on the state | x5)? One term of 
the Hamiltonian is say — A(P7,3 — 1). The operator P; g exchanges the two spins 
of the adjacent atoms 7, 8. But in the state | x5) these are both up, and nothing 
happens; P, ¢ is equivalent to multiplying by 1: 


Py g| x5) = | Xs). 
It follows that 
(Pr,.g — 1)| x5) = 0. 


Thus all the terms of the Hamiltonian give zero—except those involving atom 5, 
of course. On the state | 5), the operation P, ; exchanges the spin of atom 4 (up) 
and atom 5 (down). The result is the state with all spins up except the atom at 4. 
That is 

Pus | x5) = | x4). 
In the same way 

Ps 6 | xs) = | x6). 


Hence, the only terms of the Hamiltonian which survive are —A(P45 — 1) 
and —A(Ps,¢ — 1). Acting on |x5) they produce —A|x4) + A|x5) and 
—A|xg) + A| x5), respectively. The result is 


A\ x5) = —A D> Panga — 1] x5) = —Af) x6) + | x4) — 2) xs)}. (15.6) 


When the Hamiltonian acts on state | x5) it gives rise to some amplitude to be 
in states | x4) and | xg). That just means that there is a certain amplitude to have 
the down spin jump over to the next atom. So because of the interaction between 
the spins, if we begin with one spin down, then there is some probability that at a 
later time another one will be down instead. Operating on the general state | x,.), 
the Hamiltonian gives 


| xn) = —A{| Xn41) + | %n—1) — 2| xn)}. (15.7) 


Notice particularly that if we take a complete set of states with only one spin 
down, they will only be mixed among themselves. The Hamiltonian will never 
mix these states with others that have more spins down. So long as you only ex- 
change spins you never change the total number of down spins. 

It will be convenient to use the matrix notation for the Hamiltonian, say 
Hy.m = (Xn | | Xm); Eq. (15.7) is equivalent to 


Fan = A; 
Finny = Ayn-1 = —A; (15.8) 
Aim = 9, for |n—m|>1. 
Now what are the energy levels for states with one spin down? As usual we 


let C,, be the amplitude that some state | y) is in the state | x,). If | ¥) is to be a 
definite energy state, all the C,’s must vary with time in the same way, namely, 


Cy = ane FH, (15.9) 
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We can put this trial solution into our usual Hamiltonian equation 


dC, 
I “dt. =, PB Aan Gn, (5 10) 


using Eq (15.8) for the matrix elements. Of course we get an infinite number of 
equations, but they can all be written as 


Ea, = 2Aay oe Aan _1 os AQn+1 (15.11) 


We have again exactly the same problem we worked out in Chapter 13, except that 
where we had Ey we now have 24. The solutions correspond to amplitudes C, 
(the down-spin amplitude) which propagate along the lattice with a propagation 
constant k and an energy 


E = 2A(1 — cos kb), (15.12) 


where 6 is the lattice constant. 

The definite energy solutions correspond to ‘“‘waves’’ of down spin—called 
“spin waves.’ And for each wavelength there is a corresponding energy. For 
large wavelengths (small k) this energy varies as 


E = Ab?k?. (15.13) 


Just as before, we can consider a localized wave packet (containing, however, 
only long wavelengths) which corresponds to a spin-down electron in one part of 
the lattice. This down spin will behave like a “particle.” Because its energy is 
related to k by (15.13) the “particle” will have an effective mass: 


hh? 


sams (15.14) 


Met = 


These “particles”? are sometimes called “magnons.” 


15-2 Two spin waves 


Now we would like to discuss what happens if there are two down spins. 
Again we pick a set of base states. We'll choose states in which there are down 
spins at two atomic locations, such as the state shown in Fig. 15-2. We can label 
such a state by the x-coordinates of the two sites with down spins. The one shown 
can be called | x2, x5). In general the base states are | x,, X,)—a doubly infinite 
set! In this system of description, the state | x4, x9) and the state | x9, x,) are 
exactly the same state, because each simply says that there is a down spin at 4 and 
one at 9; there 1s no meaning to the order. Furthermore, the state | x4, x4) has 
no meaning, there isn’t such a thing. We can describe any state | ¥) by giving the 
amplitudes to be in each of the base states. Thus Cryin = (Xm, Xn |) NOW means 
the amplitude for a system in the state | y) to be in a state in which both the mth 
and nth atoms have a down spin. The complications which now arise are not 
complications of ideas—they are merely complexities in bookkeeping. (One of the 
complexities of quantum mechanics is just the bookkeeping. With more and 
more down spins, the notation becomes more and more elaborate with lots of 
indices and the equations always look very horrifying, but the ideas are not neces- 
sarily more complicated than in the simplest case.) 

The equations of motion of the spin system are the differential equations for 
the Cy, m. They are 


dc, m 
ee Gia Ga: (15.15) 
ty) 


Suppose we want to find the stationary states. As usual, the derivatives with re- 
spect to time become E times the amplitudes and the C,,,, can be replaced by the 
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coefficients Gm... Next we have to work out carefully the effect of H on a state 
with spins m and n down. It is not hard to figure out. Suppose for a moment 
that m and n are far enough apart so that we don’t have to worry about the obvious 
trouble. The operation of exchange at the location x, will move the down spin 
either to the (n + 1) or (n — 1) atom, and so there’s an amplitude that the 
present state has come from the state | x,,,X,41) and also an amplitude that it 
has come from the state | Xm, Xn—1). Or it may have been the other spin that 
moved; so there’s a certain amplitude that C,,,, is fed from C,,41,. or from 
Cm—1,n. These effects should all be equal. The final result for the Hamiltonian 
equation on Cy.,n is 


Eamn = —AlAmyin + Am—1yn + Amani + Amn—1) + 4Aamn. (15.16) 


This equation is correct except in two situations. Ifm = n there is no equation 
at all, and if m = n + 1, then two of the terms in Eq. (15.16) should be missing. 
We are going to disregard these exceptions. We simply ignore the fact that some 
few of these equations are slightly altered. After all, the crystal is supposed to be 
infinite, and we have an infinite number of terms; neglecting a few might not 
matter much. So for a first rough approximation let’s forget about the altered 
equations. In other words, we assume that Eq. (15.16) is true for all m and 
n, even for m and n next to each other. This is the essential part of our approxi- 
mation, 

Then the solution is not hard to find. We get immediately 


Cnn = an," (15.17) 
with 
Amn = (const.) e**t?me**2?n, (15.18) 
where 
E = 4A — 2Acosk,b — 2A coskob. (15.19) 


Think for a moment what would happen if we had two independent, single 
spin waves (as in the previous section) corresponding to k = k, and k = kg; 
they would have energies, from Eq. (15.12), of 


€, = (2A — 2Acoskjb) 
and 
€2 = (2A — 2A cos kb). 


Notice that the energy E in Eq. (15.19) is just their sum, 
E = (ky) + (ke). (15.20) 


In other words we can think of our solution in this way. There are two particles— 
that is, two spin waves. One of them has a momentum described by kj, the other 
by ko, and the energy of the system is the sum of the energies of the two objects. 
The two particles act completely independently. That’s all there is to it. 

Of course we have made somé approximations, but we do not wish to discuss 
the precision of our answer at this point. However, you might guess that in a 
reasonable size crystal with billions of atoms—and, therefore, billions of terms in 
the Hamiltonian—leaving out a few terms wouldn’t make much of an error. 
If we had so many down spins that there was an appreciable density, then we would 
certainly have to worry about the corrections. 

[Interestingly enough, an exact solution can be written down if there are just 
the two down spins. The result 1s not particularly important. But it 1s interesting 
that the equations can be solved exactly for this case. The solution is: 


ann = exp! helm tan)] sin k | a |, (15.21) 


with the energy 


E = 4A — 2Acosk,b — 2A cos kb, 


and with the wave numbers k, and k related to k, and k2 by 
ky =k, —k, kg = ko + k. (15.22) 


This solution includes the “‘interaction’’ of the two spins. It describes the fact 
that when the spins come together there is a certain chance of scattering. The 
spins act very much like particles with an interaction. But the detailed theory of 
their scattering goes beyond what we want to talk about here.] 


15-3 Independent particles 


In the last section we wrote down a Hamiltonian, Eq. (15.15), for a two- 
particle system. Then using an approximation which is equivalent to neglecting 
any “interaction” of the two particles, we found the stationary states described 
by Egs. (15.17) and (15.18). This state is just the product of two single-particle 
states. The solution we have given for am,» in Eq. (15.18) is, however, really not 
satisfactory. We have very carefully pointed out earlier that the state | x9, x4) 
is not a different state from | x4, x9)—the order of x,, and x, has no significance. 
In general, the algebraic expression for the amplitude C,,,, must be unchanged if 
we interchange the values of x», and x,, since that doesn’t change the state. Either 
way, it should represent the amplitude to find a down spin at x, and a down spin 
at X,. But notice that (15.18) is not symmetric in x, and x,—since k; and ky 
can in general be different. 

The trouble is that we have not forced our solution of Eq. (15.15) to satisfy 
this additional condition. Fortunately it is easy to fix things up. Notice first that 
a solution of the Hamiltonian equation just as good as (15.18) is 


Ann = Kei®*methtn, (15.23) 


It even has the same energy we got for (15.18). Any linear combination of (15.15) 
and (15.23) is also a good solution, and has an energy still given by Eq. (15.19). 
The solution we should have chosen—because of our symmetry requirement—is 
just the sum of (15.15) and (15.23): 


Amn = K [et ?metk2tn + et Fatmgthizny (15.24) 


Now, given any k, and ke the amplitude C,,,, is independent of which way we 
put x, and x,—if we should happen to define x, and x, reversed we get the same 
amplitude. Our interpretation of Eq. (15.24) in terms of “magnons” must also be 
different. We can no longer say that the equation represents one particle with wave 
number k, and a second particle with wave number ky. The amplitude (15.24) 
represents one state with two particles (magnons). The sfafe is characterized by 
the two wave numbers k, and ky. Our solution looks like a compound state of 
one particle with the momentum p, = 4/k, and another particle with the mo- 
mentum p2 = 4/kz2, but in our state we can’t say which particle is which. 

By now, this discussion should remind you of Chapter 4 and our story of 
identical particles. We have just been showing that the particles of the spin waves— 
the magnons—behave like identical Bose particles. All amplitudes must be sym- 
metric in the coordinates of the two particles—which is the same as saying that 
if we “interchange the two particles,” we get back the same amplitude and with 
the same sign. But, you may be thinking, why did we choose to add the two terms 
in making Eg. (15.24). Why not subtract? With a minus sign, interchanging 
xX, and x, would just change the sign of am,. which doesn’t matter. But inter- 
changing x and x, doesn’t change anything—all the electrons of the crystal are 
exactly where they were before, so there is no reason for even the sign of the 
amplitude to change. The magnons will behave like Bose particles. t 


+ In general, the quasi particles of the kind we are discussing may act like either Bose 
particles or Fermi particles, and as for free particles, the particles with integral spin are 
bosons and those with half-integral spins are fermions. The “magnon” stands for a spin-up 
electron turned over. The change in spin is one. The magnon has an integral spin, and 
is a boson. 
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The main points of this discussion have been twofold: First, to show you 
something about spin waves, and, second, to demonstrate a state whose amplitude 
is a product of two amplitudes, and whose energy is the sum of the energies corre- 
sponding to the two amplitudes. For independent particles the amplitude is the 
product and the energy is the sum. You can easily see why the energy is the sum. 
The energy is the coefficient of ¢ in an imaginary exponential—it is proportional 
to the frequency. If two objects are doing something, one of them with the ampli- 
tude e~'#:* and the other with the amplitude e~‘”2"*, and if the amplitude 
for the two things to happen together is the product of the amplitudes for each, 
then there is a single frequency in the product which is the sum of the two fre- 
quencies. The energy corresponding to the amplitude product is the sum of the two 
energies. 

We have gone through a rather long-winded argument to tell you a simple 
thing. When you don’t take into account any interaction between particles, you 
can think of each particle independently. They can individually exist in the various 
different states they would have alone, and they will each contribute the energy 
they would have had if they were alone. However, you must remember that if they 
are identical particles, they may behave either as Bose or as Fermi particles de- 
pending upon the problem. Two extra electrons added to a crystal, for instance, 
would have to behave like Fermi particles. When the positions of two electrons 
are interchanged, the amplitude must reverse sign. In the equation corresponding 
to Eq. (15.24) there would have to be a minus sign between the two terms on the 
right. As a consequence, two Fermi particles cannot be in exactly the same con- 
dition—with equal spins and equal k’s. The amplitude for this state is zero. 


15-4 The benzene molecule 


Although quantum mechanics provides the basic laws that determine the 
structures of molecules, these laws can be applied exactly only to the most simple 
compounds. The chemists have, therefore, worked out various approximate 
methods for calculating some of the properties of complicated molecules. We 
would now like to show you how the independent particle approximation is used 
by the organic chemists. We begin with the benzene molecule. 

We discussed the benzene molecule from another point of view in Chapter 10. 
There we took an approximate picture of the molecule as a two-state system, 
with the two base states shown in Fig.15-3. There is a ring of six carbons with a 
hydrogen bonded to the carbon at each location. With the conventional picture 
of valence bonds it is necessary to assume double bonds between half of the carbon 
atoms, and in the lowest energy condition there are the two possibilities shown in 
the figure. There are also other, higher-energy states. When we discussed benzene 
in Chapter 10, we just took the two states and forgot all the rest. We found that 
the ground-state energy of the molecule was not the energy of one of the states in 
the figure, but was lower than that by an amount proportional to the amplitude 
to flip from one of these states to the other. 

Now we’re going to look at the same molecule from a completely different 
point of view—using a different kind of approximation. The two points of view 
will give us different answers, but if we improve either approximation it should 
lead to the truth, a valid description of benzene. However, if we don’t bother to 
improve them, which is of course the usual situation, then you should not be 
surprised if the two descriptions do not agree exactly. We shall at least show that 
also with the new point-of-view the lowest energy of the benzene molecule is 
lower than either of the three-bond structures of Fig. 15-3. 

Now we want to use the following picture. Suppose we imagine the six 
carbon atoms of a benzene molecule connected only by single bonds as in Fig. 
15-4. We have removed six electrons—since a bond stands for a pair of electrons 
—so we have a six-times ionized benzene molecule. Now we will consider what 
happens when we put back the six electrons one at a time, imagining that each 
one can run freely around the ring. We assume also that all the bonds shown in 
Fig. 15-4 are satisfied, and don’t need to be considered further. 
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Fig. 15-3. The two base states for 
the benzene molecule used in Chapter 10. 
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Fig. 15-4. A benzene ring with six 
electrons removed. 


Fig. 15-5. The ethylene molecule. 
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Fig. 15-6. The possible energy levels 
for the “extra” electrons in the ethylene 
molecule. 
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Fig. 15-7. In the extra bond of the 
ethylene molecule two electrons {one 
spin up, one spin down) can occupy the 
lowest energy level. 


What happens when we put one electron back into the molecular ion? It 
might, of course, be located in any one of the six positions around the ring— 
corresponding to six base states. It would also have a certain amplitude, say A, to 
go from one position to the next. If we analyze the stationary states, there would 
be certain possible energy levels. That’s only for one electron. 

Next put a second electron in. And now we make the most ridiculous ap- 
proximation that you can think of—that what one electron does is not affected by 
what the other is doing. Of course they really will interact; they repel each other 
through the Coulomb force, and furthermore when they are both at the same site, 
they must have considerably different energy than twice the energy for one being 
there. Certainly the approximation of independent particles is not legitimate 
when there are only six sites—particularly when we want to put in six electrons. 
Nevertheless the organic chemists have been able to learn a lot by making this 
kind of an approximation. 

Before we work out the benzene molecule in detail, let’s consider a simpler 
example—the ethylene molecule which contains just two carbon atoms with two 
hydrogen atoms on either side as shown in Fig. 15-5. This molecule has one “extra” 
bond involving two electrons between the two carbon atoms. Now remove one 
of these electrons; what do we have? We can look at it as a two-state system—the 
remaining electron can be at one carbon or the other. We can analyze it as a two- 
state system. The possible energies for the single electron are either (Ey — A) 
or (Eo + A), as shown in Fig. 15-6. 

Now add the second electron. Good, if we have two electrons, we can put 
the first one in the lower state and the second one in the upper. Not quite; we 
forgot something. Each one of the states is really double. When we say there’s 
a possible state with the energy (Ey) — A), there are really two. Two electrons 
can go into the same state if one has its spin up and the other, its spin down. 
(No more can be put in because of the exclusion principle.) So there really are 
two possible states of energy (Ey — A). We can draw a diagram, as in Fig. 15-7, 
which indicates both the energy levels and their occupancy. In the condition of 
lowest energy both electrons will be in the lowest state with their spins opposite. 
The energy of the extra bond in the ethylene molecule therefore is 2(E) — A) if 
we neglect the interaction between the two electrons. 

Let’s go back to the benzene. Each of the two states of Fig. 15-3 has three 
double bonds. Each of these is just like the bond in ethylene, and contributes 
2(E 9 — A) to the energy if Ey is now the energy to put an electron on a site in 
benzene and 4 is the amplitude to flip to the next site. So the energy should 
be roughly 6(E) — A). But when we studied benzene before, we got that the 
energy was lower than the energy of the structure with three extra bonds. Let’s see 
if the energy for benzene comes out lower than three bonds from our new point 
of view. 

We start with the six-times ionized benzene ring and add one electron. Now 
we have a six-state system. We haven’t solved such a system yet, but we know 
what to do. We can write six equations in the six amplitudes, and so on. But 
let’s save some work—by noticing that we’ve already solved the problem, when 
we worked out the problem of an electron on an infinite line of atoms. Of course, 
the benzene is not an infinite line, it has 6 atomic sites in a circle. But imagine that 
we open out the circle to a line, and number the atoms along the line from | to 6. 
In an infinite line the next location would be 7, but if we insist that this location 
be identical with number 1 and so on, the situation will be just like the benzene 
ring. In other words we can take the solution for an infinite line with an added 
requirement that the solution must be periodic with a cycle six atoms long. From 
Chapter 13 the electron on a line has states of definite energy when the amplitude 


at each site is e***» = e**", For each k the energy is 


E = Ey — 2Acos kb. (15.25) 


We want to use now only those solutions which repeat every 6 atoms. Let’s 
do first the general case for a ring of N atoms. If the solution is to have a period 
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of N atomic spacing, e**°” must be unity; or KAN must be a multiple of 27. Taking 


s to represent any integer, our condition is that 
kbN = 2ts. (15.26) 


We have seen before that there is no meaning to taking k’s outside the range 
+1/b. This means that we get all possible states by taking values of s in the range 
+ N/2. 

We find then that for an N-atom ring there are N definite energy statest 
and they have wave numbers k, given by 


_2n 


ke Nb 


S. (15.27) 
Each state has the energy (15.25). We have a line spectrum of possible energy 
levels. The spectrum for benzene (VN = 6) is shown in Fig. 15-8(b). (The numbers 
in parentheses indicate the number of different states with the same energy.) 

There’s a nice way to visualize the six energy levels, as we have shown in 
part (a) of the figure. Imagine a circle centered on a level with Eo, and with a radius 
of 2A. If we start at the bottom and mark off six equal arcs (at angles from the 
bottom point of ksb = 27s/N, or 27s/6 for benzene), then the vertical heights of 
the points on the circle are the solutions of Eq. (15.25). The six points represent 
the six possible states. The lowest energy level is at (Ey — 2A); there are two 
states with the same energy (Ey — A), and so on.{ These are possible states for 
one electron. If we have more than one electron, two—with opposite spins—can 
go into each state. 

For the benzene molecule we have to put in six electrons. For the ground 
state they will go into the lowest possible energy states—two at s = 0, two at 
s = +1, and two ats = —1. According to the independent particle approxima- 
tion the energy of the ground state is 


Eground = 2(E9 — 2A) + 4(Eo — A) 
= 6Eo — 8A. (15.28) 


The energy is indeed less than that of three separate double bonds—by the amount 
2A. 

By comparing the energy of benzene to the energy of ethylene it is possible 
to determine A. It comes out to be 0.8 electron volt, or, in the units the chemists 
like, 18 kilocalories per mole. 

We can use this description to calculate or understand other properties of 
benzene. For example, using Fig. 15-8 we can discuss the excitation of benzene 
by light. What would happen if we tried to excite one of the electrons? It could 
move up to one of the empty higher states. The lowest energy of excitation would 
be a transition from the highest filled level to the lowest empty level. That takes 
the energy 2A. Benzene will absorb light of frequency »y when hy = 2A. There 
will also be absorption of photons with the energies 3A and 4A. Needless to say, 
the absorption spectrum of benzene has been measured and the pattern of spectral 
lines is more or less correct except that the lowest transition occurs in the ultra- 
violet; and to fit the data one would have to choose a value of A between 1.4 and 
2.4 electron volts. That is, the numerical value of A is two or three times larger 
than is predicted from the chemical binding energy. 

What the chemist does in situations like this is to analyze many molecules 
of a similar kind and get some empirical rules. He learns, for example: For 
calculating binding energy use such and such a value of A, but for getting the 
absorption spectrum approximately right use another value of A. You may feel 


t You might think that for N an even number there are N + 1 states. That is not 
so because s = +WN/2 give the same state. 

¢t When there are two states (which will have different amplitude distributions) with 
the same energy, we say that the two states are “degenerate.” Notice that four electrons 
can have the energy Ey — A. 


15-9 


{a) 


(b) 


Fig. 15-8. The energy levels in a 


ring with six electron 
example, a benzene ring). 


locations 


(for 


H H 
\ 7 
c—=c—c=c 
7 
H My 
Fig. 15-9. The valence bond repre- 


sentation of the molecule butadiene (1, 3). 


» N-l 

Fig. 15-10. A line of N molecules. 
E 
E,+1.618A 
E,+0.618 A 
“é eee ae 
_E,-0.618 A 
E,-!.618A 

Fig. 15-11. The energy levels of 
butadiene. 


that this sounds a little absurd. It is not very satisfactory from the point of view 
of a physicist who is trying to understand nature from first principles. But the 
problem of the chemist is different. He must try to guess ahead of time what 
is going to happen with molecules that haven't been made yet, or which aren’t 
understood completely. What he needs is a series of empirical rules; it doesn’t 
make much difference where they come from. So he uses the theory in quite a 
different way than the physicist. He takes equations that have some shadow of the 
truth in them, but then he must alter the constants in them—making empirical 
corrections. 

In the case of benzene, the principal reason for the inconsistency is our 
assumption that the electrons are independent—the theory we started with is 
really not legitimate. Nevertheless, it has some shadow of the truth because its 
results seem to be going in the right direction. With such equations plus some 
empirical rules—including various exceptions—the organic chemist makes his 
way through the morass of complicated things he chooses to study. (Don't forget 
that the reason a physicist can really calculate from first principles is that he 
chooses only simple problems. He never solves a problem with 42 or even 6 
electrons in it. So far, he has been able to calculate reasonably accurately only the 
hydrogen atom and the helium atom.) 


15-5 More organic chemistry 


Let’s see how the same ideas can be used to study other molecules. Consider 
a molecule like butadiene (1, 3)—it is drawn in Fig. 15-9 according to the usual 
valence bond picture. 

We can play the same game with the extra four electrons corresponding to 
the two double bonds. If we remove four electrons, we have four carbon atoms 
in a line. You already know how to solve a line. You say, “Oh no, I only know 
how to solve an infinite line.’” But the solutions for the infinite line also include 
the ones for a finite line. Watch. Let NV be the number of atoms on the line and 
number them from | to NV as shown in Fig. 15-10. In writing the equations for the 
amplitude at position 1 you would not have a term feeding from position 0. 
Similarly, the equation for position NV would differ from the one that we used for 
an infinite line because there would be nothing feeding from position M + 1, 
But suppose that we can obtain a solution for the infinite line which has the follow- 
ing property: the amplitude to be at atom 0 is zero and the amplitude to be at 
atom (N + 1) is also zero. Then the set of equations for all the locations from 
1 to N on the finite line are also satisfied. You might think no such solution exists 
for the infinite line because our solutions all looked like e’**» which has the same 
absolute value of the amplitude everywhere. But you will remember that the en- 
ergy depends only on the absolute value of k, so that another solution, which is 
equally legitimate for the same energy, would be e~**», And the same is true of 
any superposition of these two solutions. By subtracting them we can get the 
solution sin kx,, which satisfies the requirement that the amplitude be zero at 
x = 0. It still corresponds to the energy (Ey — 2A cos kb). Now by a suitable 
choice for the value of k we can also make the amplitude zero at xy4 1. This 
requires that (V + 1)kb be a multiple of z, or that 


kb (15.29) 


pate | he 
(N+ 1)” 
where s is an integer from 1 to NV. (We take only positive k’s because each solution 
contains +k and ~k; changing the sign of & gives the same state all over again.) 

For the butadiene molecule, N = 4, so there are four states with 
kb = m/5, 27/5, 37/5, 


and 47/5. (15.30) 


We can represent the energy levels using a circle diagram similar to the one 
for benzene. This time we use a semicircle divided into five equal parts as shown 
in Fig. 15-11. The point at the bottom corresponds to s = 0, which gives no 
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state at all. The same is true of the point at the top, which corresponds to s = 
N+ 1. The remaining 4 points give us four allowed energies. There are four 
stationary states, which is what we expect having started with four base states. 
In the circle diagram, the angular intervals are 7/5 or 36 degrees. The lowest 
energy comes out (Ey — 1.6184). (Ah, what wonders mathematics holds; the 
golden mean of the Greekst gives us the lowest energy state of the butadiene 
molecule according to this theory!) 

Now we can calculate the energy of the butadiene molecule when we put 
in four electrons. With four electrons, we fill up the lowest two levels, each with 
two electrons of opposite spin. The total energy is 


E = (Eo — 1.618A) + 2(Eo — 0.6184) = 4(Ey — A) — 0.4774. 
(15.31) 


This result seems reasonable. The energy is a little lower than for two simple 
double bonds, but the binding is not so strong as in benzene. Anyway this is the 
way the chemist analyzes some organic molecules. 

The chemist can use not only the energies but the probability amplitudes as 
well. Knowing the amplitudes for each state, and which states are occupied, he 
can tell the probability of finding an electron anywhere in the molecule. Those 
places where the electrons are more likely to be are apt to be reactive in chemical 
substitutions which require that an electron be shared with some other group of 
atoms. The other sites are more likely to be reactive in those substitutions which 
have a tendency to yield an extra electron to the system. 

The same ideas we have been using can give us some understanding of a 
molecule even as complicated as chlorophyll, one version of which is shown in 
Fig. 15-12. Notice that the double and single bonds we have drawn with heavy 
lines form a long closed ring with twenty intervals. The extra electrons of the 
double bonds can run around this ring. Using the independent particle method 
we can get a whole set of energy levels. There are strong absorption lines from 
transitions between these levels which lie in the visible part of the spectrum, and 
give this molecule its strong color. Similar complicated molecules such as the 
xanthophylls, which make leaves turn red, can be studied in the same way. 

There is one more idea which emerges from the application of this kind of 
theory in organic chemistry. It is probably the most successful or, at least in a 
certain sense, the most accurate. This idea has to do with the question: In what 
situations does one get a particularly strong chemical binding? The answer is very 
interesting. Take the example, first, of benzene, and imagine the sequence of events 
that occurs as we start with the six-times ionized molecule and add more and more 
electrons. We would then be thinking of various benzene ions—negative or 
positive. Suppose we plot the energy of the ion (or neutral molecule) as a function 
of the number of electrons. If we take Ey = 0 (since we don’t know what it is), 
we get the curve shown in Fig. 15-13. For the first two electrons the slope of the 
function is a straight line. For each successive group the slope increases, and 
there is a discontinuity in slope between the groups of electrons. The slope changes 
when one has just finished filling a set of levels which all have the same energy and 
must move up to the next higher set of levels for the next electron. 

The actual energy of the benzene ion is really quite different from the curve 
of Fig. 15-13 because of the interactions of the electrons and because of electro- 
static energies we have been neglecting. These corrections will, however, vary 
with 1 in a rather smooth way. Even if we were to make all these corrections, the 
resulting energy curve would still have kinks at those values of a which just fill 
up a particular energy level. 

Now consider a very smooth curve that fits the points on the average like the 
one drawn in Fig. 15-14. We can say that the points above this curve have “‘higher- 
than-normal” energies, and the points be/ow the curve have “lower-than-normal” 


+ The ratio of the sides of a rectangle which can be divided into a square and a similar 
rectangle. 
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Fig. 15-12. A chlorophyll molecule. 
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n = 2, 6, 10 are more stable than the 
others. 
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energies. We would, in general, expect that those configurations with a lower-than- 
normal energy would have an above average stability—chemically speaking. 
Notice that the configurations farther below the curve always occur at the end of 
one of the straight line segments—namely when there are enough electrons to fill 
up an “energy shell,” as it is called. This is the very accurate prediction of the 
theory. Molecules—or ions—are particularly stable (in comparison with other 
similar configurations) when the available electrons just fill up an energy shell. 

This theory has explained and predicted some very peculiar chemical facts. 
To take a very simple example, consider a ring of three. It’s almost unbelievable 
that the chemist can make a ring of three and have it stable, but it has been done. 
The energy circle for three electrons is shown in Fig. 15-15. Now if you put two 
electrons in the lower state, you have only two of the three electrons that you re- 
quire. The third electron must be put in at a much higher level. By our argument 
this molecule should not be particularly stable, whereas the two-electron structure 
should be stable. It does turn out, in fact, that the neutral molecule of triphenyl 
cyclopropenyl is very hard to make, but that the positive ion shown in Fig. 15-16 is 
relatively easy to make. The ring of three is never really easy because there is 
always a large stress when the bonds in an organic molecule make an equilateral 
triangle. To make a stable compound at all, the structure must be stabilized in 
some way. Anyway if you add three benzene rings on the corners, the positive 
ion can be made. (The reason for this requirement of added benzene rings is not 
really understood.) 

In a similar way the five-sided ring can also be analyzed. If you draw the 
energy diagram, you can see in a qualitative way that the six-electron structure 
should be an especially stable structure, so that such a molecule should be most 
stable as a negative ion. Now the five-ring is well known and easy to make and 
always acts as a negative ion. Similarly, you can easily verify that a ring of 4 or 8 
is not very interesting, but that a ring of 14 or 10—like a ring of 6—should be 
especially stable as a neutral object. 


15-6 Other uses of the approximation 


There are two other similar situations which we will describe only briefly. 
In considering the structure of an atom, we can consider that the electrons fill 
successive shells. The Schrodinger theory of electron motion can be worked out 
easily only for a single electron moving in a “central” field—one which varies only 
with the distance from a point. How can we then understand what goes on in an 
atom which has 22 electrons?! One way is to use a kind of independent particle 
approximation. First you calculate what happens with one electron. You get a 
number of energy levels. You put an electron into the lowest energy state. You 
can, for a rough model, continue to ignore the electron interactions and go on 
filling successive shells, but there is a way to get better answers by taking into 
account—in an approximate way at least—the effect of the electric charge carried 
by the electron. Each time you add an electron you compute its amplitude to be 
at various places, and then use this amplitude to estimate a kind of spherically 
symmetric charge distribution. You use the field of this distribution—together 
with the field of the positive nucleus and all the previous electrons—to calculate 
the states available for the next electron. In this way you can get reasonably cor- 
rect estimates for the energies for the neutral atom and for various ionized states. 
You find that there are energy shells, just as we saw for the electrons in a ring 
molecule. With a partially filled shell, the atom will show a preference for taking 
on one or more extra electrons, or for losing some electrons so as to get into the 
most stable state of a filled shell. 

This theory explains the machinery behind the fundamental chemical 
properties which show up in the periodic table of the elements. The inert gases are 
those elements in which a shell has just been completed, and it is especially difficult 
to make them react. (Some of them do react of course—with fluorine and oxygen, 
for example; but such compounds are very weakly bound; the so-called inert 
gases are nearly inert.) An atom which has one electron more or one electron less 
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than an inert gas will easily lose or gain an electron to get into the especially stable 
(low-energy) condition which comes from having a completely filled shell—they 
are the very active chemical elements of valence +1 or —1. 

The other situation is found in nuclear physics. In atomic nuclei the protons 
and neutrons interact with each other quite strongly. Even so, the independent 
particle model can again be used to analyze nuclear structure. It was first discovered 
experimentally that nuclei were especially stable if they contained certain particular 
numbers of neutrons—namely 2, 8, 20, 28, 50, 82. Nuclei containg protons 
in these numbers are also especially stable. Since there was initially no explanation 
for these numbers they were called the “magic numbers” of nuclear physics. It is 
well known that neutrons and protons interact strongly with each other; people 
were, therefore, quite surprised when it was discovered that an independent 
particle model predicted a shell structure which came out with the first few magic 
numbers. The model assumed that each nucleon (proton or neutron) moved in a 
central potential which was created by the average effects of all the other nucleons. 
This model failed, however, to give the correct values for the higher magic numbers. 
Then it was discovered by Maria Mayer, and independently by Jensen and his 
collaborators, that by taking the independent particle model and adding only a 
correction for what is called the “spin-orbit interaction,” one could make an 
improved model which gave all of the magic numbers. (The spin-orbit interaction 
causes the energy of a nucleon to be lower if its spin has the same direction as its 
orbital angular momentum from motion in the nucleus.) The theory gives even 
more—its picture of the so-called ‘‘shell structure’ of the nuclei enables us to 
predict certain characteristics of nuclei and of nuclear reactions. 

The independent particle approximation has been found useful in a wide 
range of subjects—from solid-state physics, to chemistry, to biology, to nuclear 
physics. It is often only a crude approximation, but is able to give an understanding 
of why there are especially stable conditions—in shells. Since it omits all of the 
complexity of the interactions between the individual particles, we should not be 
surprised that it often fails completely to give correctly many important details. 
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The Dependence of Amplitudes on Position 


16-1 Amplitudes on a line 


We are now going to discuss how the probability amplitudes of quantum 
mechanics vary in space. In some of the earlier chapters you may have had a 
rather uncomfortable feeling that some things were being left out. For example, 
when we were talking about the ammonia molecule, we chose to describe it in terms 
of two base states. For one base state we picked the situation in which the nitrogen 
atom was “above” the plane of the three hydrogen atoms, and for the other base 
state we picked the condition in which the nitrogen atom was “below” the plane 
of the three hydrogen atoms. Why did we pick just these two states? Why is it 
not possible that the nitrogen atom could be at 2 angstroms above the plane of the 
three hydrogen atoms, or at 3 angstroms, or at 4 angstroms above the plane? 
Certainly, there are many positions that the nitrogen atom could occupy. Again 
when we talked about the hydrogen molecular ion, in which there is one electron 
shared by two protons, we imagined two base states: one for the electron in the 
neighborhood of proton number one, and the other for the electron in the neigh- 
borhood of proton number two. Clearly we were leaving out many details. The 
electron is not exactly at proton number two but is only in the neighborhood. 
It could be somewhere above the proton, somewhere below the proton, somewhere 
to the left of the proton, or somewhere to the right of the proton. 

We intentionally avoided discussing these details. We said that we were 
interested in only certain features of the problem, so we were imagining that when 
the electron was in the vicinity of proton number one, it would take up a certain 
rather definite condition. In that condition the probability to find the electron 
would have some rather definite distribution around the proton, but we were not 
interested in the details. 

We can also put it another way. In our discussion of a hydrogen molecular 
ion we chose an approximate description when we described the situation in terms 
of two base states. In reality there are lots and lots of these states. An electron can 
take up a condition around a proton in its lowest, or ground, state, but there are 
also many excited states. For each excited state the distribution of the electron 
around the proton is different. We ignored these excited states, saying that we 
were interested in only the conditions of low energy. But it is just these other 
excited states which give the possibility of various distributions of the electron 
around the proton. If we want to describe in detail the hydrogen molecular ion, 
we have to take into account also these other possible base states. We could do 
this in several ways, and one way is to consider in greater detail states in which the 
location of the electron in space is more carefully described. 

We are now ready to consider a more elaborate procedure which will allow 
us to talk in detail about the position of the electron, by giving a probability 
amplitude to find the electron anywhere and everywhere in a given situation. This 
more complete theory provides the underpinning for the approximations we have 
been making in our earlier discussions. In a sense, our early equations can be 
derived as a kind of approximation to the more complete theory. 

You may be wondering why we did not begin with the more complete theory 
and make the approximations as we went along. We have felt that it would be 
much easier for you to gain an understanding of the basic machinery of quantum 
mechanics by beginning with the two-state approximations and working gradually 
up to the more complete theory than to approach the subject the other way around. 
For this reason our approach to the subject appears to be in the reverse order to 
the one you will find in many books. 
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16-1 Amplitudes on a line 

16-2 The wave function 

16-3 States of definite momentum 
16-4 Normalization of the states in x 
16-5 The Schrodinger equation 

16-6 Quantized energy levels 


As we go into the subject of this chapter you will notice that we are breaking 
a rule we have always followed in the past. Whenever we have taken up any 
subject we have always tried to give a more or less complete description of the 
physics—showing you as much as we could about where the ideas led to. We 
have tried to describe the general consequences of a theory as well as describing 
some specific detail so that you could see where the theory would lead. We are 
now going to break that rule; we are going to describe how one can talk about 
probability amplitudes in space and show you the differential equations which 
they satisfy. We will not have time to go on and discuss many of the obvious 
implications which come out of the theory. Indeed we will not even be able to get 
far enough to relate this theory to some of the approximate formulations we have 
used earlier—for example, to the hydrogen molecule or to the ammonia molecule. 
For once, we must leave our business unfinished and open-ended. We are approach- 
ing the end of our course, and we must satisfy ourselves with trying to give you an 
introduction to the general ideas and with indicating the connections between what 
we have been describing and some of the other ways of approaching the subject 
of quantum mechanics. We hope to give you enough of an idea that you can go 
off by yourself and by reading books learn about many of the implications of the 
equations we are going to describe. We must, after all, leave something for the 
future. 

Let’s review once more what we have found out about how an electron can 
move along a line of atoms. When an electron has an amplitude to jump from 
one atom to the next, there are definite energy states in which the probability ampli- 
tude for finding the electron is distributed along the lattice in the form of a travel- 
ing wave. For long wavelengths—for small values of the wave number k—the 
energy of the state is proportional to the square of the wave number. For a crystal 
lattice with the spacing 5, in which the amplitude per unit time for the electron to 
jump from one atom to the next is iA/h, the energy of the state is related to k 
(for small kb) by 


E = Ak*b? (16.1) 


(see Section 13-3). We also saw that groups of such waves with similar energies 
would make up a wave packet which would behave like a classical particle with a 
MASS Mest given by: 


(16.2) 


Since waves of probability amplitude in a crystal behave like a particle, one 
might well expect that the general quantum mechanical description of a particle 
would show the same kind of wave behavior we observed for the lattice. Suppose 
we were to think of a lattice on a line and imagine that the lattice spacing b were to 
be made smaller and smaller. In the limit we would be thinking of a case in which 
the electron could be anywhere along the line. We would have gone over to a 
continuous distribution of probability amplitudes. We would have the amplitude 
to find an electron anywhere along the line. This would be one way to describe 
the motion of an electron in a vacuum. In other words, if we imagine that space can 
be labeled by an infinity of points all very close together and we can work out the 
equations that relate the amplitudes at one point to the amplitudes at neighboring 
points, we will have the quantum mechanical laws of motion of an electron in space. 

Let’s begin by recalling some of the general principles of quantum mechanics. 
Suppose we have a particle which can exist in various conditions in a quantum 
mechanical system. Any particular condition an electron can be found in, we call 
a “state,” which we label with a state vector, say | ¢). Some other condition would 
be labeled with another state vector, say |). We then introduce the idea of base 
states. We say that there is a set of states | 1), | 2), | 3), | 4), and so on, which 
have the following properties. First, all of these states are quite distinct—we say 
they are orthogonal. By this we mean that for any two of the base states | i) and 
| 7. the amplitude ¢ |) that an electron known to be in the state | 7) is also in the 
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state | j) is equal to zero—unless, of course, | i) and | j) stand for the same state. 
We represent this symbolically by 


Gli) = by. (16.3) 


You will remember that 5,; = 0 if and j are different, and 6;; = 1 if i and j are 
the same number. 

Second, the base states | i) must be a complete set, so that any state at all can 
be described in terms of them. That is, any state | @) at all can be described com- 
pletely by giving all of the amplitudes (i| ¢) that a particle in the state | ¢) will 
also be found in the state | i). In fact, the state vector | @) is equal to the sum of 
the base states each multiplied by a coefficient which is the amplitude of the 
state | @) is also in the state | i): 


|) = 201 il 9). (16.4) 


Finally, if we consider any two states | ¢) and | y), the amplitude that the state 
| y) will also be in the state | ¢) can be found by first projecting the state | ¥) into 
the base states and then projecting from each base state into the state | ¢). We 
write that in the following way: 


@1¥) = 2) @ldGlY). (16.5) 


The summation is, of course, to be carried out over the whole set of base state | i). 

In Chapter 13 when we were working out what happens with an electron placed 
on a linear array of atoms, we chose a set of base states in which the electron was 
localized at one or other of the atoms in the line. The base state | 7) represented 
the condition in which the electron was localized at atom number ‘“‘n.”’ (There is, 
of course, no significance to the fact that we called our base states | 2) instead of 
|i).) A little later, we found it convenient to label the base states by the coordinate 
x, of the atom rather than by the number of the atom in the array. The state 
| Xn) is just another way of writing the state | n). Then, following the general rules, 
any state at all, say | ¥) is described by giving the amplitudes and that an electron 
in the state | y) is also in one of the states | x,). For convenience we have chosen 
to let the symbol C,, stand for these amplitudes, 


Cn =' Xn | ¥)s (16.6) 


Since the base states are associated with a location along the line, we can think 
of the amplitude C, as a function of the coordinate x and write it as C(x,). The 
amplitudes C(x,) will, in general, vary with time and are, therefore, also functions 
of t. We will not generally bother to show explicitly this dependence. 

In Chapter 13 we then proposed that the amplitudes C(x,) should vary with 
time in a way described by the Hamiltonian equation (Eq. 13.3). In our new 
notation this equation is 


ih oCn) = EpC(%q) ~ ACOs +b) — ACO, — B). (16.7) 


The last two terms on the right-hand side represent the process in which an electron 
at atom (n + 1) or at atom (n — 1) can feed into atom n. 
We found that Eq. (16.7) has solutions corresponding to definite energy states, 
which we wrote as 
Cxn) = ef BlRet en, (16.8) 


For the low-energy states the wavelengths are large (k is small), and the energy is 
related to k by 
E = (Ey — 2A) + Ak?b?, (16.9) 


or, choosing our zero of energy so that (Ey — 2A) = O, the energy is given by 
Eq. (16.1). 
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Let’s see what might happen if we were to let the lattice spacing b go to zero, 
keeping the wave number k fixed. If that is all that were to happen the last term 
in Eq. (16.9) would just go to zero and there would be no physics. But suppose 
A and 6 are varied together so that as b goes to zero the product Ab? is kept 
constantt—using Eq. (16.2) we will write Ab? as the constant #7/2m_;. Under 
these circumstances, Eq. (16.9) would be unchanged, but what would happen to the 
differential equation (16.7)? 

First we will rewrite Eq. (16.7) as 


dC(xn) 


ih 37 


= (Eo — 2A)COn) + ALP2C(X%n) — COtm + 6) ~ CO — 5). 
(16.10) 


For our choice of Eo, the first term drops out. Next, we can think of a continuous 
function C(x) that goes smoothly through the proper values C(x,) at each x,. As 
the spacing b goes to zero, the points x, get closer and closer together, and Gf we 
keep the variation of C(x) fairly smooth) the quantity in the brackets is just pro- 
portional to the second derivative of C(x). We can write—as you can see by making 
a Taylor expansion of each term—the equality 


a°C(x) | 


2C(x) — C(x + b) — C(x — b) ~ —b? aR 


(16.11) 
In the limit, then, as b goes to zero, keeping b”A equal to K, Eq. (16.7) goes over 
into 

i 9) _ A? a°C(x)_ 


at 2Mege OX? (16.12) 


We have an equation which says that the time rate of change of C(x)—the ampli- 
tude to find the electron at x—depends on the amplitude to find the electron at 
nearby points in a way which is proportional to the second derivative of the 
amplitude with respect to position. 

The correct quantum mechanical equation for the motion of an electron in 
free space was first discovered by Schrédinger. For motion along a line it has 
exactly the form of Eq. (16.12) if we replace met; by m, the free-space mass of the 
electron. For motion along a line in free space the Schrddinger equation is 


BC(x) _ AP a C(x) (16.13) 


We do not intend to have you think we have derived the Schrdédinger equation 
but only wish to show you one way of thinking about it. When Schrédinger first 
wrote it down, he gave a kind of derivation based on some heuristic arguments and 
some brilliant intuitive guesses. Some of the arguments he used were even false, but 
that does not matter; the only important thing is that the ultimate equation gives 
a correct description of nature. The purpose of our discussion is then simply to 
show you that the correct fundamental quantum mechanical equation (16.13) 
has the same form you get for the limiting case of an electron moving along a line 
of atoms. This means that we can think of the differential equation in (16.13) 
as describing the diffusion of a probability amplitude from one point to the next 
along the line, That is, if an electron has a certain amplitude to be at one point, it 
will, a little time later, have some amplitude to be at neighboring points. In fact, 
the equation looks something like the diffusion equations which we have used in 
Volume J. But there is one main difference: the imaginary coefficient in front of 
the time derivative makes the behavior completely different from the ordinary 
diffusion such as you would have for a gas spreading out along a thin tube. Ordi- 
nary diffusion gives rise to real exponential solutions, whereas the solutions of 
Eq. (16.13) are complex waves. 


¢ You can imagine that as the points x, get closer together, the amplitude 4 to jump 
from ¥, +1 to x, will increase. 
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16-2 The wave function 


Now that you have some idea about how things are going to look, we want 
to go back to the beginning and study the problem of describing the motion of an 
electron along a line without having to consider states connected with atoms on a 
lattice. We want to go back to the beginning and see what ideas we have to use 
if we want to describe the motion of a free particle in space. Since we are interested 
in the behavior of a particle along a continuum, we will be dealing with an infinite 
number of possible states and, as you will see, the ideas we have developed for 
dealing with a finite number of states will need some technical modifications. 

We begin by letting the state vector | x) stand for a state in which a particle is 
located precisely at the coordinate x. For every value x along the line—for instance 
1.73, or 9.67, or 10.00—there is the corresponding state. We will take these states 
|x) as our base states and, if we include all the points on the line, we will have 
a complete set for motion in one dimension. Now suppose we have a different 
kind of a state, say | ¥), in which an electron is distributed in some way along the 
line. One way of describing this state is to give all the amplitudes that the electron 
will be also found in each of the base states | x). We must give an infinite set of 
amplitudes, one for each value of x. We will write these amplitudes as (x |p). 
Each of these amplitudes is a complex number and since there is one such complex 
number for each value of x, the amplitude (x | y) is indeed just a function of x, 
We will also write it as C(x), 


C(x) = (x |p). (16.14) 


We have already considered such amplitudes which vary in a continuous way 
with the coordinates when we talked about the variations of amplitude with time 
in Chapter 7. We showed there, for example, that a particle with a definite mo- 
mentum should be expected to have a particular variation of its amplitude in 
space. If a particle has a definite momentum p and a corresponding definite energy 
£, the amplitude to be found at any position x would look like 


(x|¥) = C(x) « ettpalh, (16.15) 


This equation expresses an important general principle of quantum mechanics which 
connects the base states corresponding to different positions in space to another 
system of base states—all the states of definite momentum. The definite momentum 
states are often more convenient than the states in x for certain kinds of problems. 
Either set of base states is, of course, equally acceptable for a description of a 
quantum mechanical situation. We will come back later to the matter of the 
connection between them. For the moment we want to stick to our discussion of 
a description in terms of the states | x). 

Before proceeding, we want to make one small change in notation which we 
hope will not be too confusing. The function C(x), defined in Eq. (16.14), will 
of course have a form which depends on the particular state | ¥) under considera- 
tion. We should indicate that in some way. We could, for example, specify which 
function C(x) we are talking about by a subscript say, C,(x). Although this would 
be a perfectly satisfactory notation, it is a little bit cumbersome and is not the one 
you will find in most books. Most people simply omit the letter C and use the 
symbol y to define the function 


YO) = Cox) = (xy). (16.16) 


Since this is the notation used by everybody else in the world, you might as well 
get used to it so that you will not be frightened when you come across it somewhere 
else. Remember though, that we will now be using y in two different ways. In 
Eq. (16.14), y stands for a label we have given to a particular physical state of the 
electron. On the left-hand side of Eq. (16.16), on the other hand, the symbol y 
is used to define a mathematical function of x which is equal to the amplitude to 
be associated with each point x along the line. We hope it will not be too confusing 
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once you get accustomed to the idea. Incidentally, the function y(x) is usually 
called “the wave function’”’—because it more often than not has the form of a com- 
plex wave in its variables. 

Since we have defined y(x) to be the amplitude that an electron in the state y 
will be found at the location x, we would like to interpret the absolute square of 
y to be the probability of finding an electron at the position x. Unfortunately, the 
probability of finding a particle exactly at any particular point is zero. The electron 
will, in general, be smeared out in a certain region of the line, and since, in any 
small piece of the line, there are an infinite number of points, the probability that 
it will be at any one of them cannot be a finite number. We can only describe the 
probability of finding an electron in terms of a probability distributiont which gives 
the relative probability of finding the electron at various approximate locations 
along the line. Let’s let prob (x, Ax) stand for the chance of finding the electron 
in a small interval Ax located near x. If we go to a small enough scale in any 
physical situation, the probability will be varying smoothly from place to place, 
and the probability of finding the electron in any small finite line segment Ax will 
be proportional to Ax. We can modify our definitions to take this into account. 

We can think of the amplitude (x | y) as representing a kind of ‘amplitude 
density” for all the base states | x) in a small region. Since the probability of 
finding an electron in a small interval Ax at x should be proportional to the interval 
Ax, we choose our definition of (x | ¥) so that the following relation holds: 


prob (x, Ax) = [(x | y)|? Ax. 


The amplitude (x | y) is therefore proportional to the amplitude that an electron 
in the state y will be found in the base state x and the constant of proportionality 
is chosen so that the absolute square of the amplitude (x | y) gives the probability 
density of finding an electron in any small region. We can write, equivalently, 


prob (x, Ax) = |y(x)|? Ax. (16.17) 


We will now have to modify some of our earlier equations to make them 
compatible with this new definition of a probability amplitude. Suppose we have 
an electron in the state | ¥) and we want to know the amplitude for finding it in a 
different state |¢) which may correspond to a different spread-out condition 
of the electron. When we were talking about a finite set of discrete states, we would 
have used Eq. (16.5). Before modifying our definition of the amplitudes we would 
have written 


@1¥) = D> | xd«]¥). (16.18) 


all z 


Now if both of these amplitudes are normalized in the same way as we have de- 
scribed above, then a sum of all the states in a small region of x would be equivalent 
to multiplying by Ax, and the sum over all values of x simply becomes an integral. 
With our modified definitions, the correct form becomes 


|v) = [ 1 LY) ax. (16.19) 


The amplitude (x | y) is what we are now calling ¥(x) and, in a similar way, 
we will choose to let the amplitude (x | 6) be represented by ¢(x). Remembering 
that (¢ | x) is the complex conjugate of (x | ¢), we can write Eq. (16.18) as 


|¥) = / $* (x)W(x) dx. (16.20) 


With our new definitions everything follows with the same formulas as before if 
you always replace a summation sign by an integral over x. 

We should mention one qualification to what we have been saying. Any 
suitable set of base states must be complete if it is to be used for an adequate 


+ For a discussion of probability distributions see Vol. I, Section 6-4. 
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description of what is going on. For an electron in one dimension it is not really 
sufficient to specify only the base states | x), because for each of these states the 
electron may have a spin which is either up or down. One way of getting a complete 
set is to take two sets of states in x, one for up spin and the other for down spin. 
We will, however, not worry about such complications for the time being. 


16-3 States of definite momentum 


Suppose we have an electron in a state | ¥) which is described by the prob- 
ability amplitude (xi ~) = y(x). We know that this represents a state in which 
the electron is spread out along the line in a certain distribution so that the prob- 
ability of finding the electron in a small interval dx at the location x is just 


prob (x, dx) = |y(x)|? dx. 


What can we say about the momentum of this electron? We might ask what is 
the probability that this electron has the momentum p? Let’s start out by cal- 
culating the amplitude that the state | ¥) is in another state | mom p) which we 
define to be a state with the definite momentum p. We can find this amplitude by 
using our basic equation for the resolution of amplitudes, Eq. (16.20). In terms 
of the state | mom p) 
{mom p|y) = im {mom p | x){x |p) dx. (16.21) 

And the probability that the electron will be found with the momentum p should 
be given in terms of the absolute square of this amplitude. We have again, however, 
a small problem about the normalizations. In general we can only ask about the 
probability of finding an electron with a momentum in a small range dp at the 
momentum p. The probability that the momentum is exactly some value p must be 
zero (unless the state | ¥) happens to be a state of definite momentum). Only if we 
ask for the probability of finding the momentum in a small range dp at the mo- 
mentum p will we get a finite probability. There are several ways the normalizations 
can be adjusted. We will choose one of them which we think to be the most 
convenient, although that may not be apparent to you just now. 

We take our normalizations so that the probability is related to the amplitude 
by 


a d 
prob (p, dp) = (mom p|¥)? +4 - (16.22) 


With this definition the normalization of the amplitude (mom p | x) is determined. 
The amplitude (mom p | x) is, of course, just the complex conjugate of the ampli- 
tude (x | mom p), which is just the one we have written down in Eq. (16.15). 
With the normalization we have chosen, it turns out that the proper constant of 
proportionality in front of the exponential is just 1. Namely, 


(mom p|x) = (x|momp)* = e7*?7/F, (16.23) 


Equation (16.21) then becomes 


(mom p|¥) = [ 


—*% 


wT ee |) dx. (16.24) 


This equation together with Eq. (16.22) allows us to find the momentum distribu- 
tion for any state | py). 

Let’s look at a particular example—for instance one in which an ele¢tron 
is localized in a certain region around x = 0. Suppose we take a wave function 
which has the following form: 


Wx) = Kew te, (16.25) 
The probability distribution in x for this wave function is the absolute square, or 


prob (x, dx) = P(x) dx = K?e7*7/?2? dy, (16.26) 
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Fig. 16-1. The probability density 
for the wave function of Eq. (16.24), 


The probability density function P(x) is the Gaussian curve shown in Fig. 16-1. 
Most of the probability is concentrated between x = +o and x = —o. We say 
that the “half-width” of the curve is ¢. (More precisily, a is equal to the root-mean- 
square of the coordinate x for something spread out according to this distribution.) 
We would normally choose the constant K so that the probability density P(x) 
is not merely proportional to the probability per unit length in x of finding the 
electron, but has a scale such that P(x) Ax is equal to the probability of finding 
the electron in Ax near x. The constant K which does this can be found by requiring 
that (72 P (x) dx = 1, since there must be unit probability that the electron is 
found somewhere. Here, we get that K = (2707)—/+. [We have used the fact 
that ft? e—” dr = /7; see Vol. I, page 40-6.] 
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Now let’s find the distribution in momentum. Let’s let ¢(p) stand for the 
amplitude to find the electron with the momentum p, 


¢(p) = {mom p | ¥). (16.27) 
Substituting Eq. (16.25) into Eq. (16.24) we get 


$(p) = i eWHPER, Ry 2t/40? ay (16.28) 


the intregral can also be rewritten as 


—p2g2/n2 f+? _ 2 sma 2/hy2 
Ke?’ ai ell 40? \a+2ipe IR) x. (16.29) 


—7 


We can now make the substitution u = x + 2ipo?/h, and the integral is 


f 18 getlee? em Qa</ a, (16.30) 


—2 


(The mathematicians would probably object to the way we got there, but the result 
is, nevertheless, correct.) 


O(p) = (8907) te 7707/8? (16.31) 

We have the interesting result that the amplitude function in p has precisely 

the same mathematical form as the amplitude function in x; only the width of the 
Gaussian is different. We can write this as 


$(p) = (21?) N4e— P7417, (16.32) 


where the half-width y of the p-distribution function is related to the half-width c 
of the x-distribution by 


(16.33) 
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Our result says: if we make the width of the distribution in x very small by 
making go small, » becomes large and the distribution in p is very much spread out. 
Or, conversely: if we have a narrow distribution in p, it must correspond to a 
spread-out distribution in x. We can, if we like, consider » anda to be some meas- 
ure of the uncertainty in the localization of the momentum and of the position of 
the electron in the state we are studying. If we call them Ap and Ax respectively 
Eq. (16.33) becomes 

Ap Ax = . (16.34) 

Interestingly enough, it is possible to prove that for any other form of a 
a distribution in x or in p, the product Ap Ax cannot be smaller than the one 
we have found here. The Gaussian distribution gives the smallest possible value 
for the product of the root-mean-square widths. In general, we can say 


h 
Ap Ax > a (16.35) 
This is a quantatative statement of the Heisenberg uncertainty principle, which we 
have discussed qualitatively many times before. We have usually made the ap- 
proximate statement that the minimum value of the product Ap Ax is of the same 


order as ft. 


16-4 Normalization of the states in x 


We return now to the discussion of the modifications of our basic equations 
which are required when we are dealing with a continuum of base states. When 
we have a finite number of discrete states, a fundamental condition which must be 
satisfied by the set of base states is 


G| 7) = 84. (16.36) 


If a particle is in one base state, the amplitude to be in another base state is 0. By 
choosing a suitable normalization, we have defined the amplitude (i | 7) to be 1. 
These two conditions are described by Eq. (16.36). We want now to see how this 
relation must be modified when we use the base states |x) of a particle on a 
line. If the particle is known to be in one of the base states |x), what is the 
amplitude that it will be in another base state |x’)? If x and x’ are two different 
locations along the line, thenjthé amplitude (x | x’) is certainly 0, so that is 
consistent with Eq. (16.36). But if x and x’ are equal, the amplitude (x | x’) will 
not be 1, because of the same old normalization problem. To see how we have to 
patch things up, we go back to Eq. (16.19), and apply this equation to the special 
case in which the state | ¢) is just the base state { x’). We would have then 


(x |v) = [| 2) ¥@) de. (16.37) 


Now the amplitude (x |) is just what we have been calling the function (x). 
Similarly the amplitude (x’ | y), since it refers to the same state y, is the same func- 
tion of the variable x’, namely ¥(x’). We can, therefore, rewrite Eq. (16.37) as 


Vx’) = f (2 | x) VO) de. (16.38) 


This equation must be true for any state y and, therefore, for any arbitrary function 
¥(x). This requirement should completely determine the nature of the amplitude 
(x | x’)—which is, of course, just a function that depends on x and x’. 

Our problem now is to find a function f(x, x’) which when multiplied into 
¥(x), and integrated over all x gives just the quantity ¥(x’). It turns out that there 
is no mathematical function which will do this! At least nothing like what we 
ordinarily mean by a ‘‘function.” 
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Fig. 16-2. A set of functions, all of 
unit area, which look more and more 
like &(x). 


Suppose we pick x’ to be the special number 0 and define the amplitude 
(0 | x) to be some function of x, let’s say f(x). Then Eq. (16.36) would read as 
follows: 


¥(0) = [ fOW(X) dx. (16.39) 


What kind of function /(x) could possibly satisfy this equation? Since the integral 
must not depend on what values ¥(x) takes for values of x other than 0, f(x) 
must clearly be 0 for all values of x except 0. But if f(x) is 0 everywhere, the 
integral will be 0, too, and Eq. (16.39) will not be satisfied. So we have an im- 
possible situation: we wish a function to be 0 everywhere but at a point, and still 
to give a finite integral. Since we can’t find a function that does this, the easiest 
way out is just to say that the function f(x) is defined by Eq. (16.37). Namely, 
J(x) is that function which makes (16.39) correct. The function which does this 
was first invented by Dirac and carries his name. We write it 5(x). All we are say- 
ing is that the function 6(x) has the strange property that if it is substituted for 
J(x) in the Eq. (16.39), the integral picks out the value that ¥(x), takes on when 
x is equal 0; and, since the integral must be independent of ¥(x) for all values 
of x other than 0, the function 6(x) must be 0 everywhere except at x = 0. Sum- 
marizing, we write 


(0| x) = 6(), (16.40) 


where 6(x) is defined by 
¥(0) = / 5(x)W(x) dx. (16.41) 


Notice what happens if we use the special function “1” for the function y in Eq. 
(16.41). Then we have the result 


tS | 3(x) dx. (16.42) 


That is, the function 6(x) has the property that it is 0 everywhere except at x = 0 
but has a finite integral equal to unity. We must imagine that the function 
5(x) has such a fantastic infinity at one point that the total area comes out equal 
to one. 

One way of imagining what the Dirac 6-function is like is to think of a sequence 
of rectangles—or any other peaked function you care to—which gets narrower 
and narrower and higher and higher, always keeping a unit area, as sketched in 
Fig. 16-2. The integral of this function from —c to + is always |. If you 
multiply it by any function ¥(x) and integrate the product, you get something 
which is approximately the value of the function at x = 0, the approximation 
getting better and better as you use the narrower and narrower rectangles. You 
can if you wish, imagine the 6-function in terms of this kind of limiting process. 
The only important thing, however, is that the 6-function is defined so that Eq. 
(16.41) is true for every possible function y(x). That uniquely defines the 5-function. 
Its properties are then as we have described. 

If we change the argument of the 6-function from x to x — x’, the corre- 
sponding relations are 


d(x — x’) = 0, x’ xX, 

| 8(x — x’ W(x) dx = V(x’). (16.43) 
If we use 6(x — x’) for the amplitude (x | x’) in Eq. (16.38), that equation is 
satisfied. Our result then is that for our base states in x, the condition corre- 


sponding to (16.36) is 


(x’ |x) = d(x — x’). (16.44) 
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We have now completed the necessary modifications of our basic equations 
which are necessary for dealing with the continuum of base states corresponding 
to the points along a line. The extension to three dimensions is fairly obvious; 
first we replace the coordinate x by the vector r. Then integrals over x become re- 
placed by integrals over x, y, and z. In other words, they become volume integrals. 
Finally, the one-dimensional 6-function must be replaced by just the product of 
three 8-functions, one in x, one in y, and the other in z, 6(x — x’) 6Q — y’) 
a(z — 2’). Putting everything together we get the following set of equations for 
the amplitudes for particle in three dimensions: 


(|v) = [@| nly) dVol, (16.45) 
(lv) = vO, 

(16.46) 
| $) = $7), 

@|¥) = [oO dVol, (16.47) 

ir’ |r) = d(x — x’) dy — y’) H(z — 7’), (16.48) 


What happens when there is more than one particle? We will tell you about 
how to handle two particles and you will easily see what you must do if you want 
to deal with a larger number. Suppose there are two particles, which we can call 
particle No. 1 and particle No. 2. What shall we use for the base states? One 
perfectly good set can be described by saying that particle 1 is at x, and particle 
2 is at x2, which we can write as | x,x2). Notice that describing the position of 
only one particle does not define a base state. Each base state must define the 
condition of the entire system. You must not think that each particle moves inde- 
pendently as a wave in three dimensions. Any physical state | y) can be defined 
by giving all of the amplitudes (x1, x2 | y) to find the two particles at x, and x2. 
This generalized amplitude is therefore a function of the two sets of coordinates 
x, and x». You see that such a function is not a wave in the sense of an oscillation 
that moves along in three dimensions. Neither is it generally simply a product of 
two individual waves, one for each particle. It is, in general, some kind of a wave 
in the six dimensions defined by x; and x. If there are two particles in nature 
which are interacting, there is no way of describing what happens to one of the 
particles by trying to write down a wave function for it alone. The famous para- 
doxes that we considered in earlier chapters—where the measurements made on 
one particle were claimed to be able to tell what was going to happen to another 
particle, or were able to destroy an interference—have caused people all sorts 
of trouble because they have tried to think of the wave function of one particle 
alone, rather than the correct wave function in the coordinates of both particles. 
The complete description can be given correctly only in terms of functions of the 
coordinates of both particles. 


16-5 The Schrédinger equation 


So far we have just been worrying about how we can describe states which 
may involve an electron being anywhere at all in space. Now we have to worry 
about putting into our description the physics of what can happen in various 
circumstances. As before, we have to worry about how states can change with time. 
If we have a state | ¥) which goes over into another state | ¥’) sometime later, 
we can describe the situation for all times by making the wave function—which 
is just the amplitude (r | y)—a function of time as well as a function of the co- 
ordinate. A particle in a given situation can then be described by giving a time- 
varying wave function ¥(r, ) = ¥(x, y,z, 1). This time-varying wave function 
describes the evolution of successive states that occur as time develops. This 
so-called “coordinate representation”—which gives the projections of the state 
| y) into the base states | r) may not always be the most convenient one to use— 
but we will consider it first. 


16-11 


In Chapter 8 we described how states varied in time in terms of the Hamilto- 
nian H,;. We saw that the time variation of the various amplitudes was given in 
terms of the matrix equation 


4, aC; 
ih = x H;;C;. (16.49) 


This equation says that the time variation of each amplitude C; is proportional to 
all of the other amplitudes C,, with the coefficients H;;. 

How would we expect Eq. (16.49) to look when we are using the continuum 
of base states | x)? Let's first remember that Eq. (16.49) can also be written as 


een sp GAN nye 
ih lv) = Do GL AL DUI). 
J 
Now it is clear what we should do. For the x-representation we would expect 


ae 5 (cy) = Jowial x!)(x! | p) dx’, (16.50) 


The sum over the base states | j), gets replaced by an integral over x’. Since 
(x | H | x’) should be some function of x and x’, we can write it as A(x, x’)—which 
corresponds to H;; in Eq. (16.49). Then Eq. (16.50) is the same as 


ih 4 v(x) = [e. x! W(x’) dx’ 
with (16.51) 
A(x, x’) = (x| | x’). 


According to Eq. (16.51), the rate of change of the y at x would depend on the 
value of y at all other points x’; the factor H(x, x’) is the amplitude per unit time 
that the electron will jump from x’ to x. Jt turns out in nature, however, that this 
amplitude is zero except for points x’ very close to x. This means—as we saw in the 
example of the chain of atoms at the beginning of the chapter, Eq. (16.12)—that 
the right-hand side of Eq. (16.15) can be expressed completely in terms of y and 
the derivatives of y with respect to x, all evaluated at the position x. 

For a particle moving freely in space with no forces, no disturbances, the 
correct law of physics is 


i; ; nd? 
H(x, x W(x!) dx’ = — Im dea ¥)- 


Where did we get that from? Nowhere. It’s not possible to derive it from anything 
you know. It came out of the mind of Schrédinger, invented in his struggle to 
find an understanding of the experimental observations of the real world. You can 
perhaps get some clue of why it should be that way by thinking of our derivation 
of Eq. (16.12) which came from looking at the propagation of an electron in a 
crystal. 

Of course, free particles are not very exciting. What happens if we put forces 
on the particle? Well, if the force of a particle can be described in terms of a scalar 
potential V(x)—which means we are thinking of electric forces but not magnetic 
forces—and if we stick to low energies so that we can ignore complexities which 
come from relativistic motions, then the Hamiltonian which fits the real world 
gives 

i TORT en 
A(x, xX WO’) dx’ = ~ Im de W(X) + VixW(x). (16.52) 


Again, you can get some clue as to the origin of this equation if you go back to 
the motion of an electron in a crystal, and see how the equations would have to 
be modified if the energy of the electron varied slowly from one atomic site to 
the other—as it might do if there were an electric field across the crystal. Then 
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the term Ep in Eq. (16.7) would vary slowly with position and would correspond 
to the new term we have added in (16.52). 

[You may be wondering why we went straight from Eq. (16.51) to Eq. (16.52) 
instead of just giving you the correct function for the amplitude A(x, x’) = 
(x | H| x’). We did that because H(x, x’) can only be written in terms of strange 
algebraic functions, although the whole integral on the right-hand side of Eq. 
(16.51) comes out in terms of things you are used to. If you are really curious, 
H(x, x’) can be written in the following way: 


2 
A(x, x) = — as 6x — x/) + V(x) (x — x’), 
where 6’’ means the second derivative of the delta function. This rather strange 
function can be replaced by a somewhat more convenient algebraic differential 
operator, which is completely equivalent: 


nh a 
A(x, x!) = j- Im dx + (atx —x). 
We will not be using these forms, but will work directly with the form in Eq. 
(16.52).] 
If we now use the expression we have in (16.52) for the integral in (16.50) we 
get the following differential equation for ¥(x) = (x |): 
4 OP nh a? 


It is fairly obvious what we should use instead of Eq. (16.53) if we are inter- 
ested in motion in three dimensions. The only changes are that d?/dx? gets 
replaced by 

v2 = ae e a” ’ 
Ox? oy? dz? 
and V(x) gets replaced by V(x, y,z). The amplitude y(x, y, z) for an electron 
moving in a potential V(x, y, z) obeys the differential equation 


1 OW Wo 
ina = aa eS Vy. (16.54) 
It is called the Schrédinger equation, and was the first quantum-mechanical 
equation ever known. It was written down by Schrédinger before any of the other 
quantum equations we have described in this book were discovered. 

Although we have approached the subject along a completely different route, 
the great historical moment marking the birth of the quantum mechanical de- 
scription of matter occurred when Schrédinger first wrote down his equation in 
1926. For many years the internal atomic structure of matter had been a great 
mystery. No one had been able to understand what held matter together, why 
there was chemical binding, and especially how it could be that atoms could be 
stable. Although Bohr had been able to give a description of the internal motion 
of an electron in a hydrogen atom which seemed to explain the observed spectrum 
of light emitted by this atom, the reason that electrons moved in this way remained 
a mystery. Schrédinger’s discovery of the proper equations of motion for electrons 
on an atomic scale provided a theory from which atomic phenomena could be 
calculated quantitatively, accurately, and in detail. In principle, Schrddinger’s 
equation is capable of explaining all atomic phenomena except those involving 
magnetism and relativity. It explains the energy levels of an atom, and all the 
facts of chemical binding. This is, however, true only in principle—the mathe- 
matics soon becomes too complicated to solve exactly any but the simplest prob- 
lems. Only the hydrogen and helium atoms have been calculated to a high accuracy. 
However, with various approximations, some fairly sloppy, many of the facts of 
more complicated atoms and of the chemical binding of molecules can be under- 
stood. We have shown you some of these approximations in earlier chapters. 
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Fig. 16-3. A_ potential 
particle moving along x. 
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The Schrédinger equation as we have written it does not take into account 
any magnetic effects. It is possible to take such effects into account in an approxi- 
mate way by adding some more terms to the equation. However, as we have seen 
in Volume II, magnetism is essentially a relativistic effect, and so a correct de- 
scription of the motion of an electron in an arbitrary electromagnetic field can 
only be discussed in a proper relativistic equation. The correct relativistic equation 
for the motion of an electron was discovered by Dirac a year after Schrédinger 
brought forth his equation, and takes on quite a different form. We will not be 
able to discuss it at all here. 

Before we go on to look at some of the consequences of the Schrédinger 
equation, we would like to show you what it looks like for a system with a large 
number of particles. We will not be making any use of the equation, but just 
want to show it to you to emphasize that the wave function y is not simply an 
ordinary wave in space, but is a function of many variables. If there are many 
particles, the equation becomes 


Oe Tas Far =) nh? ay arp a" 
ph ees = 2 om: a +et+S + Viri,1i,...)¥. (16.55) 


The potential function V is what corresponds classically to the total potential energy 
of all the particles. If there are no external forces acting on the particles, the 
function V is simply the electrostatic energy of interaction of all the particles. That 
is, if the ith particle carries the charge Z;g., then the function V is simplyt 


2,2; 2 


a 744 
pairs 


Viti, re, 135 ---) (16.56) 


16-6 Quantized energy levels 


In a later chapter we will look in detail at a solution of Schrédinger’s equation 
for a particular example. We would like now, however, to show you how one of 
the most remarkable consequence of Schrédinger’s equation comes about—namely, 
the surprising fact that a differential equation involving only continuous functions 
of continuous variables in space can give rise to quantum effects such as the 
discrete energy levels in an atom. The essential fact to understand is how it can be 
that an electron which is confined to a certain region of space by some kind of a 
potential ‘well’? must necessarily have only one or another of a certain well- 
defined set of discrete energies. 


\ Xo : 


Suppose we think of an electron in a one-dimensional situation in which its 
potential energy varies with x in a way described by the graph in Fig. 16-3. We 
will assume that this potential is static—it doesn’t vary with time. As we have done 
so many times before, we would like to look for solutions corresponding to states 
of definite energy, which means, of definite frequency. Let’s try a solution of the 
form 


v= a(xje BAF, (16.57) 


} We are using the convention of the earlier volumes according to which e? = g?/4rrep. 
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If we substitute this function into the Schrédinger equation, we find that the 
function a(x) must satisfy the following differential equation: 


2 
FA) _ 2M y(x) — Bats) (16.58) 


This equation says that at each x the second derivative of a(x) with respect to x 
is proportional to a(x), the coefficient of proportionality being given by the quan- 
tity (V — E). The second derivative of a(x) is the rate of change of its slope. If 
the potential V is greater than the energy £& of the particle, the rate of change of 
the slope of a(x) will have the same sign as a(x). That means that the curve of 
a(x) will be concave away from the axis. That is, it will have, more or less, the 
character of the positive or negative exponential function, e~*. This means that 
in the region to the left of x,, in Fig. 16-3, where V is greater than the assumed 
energy E, the function a(x) would have to look like one or another of the curves 
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Fig. 16-4. Possible shapes of the Fig. 16-5. A wave function for the 
wave function a(x) for V > E and for energy E, which goes to zero for nega- 
V<e—. tive x. 


shown in part (a) of Fig. 16-4. 

If, on the other hand, the potential function V is less than the energy £, the 
second derivative of a(x) with respect to x has the opposite sign from a(x) 
itself, and the curve of a(x) will always be concave toward the axis like one of the 
pieces shown in part (b) of Fig. 16-4. The solution in such a region has, piece-by- 
piece, roughly the form of a sinusoidal curve. 

Now let’s see if we can construct graphically a solution for the function a(x) 
which corresponds to a particle of energy E, in the potential V shown in Fig. 
16-3. Since we are trying to describe a situation in which a particle is bound 
inside the potential well, we want to look for solutions in which the wave amplitude 
takes on very small values when x is way outside the potential well. We can easily 
imagine a curve like the one shown in Fig. 16-5 which tends toward zero for large 
negative values of x, and grows smoothly as it approaches x,. Since V is equal to 
E, at x, the curvature of the function becomes zero at this point. Between x, 
and x», the quantity V — E, is always a negative number, so the function a(x) 
is always concave toward the axis, and the curvature is larger the larger the differ- 
ence between £, and V. If we continue the curve into the region between x, and 
X, it should go more or less as shown in Fig. 16-5. 

Now let’s contiriue this curve into the region to the right of xj. There it 
curves away from the axis and takes off toward large positive values, as drawn in 
Fig. 16-6. For the energy E, we have chosen, the solution for a(x) gets larger and 
larger with increasing x. In fact, its curvature is also increasing (if the potential 
continues to stay flat). The amplitude rapidly grows to immense proportions. 
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Fig. 16-6. The wave function a(x) of 
Fig. 16-5 continued beyond x2. 


Fig. 16-7. The wave function a(x) 
for an energy & greater than E,. 
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Fig. 16-8. A wave function for the 
energy E. between E, and &. 
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What does this mean? It simply means that the particle is not ‘‘bound’’ in the 
potential well. It is infinitely more likely to be found outside of the well, than 
inside. For the solution we have manufactured, the electron is more likely to be 
found at x = +. than anywhere else. We have failed to find a solution for a 
bound particle. 

Let’s try another energy, say one a little bit higher than E,—say the energy 
E, in Fig. 16-7. If we start with the same conditions on the left, we get the solution 
drawn in the lower half of Fig. 16-7. It looked at first as though it were going to 
be better, but it ends up just as bad as the solution for E,—except that now a(x) 
is getting more and more negative as we go toward large values of x. 

Maybe that’s the clue. Since changing the energy a little bit from E, to E, 
causes the curve to flip from one side of the axis to the other, perhaps there is 
some energy lying between E, and £, for which the curve will approach zero for 
large values of x. There is, indeed, and we have sketched how the solution might 
look in Fig. 16-8. 

You should appreciate that the solution we have drawn in the figure is a 
very special one. If we were to raise or lower the energy ever so slightly, the func- 
tion would go over into curves like one or the other of the two broken-line curves 
shown in Fig. 16-8, and we would not have the proper conditions for a bound 
particle. We have obtained a result that if a particle is to be bound in a potential 
well, it can do so only if it has a very definite energy. 

Does that mean that there is only one energy for a particle bound in a po- 
tential well? No. Other energies are possible, but not energies too close to E,. 
Notice that the wave function we have drawn in Fig. 16-8 crosses the axis four 
times in the region between x; and x». If we were to pick an energy quite a bit 
lower than E,, we could have a solution which crosses the axis only three times, 
only two times, only once, or not at all. The possible solutions are sketched in 
Fig. 16-9. (There may also be other solutions corresponding to values of the 
energy higher than the ones shown.) Our conclusion is that if a particle is bound 
in a potential well, its energy can take on only the certain special values in a discrete 
energy spectrum. You see how a differential equation can describe the basic fact 
of quantum physics. 

We might remark one other thing. If the energy E is above the top of the 
potential well, then there are no longer any discrete solutions, and any possible 
energy is permitted. Such solutions correspond to the scattering of free particles 
by a potential well. We have seen an example of such solutions when we considered 
the effects of impurity atoms in a crystal. 


Fig. 16-9. The function a(x} for the five lowest energy bound states. 
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Symmetry and Conservation Laws 


17-1 Symmetry 


In classical physics there are a number of quantities which are conserved— 
such a momentum, energy, and angular momentum. Conservation theorems 
about corresponding quantities also exist in quantum mechanics. The most beau- 
tiful thing of quantum mechanics 1s that the conservation theorems can, in a 
sense, be derived from something else, whereas in classical mechanics they are 
practically the starting points of the laws. (There are ways in classical mechanics 
to do an analogous thing to what we will do in quantum mechanics, but it can be 
done only at a very advanced level.) In quantum mechanics, however, the conserva- 
tion laws are very deeply related to the principle of superposition of amplitudes, 
and to the symmetry of physical systems under various changes. This 1s the subject 
of the present chapter. Although we will apply these ideas mostly to the conserva- 
tion of angular momentum, the essential point is that the theorems about the 
conservation of all kinds of quantities are—in the quantum mechanics—related to 
the symmetries of the system. 

We begin, therefore, by studying the question of symmetries of systems. A 
very simple example is the hydrogen molecular ion—we could equally well take the 
ammonia molecule—in which there are two states. For the hydrogen molecular 
ion we took as our base states one in which the electron was located near proton 
number 1, and another in which the electron was located near proton number 2. 
The two states—which we called | 7) and | 2)—are shown again in Fig. 17-1(a). 
Now, so long as the two nuclei are both exactly the same, then there is a certain 
symmetry in this physical system. That is to say, if we were to reflect the system 
in the plane halfway between the two protons—by which we mean that everything 
on one side of the plane gets moved to the symmetric position on the other side— 
we would get the situations in Fig. 17-1(b). Since the protons are identical, the 
operation of reflection changes | J) into | 2) and | 2) into | 7). We’ll call this reflec- 
tion operation P and write 


Pily)=|2), P| 2) =| 1). (17.1) 


So our F is an operator in the sense that it “does something” to a state to make a 
new state. The interesting thing is that P operating on any state produces some 
other state of the system. 

Now P, like any of the other operators we have described, has matrix elements 


which can be defined by the usual obvious notation. Namely, 
Py, = (1 | PI 1) and Pio = (1 | P| 2) 


are the matrix elements we get if we multiply P | 7) and P | 2) on the left by (J |. 
From Eq. (17.1) they are 


(P| Py = Pay = |2) = 0, a 
Q|P|2)= Pig = U|D = 1. 


In the same way we can get P2, and Py», The matrix of P—with respect to the 
base system | 1) and | 2)—is 
0 1 
p=(0 9) 


We see once again that the words operator and matrix in quantum mechanics are 
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Fig. 17-2. 


In a symmetric system, if a pure | 7) state develops as shown in 


part (a), a pure | 2) state will develop as in part (b). 


practically interchangeable. There are slight technical differences—like the differ- 
ence between a “numeral’’ and a “number’—but the distinction is something 
pedantic that we don’t have to worry about. So whether P defines an operation, 
or is actually used to define a matrix of numbers, we will call it interchangeably 
an operator or a matrix. 

Now we would like to point out something. We will suppose that the physics 
of the whole hydrogen molecular ion system is symmetrical, It doesn’t have to be 
—it depends, for instance, on what else is near it. But if the system is symmetrical, 
the following idea should certainly be true. Suppose we start at ¢ = O with the 
system in the state | 7) and find after an interval of time ¢ that the system turns 
out to be in a more complicated situation—in some linear combination of the two 
base states. Remember that in Chapter 8 we used to represent “going for a 
period of time” by multiplying by the operator U. That means that the system 
would after a while—say 15 seconds to be definite—be in some other state. For 
example, it might be \/2/3 parts of the state | /) and 1\/1/3 parts of the state | 2), 
and we would write 


| wat 15sec) = U(15,0)| 7) = V2/3| 7) + iV1/3 | 2). (17.4) 


Now we ask what happens if we start the system in the symmetric state | 2) and 
wait for 15 seconds under the same conditions? Jt is clear that if the world is 
symmetric—as we are supposing—we should get the state symmetric to (17.4): 


| pat 15sec) = O(15,0)| 2) = V2/3| 2) + iV1/3| J). (17.5) 


The same ideas are sketched diagrammatically in Fig. 17-2. So if the physics of a 
system is symmetrical with respect to some plane, and we work out the behavior 
of a particular state, we also know the behavior of the state we would get by 
reflecting the original state in the symmetry plane. 

We would like to say the same things a litte bit more generally—which means 
a little more abstractly. Let @ be any one of a number of operations that you 
could perform on a system without changing the physics. For instance, for @ we 
might be thinking of P, the operation of a reflection in the plane between the two 
atoms in the hydrogen molecule. Or, in a system with two electrons, we might be 
thinking of the operation of interchanging the two electrons. Another possibility 
would be, in a spherically symmetric system, the operation of a rotation of the 
whole system through a finite angle around some axis—which wouldn’t change 
the physics. Of course, we would normally want to give each special case some 
special notation for @. Specifically, we will normally define the R,(0) to be the 
operation “rotate the system about the y-axis by the angle 6”. By © we mean 
just any one of the operators we have described or any other one—which leaves 
the basic physical situation unchanged. 

Let’s think of some more examples. If we have an atom with no external 
magnetic field or no external electric field, and if we were to turn the coordinates 
around any axis, it would be the same physical system. Again, the ammonia 
molecule is symmetrical with respect to a reflection in a plane parallel to that of 
the three hydrogens—so long as there is no electric field. When there is an electric 
field, when we make a reflection we would have to change the electric field also, 
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and that changes the physical problem. But if we have no external field, the 
molecule is symmetrical. 

Now we consider a general situation. Suppose we start with the state | ¥1) 
and after some time or other under givén physical conditions it has become the 
state | ~2). We can write 


|v2) = Oly). (17.6) 


[You can be thinking of Eq. (17.4).] Now imagine we perform the operation @ 
on the whole system. The state | ¥1) will be transformed to a state | ¥4), which 
we can also write as O | ¥;). Also the state | ¥2) is changed into | ¥5) = @ | Wo). 
Now if the physics is symmetrical under O (don’t forget the /f; it is not a general 
property of systems), then, waiting for the same time under the same conditions, 
we should have 


l¥5) = O| 4). (17.7) 
[Like Eq. (17.5).] But we can write O | 1) for | ¥{) and @ | 2) for | ¥4) so (17.7) 
can also be written 7 eg 
Q|¥2) = UQ|¥1). (17.8) 
If we now replace | ¥2) by U | ¥1)—Eq. (17.6)—we get 
OU |¥1) = UG |¥1). (17.9) 


It’s not hard to understand what this means. Thinking of the hydrogen ion it 
says that: “making a reflection and waiting a while’—the expression on the 
right of Eq. (17.9)—is the same as “waiting a while and then making a reflection’ — 
the expression on the left of (17.9). These should be the same so long as U doesn’t 
change under the reflection. 

Since (17.9) is true for any starting state | 1), it is really an equation about 


the operators: Par ana 
OU = UO. (17.10) 


This is what we wanted to get—it is a mathematical statement of symmetry. When 
Eq. (17.10) is true, we say that the operators U and @ commute. We can then 
define “symmetry” in the following way: A physical system is symmetric with 
respect to the operation @ when O commutes with U, the operation of the passage 
of time. [In terms of matrices, the product of two operators is equivalent to the 
matrix product, so Eq. (17.10) also holds for the matrices Q and U for a system 
which is symmetric under the transformation Q.] 

Incidentally, since for infinitesimal times ¢« we have U = 1 — iHe/i—where 
Ff is the usual Hamiltonian (see Chapter 8)—you can see that if (17.10) is true, 


it is also true that a AB 
OH = HQ. (17.11) 


So (17.11) is the mathematical statement of the condition for the symmetry of a 
physical situation under the operator Q. It defines a symmetry. 


17-2 Symmetry and conservation 


Before applying the result we have just found, we would like to discuss the 
idea of symmetry a little more. Suppose that we have a very special situation: 
after we operate on a state with Q, we get the same state. This 1s a very special case, 
but let’s suppose it happens to be true for a state | vo) that | ¥’) = O| vo) is 
physically the same state as | Yo). That means that | y’) is equal to | ¥o) except 
for some phase factor.t How can that happen? For instance, suppose that we 


+ Incidentally, you can show that Oris necessarily a unitary operator—which means 
that if it operates on | y) to give some number times | y), the number must be of the form 
e”, where 4 1s real. It’s a small pornt, and the proof rests on the following observation. 
Any operation like a reflection or a rotation doesn’t lose any particles, so the normaliza- 
tion of |’) and | ¥) must be the same; they can only differ by a pure imaginary phase 
factor. 
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have an Hf ion in the state which we once called | J). For this state there is equal 
amplitude to be in the base states | 7) and | 2). The probabilities are shown as a 
bar graph in Fig. 17-3(a). If we operate on | J) with the reflection operator P, it 
flips the state over changing | 7) to | 2) and |2) to | 1)—we get the probabilities 
shown in Fig. 17-3(b). But that’s just the state | 7) all over again. If we start with 
state | J!) the probabilities before and after reflection look just the same. However, 
there is a difference if we look at the amplitudes. For the state | 7) the amplitudes 
are the same after the reflection, but for the state | //) the amplitudes have the 
opposite sign. In other words, 


pin = {iD slay aD ea: 


V2 V2 
(17.12) 
V2 V2 
If we write P | Yo) = e” | Yo), we have thate® = 1 forthestate| J) ande”® = —1 


for the state | J/). 

Let’s look at another example. Suppose we have a RHC polarized photon 
propagating in the z-direction. If we do the operation of a rotation around the 
z-axis, we know that this just multiplies the amplitude by e‘* when ¢ is the angle 
of the rotation. So for the rotation operation in this case, 6 is just equal to the 
angle of rotation. 

Now it is clear that if it happens to be true that an operator Q just changes the 
phase of a state at some time, say ¢ = 0, it is true forever. In other words, if the 
state | ¥,) goes over into the state | ¥2) after a time ¢, or 


O(t, 0) | ¥1) = | v2) (17.13) 


and if the symmetry of the situation makes it so that 


O |v) = eli), (17.14) 


then it is also true that 


O | ¥2) = e* | po). (17.15) 


This is clear, since 


@ | v2) = OU |¥:) = 06 |¥v1), 
and if O|¥1) = e” | 3), then 
O|¥2) = Ue*| ys) = e®O| 1) = e” | v2). 


[The sequence of equalities follows from (17.13) and (17.10) for a symmetrical 
system, from (17.14), and from the fact that a number like e’® commutes with an 
operator.] 

So with certain symmetries something which is true initially is true for all 
times. But isn’t that just a conservation law? Yes! It says that if you look at the 
original state and by making a little computation on the side discover that an 
operation which is a symmetry operation of the system produces only a multiplica- 
tion by a certain phase, then you know that the same property will be true of the 
final state—the same operation multiplies the final state by the same phase factor. 
This is always true even though we may not know anything else about the inner 
mechanism of the universe which changes a system from the initial to the final 
state. Even if we do not care to look at the details of the machinery by which the 
system gets from one state to another, we can still say that if a thing 1s in a state 
with a certain symmetry character originally, and if the Hamiltomian for this thing 
is symmetrical under that symmetry operation, then the state will have the same 
symmetry character for all times. That’s the basis of all the conservation laws of 
quantum mechanics. 

Let’s look at a special example. Let’s go back to the P operator. We would 
like first to modify a little our definition of P. We want to take for P not just a 


17-4 


mirror reflection, because that requires defining the plane in which we put the 
mirror. There is a special kind of a reflection that doesn’t require the specification 
of a plane. Suppose we redefine the operation P this way: First you reflect in a 
mirror in the z-plane so that z goes to —z, x stays x, and y stays y; then you turn 
the system 180° about the z-axis so that x is made to go to —x and yto —y. The 
whole thing is called an inversion. Every point is projected through the origin to the 
diametrically opposite position. All the coordinates of everything are reversed. 
We will still use the symbol F for this operation. It is shown in Fig. 17-4. It isa 
little more convenient than a simple reflection because it doesn't require that you 
specify which coordinate plane you used for the reflection—you need specify only 
the point which is at the center of symmetry. 

Now let’s suppose that we have a state | ¥») which under the inversion opera- 
tion goes into e” | ¥o)—that is, 


| ¥o) = Pl yo = e” | Yo). (17.16) 


Then suppose that we invert again. After two inversions we are right back where 
we started from—nothing is changed at all. We must have that 


P |p) = PP | do) = | Ho). 
PP | yo) = Pe® | po) = e® P| vo) = (e%)? | vo). 


But 


It follows that 
(e*)? = 1. 


So if the inversion operator is a symmetry operation of a state, there are only two 
possibilities for 6: 


which means that 


Plvo) = |¥0) or Plo) = — | 40). (17.17) 


Classically, if a state is symmetric under an inversion, the operation gives 
back the same state. In quantum mechanics, however, there are the two possibilities: 
we get the same state or minus the same state. When we get the same state, P | Yo) = 
| ¥o), we Say that the state | #9) has even parity. When the sign is reversed so that 
P| vo) = — |¥o), we say that the state has odd parity. (The inversion operator 
P is also known as the parity operator.) The state | /) of the Hy ion has even parity ; 
and the state | //) has odd parity—see Eq. (17.12). There are, of course, states 
which are not symmetric under the operation P; these are states with no definite 
parity. For instance, in the Hi system the state | J) has even parity, the state | //) 
has odd parity, and the state | 7) has no definite parity. 

When we speak of an operation like inversion being performed “on a physical 
system” we can think about it in two ways. We can think of physically moving 
whatever is at r to the inverse point at ~r, or we can think of looking at the same 
system from a new frame of reference x’, y’, z’ related to the old by x’ = —x, 
y’ = —y, and z’ = ~z. Similarly, when we think of rotations, we can think of 
rotating bodily a physical system, or of rotating the coordinate frame with respect 
to which we measure the system, keeping the ‘“‘system”’ fixed in space. Generally, 
the two points of view are essentially equivalent. For rotation they are equivalent 
except that rotating a system by the angle 6 is like rotating the reference frame by 
the negative of 6. In these lectures we have usually considered what happens when 
a projection is made into a new set of axes. What you get that way is the same as 
what you get tf you leave the axes fixed and rotate the system backwards by the 
same amount. When you do that, the signs of the angles are reversed.t 


+ In other books you may find formulas with different signs; they are probably using 
a different definition of the angles. 
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Fig. 17-4. The operation of inver- 
sion, P. Whatever is at the point A at 
(x, y, z) is moved to the point A’ at 
(—x, —y, —z). 


Many of the Jaws of physics—but not all—are unchanged by a reflection or an 
inversion of the coordinates. They are symmetric with respect to an inversion. 
The laws of electrodynamics, for instance, are unchanged if we change x to —x, 
y to —y, and z to —z in all the equations. The same is true for the laws of gravity, 
and for the strong interactions of nuclear physics. Only the weak interactions— 
responsible for 8-decay—do not have this symmetry. (We discussed this in some 
detail in Chapter 52, Vol. I.) We will for now leave out any consideration of the 
B-decays. Then in any physical system where 8-decays are not expected to produce 
any appreciable effect—an example would be the emission of light by an atom— 
the Hamiltonian A and the operator P will commute. Under these circumstances 
we have the following proposition. If a state originally has even parity, and if you 
look at the physical situation at some later time, it will again have even parity. 
For instance, suppose an atom about to emit a photon is in a state known to have 
even parity. You look at the whole thing—including the photon—after the emis- 
sion; it will again have even parity (likewise if you start with odd parity). This 
principle is called the conservation of parity. You can see why the words “‘conserva- 
tion of parity” and “‘reflection symmetry” are closely intertwined in the quantum 
mechanics. Although until a few years ago it was thought that nature always 
conserved parity, it is now known that this is nor true. It has been discovered to 
be false because the 8-decay reaction does not have the inversion symmetry which 
is found in the other laws of physics. 

Now we can prove an interesting theorem (which is true so Jong as we can 
disregard weak interactions): Any state of definite energy which is not degenerate 
must have a definite parity. It must have either even parity or odd parity. (Re- 
member that we have sometimes seen systems in which several states have the same 
energy—we say that such states are degenerate. Our theorem will not apply to 
them.) 

For a state | ¥o) of definite energy, we know that 


A| vo) = E| vo), (17.18) 


where E is just a number—the energy of the state. If we have any operator 0 
which is a symmetry operator of the system we can prove that 


O | vo) = e | vo) (17.19) 


so long as | ¥o) is a unique state of definite energy. Consider the new state | ¥) 
that you get from operating with Q. If the physics is symmetric, then | ¥) must 
have the same energy as | ¥o). But we have taken a situation in which there is 
only one state of that energy, namely | Yo), so | ¥4) must be the same state—it 
can only differ by a phase. That’s the physical argument. 

The same thing comes out of our mathematics. Our definition of symmetry 
is Eq. (17.10) or Eq. (17.11) (good for any state y), 


HO|v) = OAR |y). (17.20) 


But we are considering only a state | ~)) which is a definite energy state, so that 
A lwo) = E|¥o). Since E is just a number that floats through QO if we want, 
we have 


OF |¥o) = GE|¥0) = EO| yo). 
H{O | vo)} = E{O | vo)}. (17.21) 


So | ¥s) = O| yo) is also a definite energy state of A—and with the same E. 
But by our hypothesis, there is only one such state; it must be that | ¥4) = e” | Wo). 
What we have just proved is true for any operator @ that is a symmetry opera- 
tor of the physical system. Therefore, in a situation in which we consider only 
electrical forces and strong interactions—and no @-decay—so that inversion sym- 
metry is an allowed approximation, we have that P| ¥) = e”|y). But we have 
also seen that e’? must be either +1 or —1. So any state of a definite energy (which 
is not degenerate) has got either an even parity or an odd parity. 
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So 


17-3 The conservation laws 


We turn now to another interesting example of an operation: a rotation. 
We consider the special case of an operator that rotates an atomic system by angle 
@ around the z-axis. We will call this operatort R,(¢). We are going to suppose 
that we have a physical situation where we have no influences lined up along the 
x- and y-axes. Any electric field or magnet field is taken to be parallel to the 
z-axis} so that there will be no change in the external conditions if we rotate the 
whole physical system about the z-axis. For example, if we have an atom in empty 
space and we turn the atom around the z-axis by an angle ¢, we have the same 
physical system. 

Now then, there are special states which have the property that such an opera- 
tion produces a new state which is the original state multiplied by some phase 
factor. Let us make a quick side remark to show you that when this is true the 
phase change must always be proportional to the angle @. Suppose that you would 
rotate twice by the angle ¢. That’s the same thing as rotating by the angle 2¢. Ifa 
rotation by ¢ has the effect of multiplying the state | ~¥o) by a phase e* so that 


RAg) | ¥o) = e" | vo), 


two such rotations in succession would multiply the state by the factor (e%)? = 
e**5 since 


R.(@)Re() | vo) = R(d)e" | Wo) = e* RG) | Wo) = ee” | vo). 


The phase change 6 must be proportional to ¢.41 We are considering then those 
special states | ¥o) for which 


R$) | vo) = e'"* | o)s (17.22) 


where m is some real number. 

We also know the remarkable fact that if the system is symmetrical for a rota- 
tion around z and if the original state happens to have the property that (17.22) 
is true, then it will also have the same property later on. So this number m is a 
very important one. If we know its value initially, we know its value at the end of 
the game. It is a number which 1s conserved—m is a constant of the motion. The 
reason that we pull out m is because it hasn’t anything to do with any special angle 
¢, and also because it corresponds to something in classical mechanics. In quantum 
mechanics we choose to call mh—for such states as | ¥o)—the angular momentum 
about the z-axis. If we do that we find that in the limit of large systems the same 
quantity is equal to the z-component of the angular momentum of classical me- 
chanics. So if we have a state for which a rotation about the z-axis just produces 
a phase factor e’”®, then we have a state of definite angular momentum about that 
axis—and the angular momentum is conserved. It is mf now and forever. Of 
course, you can rotate about any axis, and you get the conservation of angular 
momentum fot the various axes. You see that the conservation of angular 
momentum is related to the fact that when you turn a system you get the same 
state with only a new phase factor. 

We would like to show you how general this idea is. We will apply it to two 
other conservation laws which have exact correspondence in the physical ideas 
to the conservation of angular momentum. In classical physics we also have 
conservation of momentum and conservation of energy, and it 1s interesting to 
see that both of these are related in the same way to some physical symmetry. 


t Very precisely, we will define R,(@) as a rotation of the physical system by —@ about 
the z-axis, which 1s the same as rotating the coordinate frame by +¢. 

t We can always choose z along the direction of the field provided there 1s only one 
field at a time, and its direction doesn’t change. 

4| For a fancier proof we should make this argument for small rotations « Since any 
angle ¢ is the sum of a suitable » number of these,¢@ = ne, R.(¢) = [R.(6]" and the total 
phase change 1s 7 times that for the small angle «, and 1s, therefore, proportional to @ 
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Suppose that we have a physical system—an atom, some complicated nucleus, 
or a molecule, or something—and it doesn’t make any difference if we take the 
whole system and move it over to a different place. So we have a Hamiltonian 
which has the property that it depends only on the internal coordinates in some 
sense, and does not depend on the absolute position in space. Under those cir- 
cumstances there is a special symmetry operation we can perform which is a 
translation in space. Let’s define B,(a) as the operation of a displacement by the 
distance a along the x-axis. Then for any state we can make this operation and 
get a new state. But again there can be very special states which have the property 
that when you displace them by a along the x-axis you get the same state except 
for a phase factor. It’s also possible to prove, just as we did above, that when this 
happens, the phase must be proportional to a. So we can write for these special 
states | Yo) 

DB,(a) | bo) = e** | po). (17.23) 


The coefficient k, when multiplied by %, is called the x-component of the momentum. 
And the reason it is called that is that this number is numerically equal to the 
classical momentum p, when we have a large system. The general statement is 
this: If the Hamiltonian is unchanged when the system is displaced, and if the 
state starts with a definite momentum in the x-direction, then the momentum in 
the x-direction will remain the same as time goes on. The total momentum of a 
system before and after collisions—or after explosions or what not—will be the 
same. 

There is another operation that is quite analogous to the displacement in 
space: a delay in time. Suppose that we have a physical situation where there is 
nothing external that depends on time, and we start something off at a certain 
moment in a given state and let it roll. Now if we were to start the same thing 
off again (in another experiment) two seconds later—or/say, delayed by a time 
7—and if nothing in the external conditions depends on the absolute time, the 
development would be the same and the final state would be the same as the 
other final state, except that it will get there later by the time 7. Under those 
circumstances we can also find special states which have the property that the 
development in time has the special characteristic that the delayed state is just 
the old, multiplied by a phase factor. Once more it is clear that for these special 
states the phase change must be proportional to 7. We can write 


Dit) | o) = e—*** | ¥o)- (17.24) 


It is conventional to use the negative sign in defining w: with this convention 
wh is the energy of the system, and it is conserved. So a system of definite energy is 
one which when displaced 7 in time reproduces itself multiplied by e~'®’. (That’s 
what we have said before when we defined a quantum state of definite energy, so 
we’re consistent with ourselves.) It means that if a system is in a state of definite 
energy, and if the Hamiltonian doesn’t depend on ¢, then no matter what goes on, 
the system will have the same energy at all later times. 

You see, therefore, the relation between the conservation laws and the sym- 
metry of the world. Symmetry with respect to displacements in time implies the 
conservation of energy; symmetry with respect to position in x, y, or z implies 
the conservation of that component of momentum. Symmetry with respect to 
rotations around the x-, y-, and z-axes implies the conservation of the x-, y-, and 
z-components of angular momentum. Symmetry with respect to reflection implies 
the conservation of parity. Symmetry with respect to the interchange of two elec- 
trons implies the conservation of something we don’t have a name for, and so on. 
Some of these principles have classical analogs and others do not. There are more 
conservation Jaws in quantum mechanics than are useful in classical mechantcs— 
or, at least, than are usually made use of. 

In order that you will be able to read other books on quantum mechanics, 
we must make a small technical aside—to describe the notation that people use. 
The operation of a displacement with respect to time is, of course, just the opera- 
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tion U that we talked about before: 
Bir) = Ot + 7,0. (17.25) 


Most people like to discuss everything in terms of infinitesimal displacements in 
time, or in terms of infinitesimal displacements in space, or in terms of rotations 
through infinitesimal angles. Since any finite displacement or angle can be ac- 
cumulated by a succession of infinitesimal displacements or angles, it is often easier 
to analyze first the infinitesimal case. The operator of an infinitesimal displacement 
At in time is—as we have defined it in Chapter 8— 


Dad) = 1 - 5 At. (17.26) 


Then Af is analogous to the classical quantity we call energy, because if AT | y) 
happens to be a constant times | ¥) namely, H|~) = E|y), then that constant 
is the energy of the system. 

The same thing is done for the other operations. If we make a small displace- 
ment in x, say by the amount Ax, a state | y) will, in general, go over into some other 
state | ¥’). We can write 


Iv) = Beale) = (1+ 4 p.ax) |v, (17.21) 


since as Ax goes to zero, the | y’) should become just | y) or D,(0) = 1, and for 
small Ax the change of 5,(Ax) from | should be proportional to Ax. Defined this 
way, the operator f, is called the momentum operator—for the x-component, of 
course. 

For identical reasons, people usually write for small rotations 


R(Ae) | ¥) = (: fe a) a6) | ¥) (17.28) 


and call J, the operator of the z-component of angular momentum. For those 
special states for which R,(¢) | ¥o) = e”"* | Yo), we can for any small angle—say 
Ag—expand the right-hand side to first order in Ag and get 


R,(Ad) = €'™* | Yo) = (1 + img) | Yo). 
Comparing this with the definition of J, in Eq. (17.28), we get that 
Jz | ¥o) = mh| Po). (17.29) 


In other words, if you operate with f, on a state with a definite angular momentum 
about the z-axis, you get mf times the same state, where mf is the amount of 
z-component of angular momentum. It is quite analogous to operating ona 
definite energy state with H to get E| y). 

We would now like to make some applications of the ideas of the conservation 
of angular momentum—to show you how they work. The point is that they are 
really very simple. You knew before that angular momentum is conserved. The 
only thing you really have to remember from this chapter is that if a state | 0) 
has the property that upon a rotation through an angle ¢ about the z-axis, it be- 
comes e*"? | ¥y); it has a z-component of angular momentum equal to mk. That’s 
all we will need to do a number of interesting things. 


17-4 Polarized light 


First of all we would like to check on one idea. In Section 11-4 we showed 
that when RHC polarized light is viewed in a frame rotated by the angle ¢ about 
the z-axist it gets multiplied by e'*. Does that mean then that the photons of light 


+ Sorry! This angle is the negative of the one we used in Section 11-4. 
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(a) 


(b) 


Fig. 17-5. (a) The electric field & 
in a circularly polarized light wave. (b) 
The motion of an electron being driven 
by the circularly polarized light. 


that are right circularly polarized carry an angular momentum of one unit} along 
the z-axis? Indeed it does. It also means that if we have a beam of light containing 
a large number of photons all circularly polarized the same way—as we would 
have in a classical beam—it will carry angular momentum. If the total energy 
carried by the beam in a certain time is W, then there are VN = W/hw photons. Each 
one carries the angular momentum 4, so there is a total angular momentum of 


J, = Nh= —- (17.30) 


Can we prove classically that light which is right circularly polarized carries 
an energy and angular momentum in proportion to W/w? That should be a classical 
proposition if everything is right. Here we have a case where we can go from the 
quantum thing to the classical thing. We should see if the classical physics checks. 
It will give us an idea whether we have a right to call m the angular momentum. 
Remember what right circularly polarized light is, classically. It’s described by 
an electric field with an oscillating x-component and an oscillating y-component 
90° out of phase so that the resultant electric vector & goes 1n a circle—as drawn in 
Fig. 17-5(a). Now suppose that such light shines on a wall which is going to 
absorb it—or at least some of it—and consider an atom in the wall according to 
the classical physics. We have often described the motion of the electron in the 
atom as a harmonic oscillator which can be driven into oscillation by an external 
electric field. We'll suppose that the atom is isotropic, so that it can oscillate 
equally well in the x- or y-directions. Then in the circularly polarized light, the 
x-displacement and the y-displacement are the same, but one 1s 90° behind the 
other. The net result is that the electron moves in a circle, as shown in Fig, 17-5(b). 
The electron is displaced at some displacement r from its equilibrium position at the 
origin and goes around with some phase lag with respect to the vector & The 
relation between & and r might be as shown in Fig. 17-5(b). As time goes on, the 
electric field rotates and the displacement rotates with the same frequency, so 
their relative orientation stays the same. Now let’s look at the work being done 
on this electron. The rate that energy is being put into this electron is », its velocity, 
times the component of g& parallel to the velocity: 

aw = g&. (17.31) 
But look, there is angular momentum being poured into this electron, because 
there is always a torque about the origin. The torque is g&,, which must be 
equal to the rate of change of angular momentum dJ,/dt: 


a, 

eo gé,r. (17.32) 
Remembering that v = wr, we have that 

a, _ 1 

dW w 


Therefore, if we integrate the total angular momentum which is absorbed, it is 
proportional to the total energy—the constant of proportionality being 1/w, 
which agrees with Eq. (17.30). Light does carry angular momentum—1 unit 
(times 4) if it is right circularly polarized along the z-axis, and —1 unit along the 
z-axis if it is left circularly polarized. 

Now let’s ask the following question: If light is linearly polarized in the 
x-direction, what is its angular momentum? Light polarized in the x-direction 
can be represented as the superposition of RHC and LHC polarized light. There- 
fore, there is a certain amplitude that the angular momentum is +f and another 


+ It is usually very convenient to measure angular momentum of atomic systems in 
units of 4. Then you can say that a spin one-half parucle has angular momentum =+1/2 
with respect to any axis. Or, in general, that the z-component of angular momentum 
is m. You don’t need to repeat the / all the time. 
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amplitude that the angular momentum is —f, so it doesn’t have a definite angular 
momentum. It has an amplitude to appear with + and an equal amplitude to 
appear with —’. The interference of these two amplitudes produces the linear 
polarization, but it has equal probabilities to appear with plus or minus one unit 
of angular momentum. Macroscopic measurements made on a beam of linearly 
polarized light will show that it carries zero angular momentum, because in a large 
number of photons there are nearly equal numbers of RHC and LHC photons 
contributing opposite amounts of angular momentum—the average angular 
momentum is zero. And in the classical theory you don’t find the angular mo- 
mentum unless there is some circular polarization. 

We have said that any spin-one particle can have three values of J,, namely 
+1, 0, —1 (the three states we saw in the Stern-Gerlach experiment). But light is 
screwy; it has only two states. It does not have the zero case. This strange lack 
is related to the fact that light cannot stand still. For a particle of spin j which is 
standing still, there must be the 27 + 1 possible states with values of j, going in 
steps of 1 from —j to +j/. But it turns out that for something of spin j with zero 
mass only the states with the components +-j and —/ along the direction of motion 
exist. For example, light does not have three states, but only two—although a 
photon is still an object of spin one. How is this consistent with our earlier proofs— 
based on what happens under rotations in space—that for spin-one particles three 
states are necessary? For a particle at rest, rotations can be made about any 
axis without changing the momentum state. Particles with zero rest mass (like 
photons and neutrinos) cannot be at rest; only rotations about the axis along the 
direction of motion do not change the momentum state. Arguments about rota- 
tions around one axis only are insufficient to prove that three states are required, 
given that one of them varies as e** under rotations by the angle ¢.} 

One further side remark. For a zero rest mass particle, in general, only one 
of the two spin states with respect to the line of motion (+, —/) is really necessary. 
For neutrinos—which are spin one-half particles—only the states with the com- 
ponent of angular momentum opposite to the direction of motion (—/2) exist 
in nature [and only along the motion (+4/2) for antineutrinos]. When a system has 
inversion symmetry (so that parity is conserved, as it is for light) both components 
(+j, and —/) are required. 


17-5 The disintegration of the A° 


Now we want to give an example of how we use the theorem of conservation 
of angular momentum in a specifically quantum physical problem. We look at 
break-up of the lambda particle (A°), which disintegrates into a proton and a 7 
meson by a “weak” interaction: 


AM opt a. 


Assume we know that the pion has spin zero, that the proton has spin one-half, 
and that the A° has spin one-half. We would like to solve the following problem: 
Suppose that a A° were to be produced in a way that caused it to be completely 
polarized—by which we mean that its spin is, say “up,” with respect to some suit- 
ably chosen z-axis—see Fig. 17-6(a). The question is, with what probability will it 
disintegrate so that the proton goes off at an angle 6 with respect to the z-axis—as 
in Fig. 17-6(b)? In other words, what is the angular distribution of the disintegra- 
tions? We will look at the disintegration in the coordinate system in which the 
A° is at rest—we will measure the angles in this rest frame; then they can always 
be transformed to another frame if we want. 


+ We have tried to find at least a proof that the component of angular momentum 
along the direction of motion must for a zero mass particle be an integral multiple of 
h/2—and not something like #/3. Even using all sorts of properties of the Lorentz 
transformation and what not, we failed. Maybe it’s not true. We'll have to talk about 
it with Prof. Wigner, who knows all about such things. 
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Fig. 17-6. A A° with spin “up” 
decays into a proton and a pion (in the 
CM system). What is the probability that 
the proton will go off at the angle 62 


BEFORE 


dz 
] 
\ 
i 
| 
! 

R 
| 
! 
| 
| 
| 


(9) 


AFTER 


Pare ab 


YES 
(b) 


or 


Fig. 17-7. Two possibilities for the 
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The decay along the 
z-axis for a A° with spin “down.” 


We begin by looking at the special circumstance in which the proton is emitted 
into a small solid angle AQ along the z-axis (Fig. 17-7). Before the disintegration 
we have a A° with its spin “up,” as in part (a) of the figure. After a short time—for 
reasons unknown to this day, except that they are connected with the weak decays— 
the A° explodes into a proton and a pion. Suppose the proton goes up along the 
+z-axis. Then, from the conservation of momentum, the pion must go down. 
Since the proton is a spin one-half particle, its spin must be either “up” or “‘down”— 
there are, in principle, the two possibilities shown in parts (b) and (c) of the figure. 
The conservation of angular momentum, however, requires that the proton have 
spin “up.” This is most easily seen from the following argument. A particle moving 
along the z-axis cannot contribute any angular momentum about this axis by virtue 
of its motion; therefore, only the spins can contribute to J,. The spin angular 
momentum about the z-axis is +/2 before the disintegration, so it must also be 
+’/2 afterward. We can say that since the pion has no spin, the proton spin 
must be “up.”’ 

If you are worried that arguments of this kind may not be valid in quantum 
mechanics, we can take a moment to show you that they are. The initial state 
(before the disintegration), which we can call | A°, spin +2) has the property that 
if it 1s rotated about the z-axis by the angle ¢, the state vector gets multiplied by 
the phase factor e**/”. (In the rotated system the state vector is e’*/? | A°, spin +-z).) 
That’s what we mean by spin “up” for a spin one-half particle. Since nature’s 
behavior doesn’t depend on our choice of axes, the final state (the proton plus 
pion) must have the same property. We could write the final state as, say, 


| proton going +2, spin +z; pion going —z). 


But we really do not need to specify the pion motion, since in the frame we have 
chosen the pion always moves opposite the proton; we can simplify our description 
of the final state to 

| proton going +z, spin +2). 


Now what happens to this state vector 1f we rotate the coordinates about the 
z-axis by the angle $? 

Since the proton and pion are moving along the z-axis, their motion isn’t 
changed by the rotation. (That’s why we picked this special case; we couldn’t 
make the argument otherwise.) Also, nothing happens to the pion, because it is 
spin zero. The proton, however, has spin one-half. If its spin is “up” it will con- 
tribute a phase change of e'*/? in response to the rotation. (If its spin were 
“down” the phase change due to the proton would be e~**/?.) But the phase change 
with rotation before and after the excitement must be the same if angular mo- 
mentum is to be conserved. (And it will be, since there are no outside influences in 
the Hamiltonian.) So the only possibility 1s that the proton spin will be “up.” 
If the proton goes up, its spin must also be “up.” 

We conclude, then, that the conservation of angular momentum permits the 
process shown 1m part (b) of Fig. 17-7, but does not permit the process shown in 
part (c). Since we know that the disintegration occurs, there is some amplitude 
for process (b)—proton going up with spin “up.” We’ll let a stand for the amplitude 
that the disintegration occurs 1n this way in any infinites:mal interval of time.f 

Now let’s see what would happen if the A° spin were initially “down.” Again 
we ask about the decays in which the proton goes up along the z-axis, as shown in 
Fig. 17-8. You will appreciate that in this case the proton must have spin “down” 
if angular momentum is conserved. Let’s say that the amplitude for such a dis- 
integration is 6. 

We can’t say anything more about the two amplitudes a and b. They depend 
on the inner machinery of A°, and the weak decays, and nobody yet knows how to 


t We are now assuming that the machinery of the quantum mechanics is sufficiently 
familiar to you that we can speak about things 1n a physical way without taking the time 
to write down all the mathematical details. In case what we are saying here 1s not clear 
to you, we have put some of the missing details in a note at the end of the section. 
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calculate them. We’ll have to get them from experiment. But with just these 
two amplitudes we can find out all we want to know about the angular distribution 
of the disintegration. We only have to be careful always to define completely the 
states we are talking about. 

We want to know the probability that the proton will go off at the angle 6 
with respect to the z-axis (into a small solid angle AQ) as drawn in Fig. 17-6. 
Let’s put a new z-axis in this direction and call it the z’-axis. We know how to 
analyze what happens along this axis. With respect to this new axis, the A° no 
longer has its spin ‘“‘up,” but has a certain amplitude to have its spin “up” and 
another amplitude to have its spin “down.” We have already worked these out 
in Chapter 6, and again in Chapter 10, Eq. (10.30). The amplitude to be spin 
“up” is cos 6/2, and the amplitude to be spin “down” ist —sin 6/2. When the 
A° spin is “up” along the z’-axis it will emit a proton in the +-2z’-direction with the 
amplitude a. So the amplitude to find an “‘up’’-spinning proton coming out along 
the z’-direction is 

a cos . (17.33) 
Similarly, the amplitude to find a “down”-spinning proton coming along the posi- 
tive z’-axis is 


~bsin . (17.34) 


The two processes that these amplitudes refer to are shown in Fig. 17-9. 
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Fig. 17-9. Two possible decay states for the A°. 


Let’s now ask the following easy question. If the A° has spin up along the 
z-axis, what is the probability that the decay proton will go off at the angle 6? 
The two spin states (““up” or “down” along 2’) are distinguishable even though 
we are not going to look at them. So to get the probability we square the amplitudes 
and add. The probability /(6) of finding a proton in a small solid angle AQ at 0 is 


lal? cos? 5 -+ |b)? sin? 5 (17.35) 


nAC) 


Remembering that sin? 6/2 
we can write f(8) as 


f(®) = a) er (eh = br) cos 6. (17.36) 


4(1 — cos 6) and that cos? 6/2 = $(1 + cos @), 


t We have chosen to let z’ be in the xz-plane and use the matrix elements for R,(6). 
You would get the same answer for any other choice. 
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The angular distribution has the form 


S(O) = BCL + acos 6). (17.37) 


The probability has one part that is independent of 6 and one part that varies 
linearly with cos #6. From measuring the angular distribution we can get a and 8, 
and therefore, |a] and [5]. 

Now there are many other questions we can answer. Are we interested only 
in protons with spin “up” along the old z-axis? Each of the terms in (17-33) and 
(17-34) will give an amplitude to find a proton with spin “up” and with spin 
“down” with respect to the z’-axis (+2’ and —z’). Spin “up” with respect to the 
old axis | +z) can be expressed in terms of the base states | +2’) and | —2’). 
We can then combine the two amplitudes (17.33) and (17.34) with the proper 
coefficients (cos 6/2 and —sin 6/2) to get the total amplitude 


(a cos” 4 + bsin? ‘) 
Its square is the probability that the proton comes out at the angle 6 with its spin 
the same as the A° (“up” along the z-axis). 

If parity were conserved, we could say one more thing. The disintegration 
of Fig. 17-8 is just the reflection—in say, the y z-plane of the disintegration of 
Fig. 17-7.¢ If parity were conserved, b would have to be equal to a or to —a. 
Then the coefficient a of (17.37) would be zero, and the disintegration would be 
equally likely to occur in all directions. 

The experimental results show, however, that there is an asymmetry in the 
disintegration. The measured angular distribution does go as cos 6 as we predict— 
and not as cos? @ or any other power. In fact, since the angular distribution has 
this form, we can deduce from these measurements that the spin of the A° is 1/2. 
Also, we see that parity is not conserved. In fact, the coefficient a is found experi- 
mentally to be —0.62 + 0.05, so b is about twice as large as a. The lack of sym- 
metry under a reflection is quite clear. 

You see how much we can get from the conservation of angular momentum. 
We will give some more examples in the next chapter. 


Parenthetical note. By the amplitude a in this section we mean the amplitude that the 
state | proton going +z, spin +z) is generated in an infinitesimal time dr from the state 
| A, spin +z), or, in other words, that 


{proton going +z, spin +z| H|A, spin +z) = tha, (17.38) 


where H is the Hamiltonian of the world—or, at least, of whatever is responsible for the 
A-decay. The conservation of angular momentum means that the Hamiltonian must 
have the property that 


(proton going +z, spin —z| H|A, spin +z) = 0. (17.39) 
By the amplitude 5 we mean that 

(proton going +z, spin —z| H|A, spin —z) = ihb. (17.40) 
Conservation of angular momentum implies that 

{proton going +2, spin +z| HA, spin —z) = 0. (17.41) 


If the amplitudes written in (17.33) and (17.34) are not clear, we can express them 
more mathematically as follows. By (17.33) we intend the amplitude that the A with 
spin along +z will disintegrate into a proton moving along the +-2’-direction with its 
spin also in the +2’-direction, namely the amplitude 


(proton going +2’, spin +z’| H'| A, spin +z). (17.42) 
By the general theorems of quantum mechanics, this amplitude can be written as 


¥ (proton going +2’, spin +2’ | H| A, i)(A, | A, spin +2), (17.43) 


+ Remembering that the spin is an axial vector and flips over in the reflection. 
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where the sum is to be taken over the base states | A, i) of the A-particle at rest. Since the 
A-particle is spin one-half, there are two such base states which can be in any reference 
base we wish. If we use for base states spin ‘‘up” and spin “down” with respect to z’ 
(+2’, —z’), the amplitude of (17.43) is equal to the sum 


{proton going +z’, spin +z’| HA, +2’)A, +2’| A, +z) 
+(proton going +2’, spin +z’| H| A, —z’)(A, —2’|A, +z). (17.44) 


The first factor of the first term is a, and the first factor of the second term is zero—from 
the definition of (17.38), and from (17.41), which in turn follows from angular momentum 
conservation. The remaining factor (A, +2’ | A, +z) of the first term is just the amphtude 
that a spin one-half particle which has spin “up”’ along one axis will also have spin “up” 
along an axis tilted at the angle 6, which is cos 6/2—see Table 6-2. So (17.44) is just 
acos @/2, as we wrote in (17.33). The amplitude of (17.34) follows from the same kind 
of arguments for a spin ““down’”’ A-particle. 


17-6 Summary of the rotation matrices 


We would like now to bring together in one place the various things we have 
learned about the rotations for particles of spin one-half and spin one—so they will 
be convenient for future reference. On the next page you will find tables of the two 
rotation matrices R,(@) and R,(6) for spin one-half particles, for spin-one particles, 
and for photons (spin-one particles with zero rest mass). For each spin we will 
give the terms of the matrix (j| R| i) for rotations about the z-axis or the y-axis. 
They are, of course, exactly equivalent to the amplitudes like (+-T | 0 S) we have 
used in earlier chapters. We mean by R,(¢) that the state 1s proyected into a new 
coordinate system which is rotated through the angle ¢ about the z-axis—using 
always the right-hand rule to define the positive sense of the rotation. By R,(6) 
we mean that the reference axes are rotated by the angle @ about the y-axis. Know- 
ing these two rotations, you can, of course, work out any arbitrary rotation. As 
usual, we write the matrix elements so that the state on the /eft is a base state of 
the new (rotated) frame and the state on the right is a base state of the old (un- 
rotated) frame. You can interpret the entries in the tables in many ways. For 
instance, the entry e‘*/? in Table 17-1 means that the matrix element (— |R| —) = 
e~/?_ Tt also means that R| —) = e~**/? | —), or that (— | R = (— | e7*#/?, 
It’s all the same thing. 
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Table 17-1 
Rotation matrices for spin one-half 


Two states: | +), “up” along the z-axis, m = +1/2 
| —), “down” along the z-axis, m = —1/2 


R.() | +) 


(+| etwl2 
(-] 0 
R,() | +) 


(+ | cos 0/2 sin 6/2 
(- | —sin 0/2 cos 6/2 


Table 17-2 
Rotation matrices for spin one 


Three states: | +), 
| 0), m 
| -), m= 


+1 


Ho ol 
|e 


R.(¢) | +) 


(+ | et 
(0 | 0 
i=] 0 


R,(8) | +) 


(+| | 40 + cos 6) : #(1 — cos 6) 


{0 | - Jz sino + Tz sind 


(~| | 4@ — cose) : K(L + cos 6) 


Table 17-3 
Photons 


Two states: | R) = Fi (jx) + él y)), m = +1 (RHC polarized) 


[L) = 4 (|x) — il y)), m = —1 (LHC polarized) 


R.@) | R) | L) | 
(R| etis 0 
(L| 0 e-# 
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Angular Momentum 


18-1 Electric dipole radiation 


In the last chapter we developed the idea of the conservation of angular 
momentum in quantum mechanics, and showed how it might be used to predict 
the angular distribution of the proton from the disintegration of the A-particle 
We want now to give you a number of other, similar, illustrations of the con- 
sequences of momentum conservation in atomic systems Our first example is 
the radiation of light from an atom. The conservation of angular momentum 
(among other things) will determine the polarization and angular distribution 
of the emitted photons. 

Suppose we have an atom which is in an excited state of definite angular 
momentum—say with a spin of one—and it makes a transition to a state of angular 
momentum zero at a lower energy, emitting a photon. The problem is to figure 
out the angular distribution and polarization of the photons. (This problem 1s 
almost exactly the same as the A° disintegration, except that we have spin-one 
instead of spin one-half particles.) Since the upper state of the atom 1s spin one, 
there are three possibilities for 1ts z-component of angular momentum. The value 
of m could be +1, or 0, or —1. We will take m = +1 for our example. Once 
you see how it goes, you can work out the other cases. We suppose that the atom 
is sitting with its angular momentum along the +2z-axis—as in Fig. 18-1(a)—and 
ask with what amplitude it will emit right circularly polarized light upward along 
the z-axis, so that the atom ends up with zero angular momentum—as shown in 
part (b) of the figure. Well, we don’t know the answer to that. But we do know 
that right circularly polarized light has one unit of angular momentum about its 
direction of propagation. So after the photon is emitted, the situation would 
have to be as shown in Fig. 18-1(b)—the atom is left with zero angular momentum 
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Added Note 1: Derivation of the rota- 

tion matrix 


Added Note 2: Conservation of parity 
in photon emission 
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Fig. 18-1. An atom with m = +1 Fig. 18-2. An atom with m = —1 


emits a RHC photon along the +2z-axis. 
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emits a LHC photon along the +-z-axis. 
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Fig. 18-3. If the process of (a) is 
transformed by an inversion through the 
center of the atom, it appears as in (b). 


about the z-axis, since we have assumed an atom whose lower state is spin zero. 
We will let a stand for the amplitude for such an event. More precisely, we let a 
be the amplitude to emit a photon into a certain small solid angle AQ, centered 
on the z-axis, during a time dt. Notice that the amplitude to emit a LHC photon 
in the same direction is zero. The net angular momentum about the z-axis would 
be —1 for such a photon and zero for the atom for a total of —1, which would 
not conserve angular momentum. 

Similarly, if the spin of the atom is initially “down” (—1 along the z-axis), 
it can emit only a LHC polarized photon in the direction of the +z-axis, as shown 
in Fig. 18-2. We will let b stand for the amplitude for this event—meaning again 
the amplitude that the photon goes into a certain solid angle AQ. On the other 
hand, if the atom isin them = O state, it cannot emit a photon in the +-2-direction 
at all, because a photon can have only the angular momentum +1 or —1 along 
its direction of motion. 

Next, we can show that b is related to a. Suppose we perform an inversion of 
the situation in Fig. 18-1, which means that we should imagine what the system 
would look like if we were to move each part of the system to an equivalent point 
on the opposite side of the origin. This does not mean that we should reflect the 
angular momentum vectors, because they are artificial. We should, rather, invert 
the actual character of the motion that would correspond to such an angular 
momentum. In Fig. 18-3(a) and (b) we show what the process of Fig. 18-1 looks 
like before and after an inversion with respect to the center of the atom. Notice 
that the sense of rotation of the atom is unchanged.t In the inverted system of 
Fig. 18-3(b) we have an atom with m = +1 emitting a LHC photon downward. 

If we now rotate the system of Fig. 18-3(b) by 180° about the x- or y-axis, it 
becomes identical to Fig. 18-2. The combination of the inversion and rotation 
turns the second process into the first. Using Table 17~2, we see that a rotation 
of 180° about the y-axis just throws an m = —1 state into an m = +1 state, 
so the amplitude b must be equal to the amplitude a except for a possible sign 
change due to the inversion. The sign change in the inversion will depend on the 
parities of the initial and final state of the atom. 

In atomic processes, parity is conserved, so the parity of the whole system 
must be the same before and after the photon emission. What happens will depend 
on whether the parities of the initial and final states of the atom are even or odd— 
the angular distribution of the radiation will be different for different cases. We 
will take the common case of odd parity for the initial state and even parity for the 
final state; it will give what is called “electric dipole radiation.” (If the intial 
and final states have the same parity we say there is “magnetic dipole radiation,” 
which has the character of the radiation from an oscillating current in a loop.) 
If the parity of the initial state is odd, its amplitude reverses its sign in the inversion 
which takes the system from (a) to (b) of Fig. 18-3. The final state of the atom 
has even parity, so its amplitude doesn’t change sign. If the reaction is going to 
conserve parity, the amplitude 6 must be equal to a in magnitude but of the 
opposite sign. 

We conclude that if the amplitude is a that an m = +1 state will emit a 
photon upward, then for the assumed parities of the initial and final states the 
amplitude that an m = —1 state will emit a LHC photon upward is —a.} 

We have all we need to know to find the amplitude for a photon to be emitted 
at any angle 6 with respect to the z-axis. Suppose we have an atom originally 
polarized with m = +1. We can resolve this state into +1, 0, and —1 states 
with respect to a new z’-axis in the direction of the photon emission. The ampli- 
tudes for these three states are just the ones given in the Jower half of Table 17-2. 


ft When we change x, y, z into —x, —y, —z, you might think that all vectors get re- 
versed. That is true for polar vectors like displacements and velocities, but not for an 
axial vector like angular momentum—or any vector which 1s derived from a cross product 
of two polar vectors. Axial vectors have the same components after an inversion. 

t Some of you may object to the argument we have just made, on the basis that the final 
states we have been considering do not have a definite parity. You will find in Added 
Note 2 at the end of this chapter another demonstration, which you may prefer. 
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The amplitude that a RHC photon is emitted in the direction @ is then a times the 
amplitude to have m = +1 in that direction, namely, 


a(+ | R,(6)| +) = 5 (1 + cos 6). (18.1) 

The amplitude that a LHC photon is emitted in the same direction 1s — a times the 
amplitude to have m = —1 in the new direction. Using Table 17-2, it is 

—a(— | R,(8)| +) = 5 (lL — cos). (18.2) 


If you are interested in other polarizations you can find out the amplitude for them 
from the superposition of these two amplitudes To get the intensity of any 
component as a function of angle, you must, of course, take the absolute square 
of the amplitudes. 


18-2 Light scattering 


Let’s use these results to solve a somewhat more complicated problem— 
but also one which is somewhat more real. We suppose that the same atoms are 
sitting in their ground state (j = 0), and scatrer an incoming beam of light. 
Let’s say that the light 1s going initially in the +2z-direction, so that we have photons 
coming up to the atom from the — z-direction, as shown in Fig. 18-—4(a). We can 
consider the scattering of light as a two-step process: The photon is absorbed, 
and then is re-emitted. If we start with a RHC photon as in Fig. 18-4(a), and 
angular momentum is conserved, the atom will be in an m = +1 state after the 
absorption—as shown in Fig. 18-4(b). We call the amplitude for this process c. 
The atom can then emit a RHC photon in the direction 6—as in Fig. 18—4(c). 
The total amplitude that a RHC photon is scattered in the direction @ is just 
c times (18.1). Let’s call this scattering amplitude (R’ | S| R); we have 


(R'| S| R) = > (1 + cos 6). (18.3) 
There is also an amplitude that a RHC photon will be absorbed and that 


a LHC photon will be emitted. The product of the two amplitudes is the amplitude 
(L’ | S| R) that a RHC photon is scattered as a LHC photon. Using (18.2), we have 


(L'| S| R) = —< (1 — cos 8). (18.4) 


Now let’s ask about what happens if a LHC photon comes in. When it is 


absorbed, the atom will go into anm = —1 state. By the same kind of arguments 
we used in the preceding section, we can show that this amplitude must be —c. 
The amplitude that an atom in the m = —1 state will emit a RHC photon at the 


angle 6 is a times the amplitude (+ | R,(6) | —), which is (1 — cos 6). So we have 


(R'| S|L) = -F (1 — cos 6). (18.5) 


Finally, the amplitude for a LHC photon to be scattered as a LHC photon is 
(L'| S| L) = > (1 + cos 6). (18.6) 


(There are two minus signs which cancel.) 

If we make a measurement of the scattered intensity for any given combina- 
tion of circular polarizations it will be proportional to the square of one of our four 
amplitudes. For instance, with an incoming beam of RHC light the intensity of 
the RHC light in the scattered radiation will vary as (1 + cos 6)?. 

That’s all very well, but suppose we start out with /inearly polarized light. 
What then? If we have x-polarized light, it can be represented as a superposition 
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Fig. 18-4. The scattering of light by 
an atom seen as a two-step process. 


of RHC and LHC light. We write (see Section 11~4) 


ee 
|x) = Vi (| R) + | L)). (18.7) 


Or, if we have y-polarized light, we would have 


eres _ 
ly) = Vi (| R) — | Z)). (18.8) 


Now what do you want to know? Do you want the amplitude that an x-polarized 
photon will scatter into a RHC photon at the angle 6? You can get it by the usual 
rule for combining amplitudes. First, multiply (18.7) by (R’ | S to get 


(R’| S| x) = TR ISIR) + (R'| S|L)), (18.9) 


and then use (18.3) and (18.5) for the two amplitudes. You get 
ac 
(R’ | S| x) = —~ cos 6. (18.10) 
V/2 


If you wanted the amplitude that an x-photon would scatter into a LHC photon, 
you would get 


(| S|x) = <7 088 6. (18.11) 


Finally, suppose you wanted to know the amplitude that an x-polarized photon 
will scatter while keeping its x-polarization. What you want is (x’ | S| x). This 
can be written as 


(x | S[ x) = Oe" | RR | S| x) + Oe | LL’ | S| x). (18.12) 
If you then use the relations 
|) = Tax) + iy, (18.13) 
IL) = 2) ~ iy? (18.14) 
it follows that 
(x/ | RY) = oe (18.15) 
l 
TL’) = —.- 18.16 
(x | L’) Vi (18.16) 
So you get that 
(x’ | S| x) = ac cos 6. (18.17) 


The answer is that a beam of x-polarized light will be scattered at the direction @ 
(in the xz-plane) with an intensity proportional to cos” 6. If you ask about y-polar- 
ized light, you find that 

(y’'| S[ x) = 0. (18.18) 


So the scattered light is completely polarized in the x-direction. 

Now we notice something interesting. The results (18.17) and (18.18) corre- 
spond exactly to the classical theory of light scattering we gave in Vol. 1, Section 
32-6, where we imagined that the electron was bound to the atom by a linear 
restoring force—so that it acted like a classical oscillator. Perhaps you are think- 
ing: “It’s so much easier in the classical theory; if it gives the right answer why 
bother with the quantum theory?” For one thing, we have considered so far 
only the special—though common—case of an atom with a j = | excited state 
and aj = 0 ground state. If the excited state had spin two, you would get a differ- 
ent result. Also, there is no reason why the model of an electron attached to a 
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spring and driven by an oscillating electric field should work for a single photon. 
But we have found that it does in fact work, and that the polarization and intensi- 
ties come out right. So in a certain sense we are bringing the whole course around 
to the real truth. Whereas we have, in Vol. I, done the theory of the index of 
refraction, and of light scattering, by the classical theory, we have now shown that 
the quantum theory gives the same result for the most common case. In effect 
we have now done the polarization of sky light, for instance, by quantum me- 
chanical arguments, which is the only truly legitimate way. 

It should be, of course, that all the classical theories which work are sup- 
ported ultimately by legitimate quantum arguments. Naturally, those things 
which we have spent a great deal of time in explaining to you were selected from 
Just those parts of classical physics which still maintain validity in quantum 
mechanics. You'll notice that we did not discuss in great detail any model of the 
atom which has electrons going around in orbits. That’s because such a model 
doesn’t give results which agree with the quantum mechanics. But the electron 
on a spring—which is not, in a sense, at all the way an atom “looks”—does 
work, and so we used that model for the theory of the index of refraction. 


18-3 The annihilation of positronium 


We would like next to take an example which is very pretty. It is quite inter- 
esting and, although somewhat complicated, we hope not too much so. Our 
example is the system called positronium, which is an “atom” made up of an elec- 
tron and a positron—a bound state of an e+ and an e-. It is like a hydrogen 
atom, except that a positron replaces the proton. This object has—like the hydro- 
gen atom—many states. Also like the hydrogen, the ground state is split into a 
“hyperfine structure” by the interaction of the magnetic moments. The spins of 
the electron and positron are each one-half, and they can be either parallel or 
antiparallel to any given axis. (In the ground state there is no other angular 
momentum due to orbital motion.) So there are four states: three are the sub- 
states of a spin-one system, all with the same energy; and one is a state of spin 
zero with a different energy. The energy splitting is, however, much Jarger than 
the 1420 megacycles of hydrogen because the positron magnetic moment is so 
much stronger—1000 times stronger—than the proton moment. 

The most important difference, however, is that positronium cannot last 
forever. The position is the antiparticle of the electron; they can annihilate each 
other. The two particles disappear completely—converting their rest energy into 
radiation, which appears as Y-rays (photons). In the disintegration, two particles 
with a finite rest mass go into two or more objects which have zero rest mass. 

We begin by analyzing the disintegration of the spin-zero state of the posi- 
tronium. It disintegrates into two Y-rays with a lifetime of about 1071° second. 
Initially, we have a positron and an electron close together and with spins anti- 
parallel, making the positronium system. After the disintegration there are two 
photons going out with equal and opposite momenta (Fig. 18-5). The momenta 
must be equal and opposite, because the total momentum after the disintegration 
must be zero, as it was before, if we are taking the case of annihilation at rest. 
If the positronium is not at rest, we can ride with it, solve the problem, and then 
transform everything back to the lab system. (See, we can do anything now; 
we have all the tools.) 

First, we note that the angular distribution is not very interesting. Since 
the initial state has spin zero, it has no special axis—it is symmetric under all 
rotations. The final state must then also be symmetric under all rotations. That 
means that all angles for the disintegration are equally likely—the amplitude is 
the same for a photon to go 1n any direction. Of course, once we find one of 
the photons in some direction the other must be opposite. 


+ In the deeper understanding of the world today, we do not have an easy way to 
distinguish whether the energy of a photon 1s less “matter’’ than the energy of an electron, 
because as you remember all the particles behave very similarly. The only distinction 1s 
that the photon has zero rest mass. 
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Fig. 18-5. The two-photon annihila- 
tion of positronium. 
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Fig. 18-6. One possibility for posi- 
tronium annihilation along the z-axis. 


Fig. 18-7. 


The only remaining question, which we now want to look at, is about the 
polarization of the photons. Let’s call the directions of motion of the two photons 
the plus and minus z-axes. We can use any representations we want for the polar- 
ization states of the photons; we will choose for our description right and left 
circular polarization—always with respect to the directions of motion. Right 
away, we can see that if the photon going upward is RHC, then angular momentum 
will be conserved if the downward going photon is also RHC. Each will carry +1 
unit of angular momentum with respect to its momentum direction, which means 
plus and minus one unit about the z-axis. The total will be zero, and the angular 
momentum after the disintegration will be the same as before. See Fig. 18-6. 

The same arguments show that if the upward going photon is RHC, the 
downward cannot be LHC. Then the final state would have two units of angular 
momentum. This is not permitted if the initial state has spin zero. Note that 
such a final state is also not possible for the other positronium ground state of 
spin one, because it can have a maximum of one unit of angular momentum in 
any direction. 

Now we want to show that two-photon annihilation is not possible at all 
from the spin-one state. You might think that if we took the; = l,m = Ostate 
which has zero angular momentum about the z-axis—it should be like the spin-zero 
state, and could disintegrate into two RHC photons. Certainly, the disintegration 
sketched in Fig. 18—-7(a) conserves angular momentum about the z-axis. But now 
look what happens if we rotate this system around the y-axis by 180°; we get the 
picture shown in Fig. 18-7(b). It is exactly the same as in part (a) of the figure. 
All we have done is interchange the two photons. Now photons are Bose particles; 
if we interchange them, the amplitude has the same sign, so the amplitude for the 
disintegration in part (b) must be the same as in part (a). But we have assumed 
that the initial object 1s spin one. And when we rotate a spin-one object in a state 
with m = 0 by 180° about the y-axis, its amplitudes change sign (see Table 17-2 
for @ = 7). So the amplitudes for (a) and (b) in Fig. 18-7 should have opposite 
signs; the spin-one state cannot disintegrate into two photons. 

When positronium is formed you would expect it to end up in the spin-zero 
state 1/4 of the time and in the spin-one state (with m = —1, 0, or +1)3/4 of the 
time. So 1/4 of the time you would get two-photon annihilations. The other 3/4 


; ; 


; 


For the j = 1 state of positronium, the process (a) and its 180° 


rotation about y (b) are exactly the same. 


+ Note that we always analyze the angular momentum about the direction of motion of 
the particle. If we were to ask about the angular momentum about any other axis, we 
would have to worry about the possibility of “orbital” angular momentum—from a 
p Xrterm. For instance, we can’t say that the photons leave exactly from the center 
of the positronium. They could leave like two things shot out from the rim of a spinning 
wheel. We don’t have to worry about such possibilities when we take our axis along the 
direction of motion. 
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of the time there can be no two-photon annihilations. There is still an annihilation, 
but it has to go with three photons. It is harder for it to do that and the hfetime 
is 1000 times longer—about 10~7 second. This is what is observed experimentally. 
We will not go into any more of the details of the spin-one annihilation. 

So far we have that if we only worry about angular momentum, the spin-zero 
state of the positronium can go into two RHC photons. There is also another 
possibility: it can go into two LHC photons as shown in Fig. 18-8. The next 
question is, what is the relation between the amplitudes for these two possible 
decay modes? We can find out from the conservation of parity. 

To do that, however, we need to know the parity of the positronium. Now 
theoretical physicists have shown in a way that is not easy to explain that the 
parity of the electron and the positron—its antiparticle—must be opposite, so 
that the spin-zero ground state of positronium must be odd. We will just assume 
that it is odd, and since we will get agreement with experiment, we can take that 
as sufficient proof. 

Let’s see then what happens if we make an inversion of the process in Fig. 
18-6. When we do that, the two photons reverse directions and polarizations. 
The inverted picture looks just like Fig. 18-8. Assuming that the parity of the 
positronium is odd, the amplitudes for the two processes in Figs. 18-6 and 18-8 
must have the opposite sign. Let’s let | R,R») stand for the final state of Fig. 
18-6 in which both photons are RHC, and let | L;Z2) stand for the final state of 
Fig. 18-8, in which both photons are LHC. The true final state—let’s call it | F)— 
must be 

| F) = | RiR2) — | Lila). (18.19) 


Then an inversion changes the R’s into L’s and gives the state 
P|F) = |LiL2) — | RiR2) = —|F), (18.20) 


which is the negative of (18.19). So the final state | F) has negative parity, which 
is the same as the initial spin-zero state of the positronium. This is the only final 
state that conserves both angular momentum and parity. There is some amplitude 
that the disintegration into this state will occur, which we don’t need to worry 
about now, however, since we are only interested in questions about the polariza- 
tion. 

What does the final state of (18.19) mean physically? One thing it means is 
the following: If we observe the two photons in two detectors which can be set 
to count separately the RHC or LHC photons, we will always see two RHC 
photons together, or two LHC photons together. That is, if you stand on one side 
of the positronium and someone else stands on the opposite side, you can measure 
the polarization and tell the other guy what polarization he will get. You have a 
50-50 chance of catching a RHC photon or a LHC photon; whichever one you get, 
you can predict that he will get the same. 

Since there is a 50-50 chance for RHC or LHC polarization, it sounds as 
though it might be like linear polarization. Let’s ask what happens if we observe 
the photon in counters that accept only linearly polarized light. For Y-rays it is 
not as easy to measure the polarization as it is for light; there is no polarizer which 
works well for such short wavelengths. But let’s rmagine that there is, to make the 
discussion easier. Suppose that you have a counter that only accepts light with 
x-polarization, and that there is a guy on the other side that also looks for linear 
polarized light with, say, y-polarization. What is the chance you will pick up the 
two photons from an annihilation? What we need to ask is the amplitude that 
| F) will be in the state | x,;y2). In other words, we want the amplitude 


(x12 | F), 
which is, of course, just 


(x12 | RiR2) — (xiy2 | Lilo). (18.21) 


Now although we are working with two-particle amplitudes for the two 
photons, we can handle them just as we did the single particle amplitudes, since 
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Fig. 18-8. Another possible process 
for positronium annihilation. 


each particle acts independently of the other. That means that the amplitude 
(x12 |R1Re) is just the product of the two independent amplitudes (x, | R:) 
and (y2|R2). Using Table 17-3, these two amplitudes are 1/./2 and i/\/2, so 


(x1y2| RiRe) = + x" 
Similarly, we find that 


t 
(x1y2|LyL2) = — x" 


Subtracting these two amplitudes according to (18.21), we get that 
(wel F) = +h (18.22) 


So there is a unit probability that you get a photon in your x-polarized detector, 
the other guy will get a photon in his y-polarized detector. 

Now suppose that the other guy sets his counter for x-polarization the same 
as yours. He would never get a count when you got one. If you work it through, 
you will find that 

(x1x| F) = 0. (18.23) 


It will, naturally, also work out that if you set your counter for y-polarization he 
will get coincident counts only if he is set for x-polarization. 

Now this all leads to an interesting situation. Suppose you were to set up 
something like a piece of calcite which separated the photons into x-polarized 
and y-polarized beams, and put a counter in each beam. Let’s call one the x-counter 
and the other the y-counter. If the guy on the other side does the same thing, 
you can always tell him which beam his photon is going to go into. Whenever 
you and he get simultaneous counts, you can see which of your detectors caught 
the photon and then tell him which of his counters had a photon. Let’s say that 
in a certain disintegration you find that a photon went into your x-counter; you 
can tell him that he must have had a count in his y-counter. 

Now many people who learn quantum mechanics in the usual (old-fashioned) 
way find this disturbing. They would like to think that once the photons are emitted 
it goes along as a wave with a definite character. They would think that since 
“any given photon” has some “‘amplitude”’ to be x-polarized or to be y-polarized, 
there should be some chance of picking it up in either the x- or y-counter and that 
this chance shouldn’t depend on what some other person finds out about a com- 
pletely different photon. They argue that “someone else making a measurement 
shouldn’t be able to change the probability that I will find something.” Our 
quantum mechanics says, however, that by making a measurement on photon 
number one, you can predict precisely what the polarization of photon number 
two is going to be when it is detected. This point was never accepted by Einstein, 
and he worried about it a great deal—it became known as the “Einstein-Podalsky- 
Rosen paradox.’’ But when the situation is described as we have done it here, 
there doesn’t seem to be any paradox at all; 1t comes out quite naturally that what 
is measured in one place is correlated with what is measured somewhere else. The 
argument that the result is paradoxical runs something like this: 


(1) If you have a counter which tells you whether your photon is RHC or LHC, 
you can predict exactly what kind of a photon (RHC or LHC) he will find. 

(2) The photons he receives must, therefore, each be purely RHC or purely LHC, 
some of one kind and some of the other. 

(3) Surely you cannot alter the physical nature of his photons by changing the 
kind of observation you make on your photons. No matter what measure- 
ments you make on yours, his must still be either RHC or LHC. 


+ We have not normalized our amplitudes, or multiphed them by the amplitude for 
the disintegration into any particular final state, but we can see that this result is correct 
because we get zero probability when we look at the other alternative—see Eq. (18.23). 
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(4) Now suppose he changes his apparatus to split his photons into two linearly 
polarized beams with a piece of calcite so that all of his photons go either 
into an x-polarized beam or into a y-polarized beam. There 1s absolutely no 
way, according to quantum mechanics, to tell into which beam any par- 
ticular RHC photon will go. There is a 50% probability it will go into the 
x-beam and a 50% probability it will go into the y-beam. And the same 
goes for a LHC photon. 

(5) Since each photon is RHC or LHC—according to (2) and (3)—each one 
must have a 50-50 chance of going into the x-beam or the y-beam and there 
is no way to predict which way it will go. 

(6) Yet the theory predicts that if you see your photon go through an x-polarizer 
you can predict with certainty that his photon will go into his y-polarized 
beam. This is in contradiction to (5) so there is a paradox. 


Nature apparently doesn’t see the “paradox,”’ however, because experiment 
shows that the prediction in (6) is, in fact, true. We have already discussed the key 
to this “paradox” in our very first lecture on quantum mechanical behavior in 
Chapter 35, Vol. I. In the argument above, steps (1), (2), (4), and (6) are all 
correct, but (3), and its consequence (5), are wrong; they are not a true description 
of nature. Argument (3) says that by your measurement (seeing a RHC or a LHC 
photon) you can determine which of two alternative events occurs for him (seeing 
a RHC or a LHC photon), and that even if you do not make your measurement 
you can still say that his event will occur either by one alternative or the other. 
But it was precisely the point of Chapter 35, Vol. I, to point out right at the begin- 
ning that this is not so in Nature. Her way requires a description in terms of inter- 
fering amplitudes, one amplitude for each alternative. A measurement of which 
alternative actually occurs destroys the interference, but if a measurement is 
not made you cannot still say that “one alternative or the other is still occurring.” 

If you could determine for each one of your photons whether it was RHC and 
LHC, and a/so whether it was x-polarized (all for the same photon) there would 
indeed be a paradox. But you cannot do that—it is an example of the uncertainty 
principle. 

Do you still think there is a ‘‘\paradox””? Make sure that it is, in fact, a paradox 
about the behavior of Nature, by setting up an imaginary experiment for which 
the theory of quantum mechanics would predict inconsistent results via two 
different arguments. Otherwise the “paradox” is only a conflict between reality 
and your feeling of what reality “ought to be.” 

Do you think that it is nor a “paradox,” but that it is still very peculiar? 
On that we can all agree. It is what makes physics fascinating. 


184 Rotation matrix for any spin 


By now you can see, we hope, how important the idea of the angular mo- 
mentum is in understanding atomic processes. So far, we have considered only 
systems with spins—or “total angular momentum’’—of zero, one-half, or one. 
There are, of course, atomic systems with higher angular momenta. For analyzing 
such systems we would need to have tables of rotation amplitudes like those in 
Section 17-6. That is, we would need the matrix of amplitudes for spin 3, 2, 
$, 3, etc. Although we will not work out these tables in detail, we would like 
to show you how it 1s done, so that you can do it if you ever need to. 

As we have seen earlier, any system which has the spin or “total angular mo- 
mentum” j can exist in any one of (2j + 1) states for which the z-component of 
angular momentum can have any one of the discrete values in the sequence j/, 
J-1j-2,...,-U — 1, —) (ll in units of 4). Calling the z-component of 
angular momentum of any particular state mh, we can define a particular 
angular momentum state by giving the numerical values of the two “angular 
momentum quantum numbers” 7 and m. We can indicate such a state by the state 
vector | j,m). In the case of a spin one-half particle, the two states are then 
| 3,4) and | 5, —4); or for a spin-one system, the states would be written in this 
notation as | 1, +1), | 1,0), | 1, —1). A spin-zero particle has, of course, only the 
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Now we want to know what happens when we project the general state | /, m) 
into a representation with respect to a rotated set of axes. First. we know that j 
is a number which characterizes the system, so it doesn’t change. If we rotate the 
axes, all we do is get a mixture of the various m-values for the same j. In general, 
there will be some amplitude that in the rotated frame the system will be in the 
state | j, m’), where m’ gives the new z-component of angular momentum. So what 
we want are all the matrix elements (j,m’ | R|j,m) for various rotations. We 
already know what happens if we rotate by an angle ¢ about the z-axis. The new 
state is just the old one multiplied by e””*—it still has the same m-value. We can 
write this by 

R.(g) | j,m) = e™ | j, m). (18.24) 
Or, if you prefer, 
(jm! | R.(G)|j,m) = 8mm'e”® (18.25) 


(where 8m,m' is Lif m’ = m, or zero otherwise). 

For a rotation about any other axis there will be a mixing of the various 
m-states. We could, of course, try to work out the matrix elements for an arbitrary 
rotation described by the Euler angles 6, a, and 7. But it 1s easier to remember 
that the most general such rotation can be made up of the three rotations R,(7), 
R,(a), R.(8); so if we know the matrix elements for a rotation about the y-axis, 
we will have all we need. 

How can we find the rotation matrix for a rotation by the angle 6 about the 
y-axis for a particle of spin j? We can’t tell you how to do it in a basic way (with 
what we have had). We did it for spin one-half by a complicated symmetry argu- 
ment. We then did it for spin one by taking the special case of a spin-one system 
which was made up of two spin one-half particles. If you will go along with us and 
accept the fact that in the general case the answers depend only on the spin j, and 
are independent of how the inner guts of the object of spin j are put together, we 
can extend the spin-one argument to an arbitrary spin. We can, for example, 
cook up an artificial system of spin 2 out of three spin one-half objects. We can 
even avoid complications by imagining that they are all distinct particles—like a 
proton, an electron, and a muon. By transforming each spin one-half object, we 
can see what happens to the whole system—remembering that the three amplitudes 
are multiplied for the combined state. Let’s see how it goes in this case. 

Suppose we take the three spin one-half objects all with spins “up”; we can 
indicate this state by | + + +). If we look at this system in a frame rotated about 
the z-axis by the angle ¢, each plus stays a plus, but gets multiplied by e**/?. 
We have three such factors, so 


RAg)| + + +) =e%89/? | 4 4 4), (18.26) 


Evidently the state | + + +) is just what we mean by the m = +3 state, or 
the state | 3, +2). 

If we now rotate this system about the y-axis, each of the spin one-half objects 
will have some amplitude to be plus or to be minus, so the system will now be a 
mixture of the eight possible combinations | + ++), |+-+—), |+—+), 
|} —++),]+-——-).|-—+-—-),|-— — +), or] — — —). It is clear, however, 
that these can be broken up into four sets, each set corresponding to a particular 
value of m. First, we have |+ + +), for which m = %. Then there are the 
three states | ++ + —), | + — +), and | — + +)—each with two plusses and 
one minus. Since each spin one-half object has the same chance of coming out 
minus under the rotation, the amounts of each of these three combinations should 
be equal. So let’s take the combination 


he 
V3 
with the factor 1/+/3 put in to normalize the state. If we rotate this state about 


the z-axis, we get a factor e**/? for each plus, and e—‘*/? for each minus. Each 
term in (18.27) is multiplied by e**/, so there is the common factor e**/?. This 


{f++—-)+l4+-—-+)4+!1-++4)} (18.27) 
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one “—”’ pieces, For instance, 
j++-) = a’c| +/+’ +’) + a’d| +’ +’ —’) + abe| +’ —’ +’) 
+ bac| —’ +’ +’) + abd| +’ —’ —') + bad| —’ +’ -’) 
+ b’c| =’ —' +’) + b’d| —’ -’-"). (18.33) 


Adding two similar expressions for | +- — +) and | — + +) and dividing by 
V/3, we find - 
| 2,+4,8) = V3 a7c | 3,+2,7) 
+(a°d + 2abe) | 3,443,T) 
+(2bad + bc) | 3,—4,T) 
++/3 b?d | 3,-3,7). (18.34) 
Continuing the process we find all the elements (jT | iS) of the transformation ma- 


trix as given in Table 18-2. The first column comes from Eq. (18.32); the second 
from (18.34). The last two columns were worked out in the same way. 


Table 18-2 
Rotation matrix for a spin g particle 


(The coefficients a, 5, c, and d are given in Table 12-4.) 


(iT | iS) | $.+3,S) | 3.43.5) | 3-3.) | 3,— 2,5) 
3,4+4,T | ab V3 are V3 aoe - 3 ; 
3,+4,T | V3 ab a*d + 2abe cb + 2dac J/3 7d 
(3,-4,T | V/3 ab? 2bad + be 2cdb + d?a V3 ca? 
3,-3,7 | 53 /3 bd /3 bd? a : 4 


Now suppose the 7-frame were rotated with respect to S by the angle 6 about 
their y-axes. Then a, b, c, and d have the values [see (12.54)] a = d = cos 6/2, 
and c = —b = sin @/2. Using these values in Table 18-2 we get the forms 
which correspond to the second part of Table 17-2, but now for a spin $ system. 

The arguments we have just gone through are readily generalized to a system 
of any spin j. The states | j,m) can be put together from 2/ particles, each of 
spin one-half. (There are j + m of them 1n the | +) state and / — min the | —) 
state.) Sums are taken over all the possible ways this can be done, and the state 
1s normalized by multiplying by a suitable constant. Those of you who are mathe- 
matically inclined may be able to show that the following result comes outf: 


(ji, m'| R,(8)| 3m) = (G+ mG — MIG + m)G — my? 


3 FE LE Dioos 0/2) 4M gin 6/2)" 
— (m — m + ky) + m! — k)\(j — m — kik! 


) (18.35) 


where k is to go over all values which give terms > 0 in all the factorials. 

This is quite a messy formula, but with 1t you can check Table 17-2 forj = 1 
and prepare tables of your own for larger j. Several special matrix elements are of 
extra importance and have been given special names. For example the matrix 
elements for m = m’ = 0 and integral j are known as the Legendre polynomials 
and are called P, (cos 4): 


(7,9 | R,(@)| 7,0) = P,(cos 6). (18.36) 


+ If you want details, they.are given in an appendix to this chapter. 
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The first few of these polynomials are: 


Po (cos 6) = 1, (18.37) 
P, (cos 6) = cos 6, (18.38) 
P» (cos #=) = $(3cos? 6 — 1), (18.39) 
P3 (cos 6) = $(5 cos? @ — 3 cos 8). (18.40) 


18-5 Measuring a nuclear spin 


We would like to show you one example of the application of the coefficients 
we have just described. It has to do with a recent, interesting experiment which 
you will now be able to understand. Some physicists wanted to find out the spin 
of a certain excited state of the Ne?° nucleus. To do this, they bombarded a 
carbon target with a beam of accelerated carbon ions, and produced the desired 
excited state of Ne?°—called Ne?°*—in the reaction 


c!2 + C}l2 _, Ne?o%* + a1, 


where a; is the a-particle, or He*. Several of the excited states of Ne?° produced 
this way are unstable and disintegrate in the reaction 


Ne?™ —+ 0'8 + ap. 


So experimentally there are two a-particles which come out of the reaction. We 
call them a, and a2; since they come off with different energies, they can be 
distinguished from each other. Also, by picking a particular energy for a, we 
can pick out any particular excited state of the Ne?°. 

The experiment was set up as shown in Fig. 18-9. A beam of 16-Mev carbon 
ions was directed onto a thin foil of carbon. The first a-particle was counted in a 
silicon diffused junction detector marked a —set to accept a-particles of the 
proper energy moving in the forward direction (with respect to the incident C’? 
beam). The second a-particle was picked up in the counter a2 at the angle @ 
with respect to a1. The counting rate of coincidence signals from a; and a2 were 
measured as a function of the angle @. 

The idea of the experiment is the following. First, you need to know that the 
spins of C??, O!%, and the a-particle are all zero. If we call the direction of motion 
of the initial C2 the +2z-direction, then we know that the Ne?* must have zero 
angular momentum about the z-axis. None of the other particles has any spin; 
the C!? arrives along the z-axis and the a; leaves along the z-axis so they can’t 
have any angular momentum about it. So whatever the spin j of the Ne?°* is, 
we know that it is in the state | j,0). Now what will happen when the Ne? 
disintegrates into an O}® and the second a-particle? Well, the a-particle is picked 
up in the counter a2 and to conserve momentum the O'° must go off in the op- 
posite direction.| About the new axis through a2, there can be no component of 
angular momentum. The final state has zero angular momentum about the new 
axis, so the Ne?* can disintegrate this way only if it has some amplitude to have 
m’ equal to zero, where m’ is the quantum number of the component of angular 
momentum about the new axis. In fact, the probability of observing a2 at the angle 
6 is just the square of the amplitude (or matrix element) 


(j, 0 | Ry() | 7, 0). (18.41) 


To find the spin of the Ne? state in question, the intensity of the second 
a-particle was plotted as a function of angle and compared with the theoretical 


+ We can neglect the recoil given to the Ne? in the first collision. Or better still, 
we can calculate what it is and make a correction for it. 
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Fig. 18-9. Experimental arrange- 
ment for determining the spin of certain 
states of Ne”°, 
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and j, = 1, namely, the deuterium atom in which particle a is an electron (e) and 
particle b is the nucleus—a deuteron (d). We have then that j, = j. = 3. The 
deuteron is formed of one proton and one neutron in a state whose total spin is 
one, so jp = ja = 1. We want to discuss the hyperfine states of deuterium—just 
the way we did for hydrogen. Since the deuteron has three possible states m, = 
ma = +1, 0, —1, and the electron has two, mz = m, = +4, —4, there are 
six possible states as follows (using the notation | e, m,; d, ma)): 


| €,+33 d,+1), 
| e,+3; 4,0); | e,—3;.d,+1), 
| e,+3; d,—1); Je,—3; d,0), 
|e,—4:d,—1). 


(18.42) 


You will notice that we have grouped the states according to the values of the sum 
of m, and m,—arranged in descending order. 

Now we ask: What happens to these states if we project into a different 
coordinate system? If the new system is just rotated about the z-axis by the angle 
@, then the state | e, 7,3; d, ma) gets multiplied by 


ei@ebpimad — pilmetmg (18.43) 


(The state may be thought of as the product | e, m.) | d, ma), and each state vector 
contributes independently its own exponential factor.) The factor (18.43) is of the 
form e™*, so the state | e, me; d, ma) has a z-component of angular momentum 


equal to 
M=m +m. (18.44) 


The z-component of the total angular momentum is the sum of the z~-components of 
angular momentum of the parts. 

In the list of (18.42), therefore, the state in the top line has M = +3, the 
two in the second line have M = +4, the next two have M = —4, and the 
last state has M = ~—3. We see immediately one possibility for the spin J of the 
combined state (the total angular momentum) must be 3, and this will require 
four states with M = +8, +4, —4, and —3. 

There is only one candidate for M = $, so we know already that 


|J = 3M = +3) = |e,4+3;d, +1). (18.45) 


But what is the state | J = 3, M = 4)? We have two candidates in the second line 
of (18.42), and, in fact, any linear combination of them would also have M = 3. 
So, in general, we must expect to find that 


[J = 3,M = +3) = ale,t3;d,0) + 6] e,—3;d,+1), (18.46) 


where @ and @ are two numbers. They are called the Clebsch-Gordon coefficients. 
Our next problem is to find out what they are. 

We can find out easily if we just remember that the deuteron is made up of a 
neutron and a proton, and write the deuteron states out more explicitly using the 
rules of Table 18-3. If we do that, the states listed in (18.42) then look as shown in 
Table 18-4. 

We want to form the four states of J = 3, using the states in the table. 
But we already know the answer, because in Table 18-1 we have states of spin 
3 formed from three spin one-half particles. The first state in Table 18-1 has 
|J = 3,M = +2) and it is| + + +), which—in our present notation—is the 
same as | e, +4; n,+4, p,+4), or the first state in Table 18-4. But this state is 
also the same as the first in the list of (18.42), confirming our statement in (18.45). 
The second line of Table 18-1 says—changing to our present notation—that 


om 
V3 
+ | €,+330,-43 P,+4) + | &—3; 1,43; P.+3)}- (18.47) 
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|J = $;M= 44) = {le,+4;n,+4; p,-3 


Table 18-4 


Angular momentum states for a deuterium atom 


m= 3 


[e,+45 d,+1) = | e,+4; 0, +4; p,+4) 


m= 


| e, +4; d,0) = al e,+4; n,+4; p,—4) + | e,4+4; 1,-4; p,+3)} 


| e,—4;d,+1) = | e,-4; n,+4; p,+4) 


m=—-} 
[e,+4;d,-1) = | e,+4; n,—4; p,—4) 


| e,—4; 4,0) = ae {| e,—4; n, +4; p,—%) + | e,—4: n,-4; p, +4)} 


m= —3} 
|e,—4; d,—1) = |e,-4; n,—4; p,—4) 


The right side can evidently be put together from the two entries in the second line 
of Table 18-4 by taking +/2/3 of the first term with +/1/3 of the second. That is, 
Eq. (18-47) is equivalent to 

|J = $,M = 3) = V2/3 | ¢,4+4;4,0) + V1/3 | e,—4; d,1). (18.48) 


We have found our two Clebsch-Gordon coefficients a and 6 in Eq. (18.46): 
a=V2/3, B= V1/3. (18.49) 


Following the same procedure we can find that 


[J = 3,M = —}) = V1/3|e,+4;d,-1) + V2/3|¢,—35d,0). (18.50) 
And, also, of course, 
|J = 3M = —%) =|¢,-33d,-1). (18.51) 


These are the rules for the composition of spin 1 and spin $ to make a total J = 3. 
We summarize (18.45), (18.48), and (18.50) in Table 18-5. 

We have, however, only four states here while the system we are considering 
has six possible states. Of the two states in the second line of (18.42) we have used 
only one linear combination to form | J = 3, M = +4). There is another linear 
combination orthogonal to the one we have taken which also has M = +4, 
namely 


V1/3 | e,+43; 4,0) — V2/3 | e,—4;d,+1). (18.52) 
Table 18-5 


The J = § states of the deuterium atom 


M = +%) = |e,+$;4,+1) 

M = +4) = V2/3[e,+4:d,0) + V1/3 | e,—43; 4,1) 
,M = —4) = V1/3|e,4+4;4,-1) + V2/3 | e,—4; 4,0) 
M = —%) =|e,—4;d,—1) 


18-16 


Similarly, the two states in the third line of (18.42) can be combined to give two 


orthogonal states, each with M = —4. The one orthogonal to (18.52) is 
V2/3 | ¢,+4; d,—1) — V1/3 | e,—4; 4,0). (18.53) 


These are the two remaining states. They have M = m+ mq = +3; and 


must be the two states corresponding to J = 3. So we have 


{J = 4,M = 3) = V1/3 |e,+4; 4,0) — V2/3 | e,—4;4,4+1), 
(18.54) 
[J = 4,M = —4) = V2/3|¢,+4;d,-1) — V1/3|e—4; d,0). 


We can verify that these two states do indeed behave like the states of a spin 
one-half object by writing out the deutertum parts in terms of the neutron and 
proton states—using Table 18-3. The first state in (18.53) is 


V/1/6{| e,+4; 0,+3; P43) + | +4; 0,—-35 P+5)} 
— 2/3 | e,—4; n,+4; p,+4), (18.55) 
which can also be written 
V1/3[V1/2 {| +33 +4; p,—#) — | e,—4; n+; p, +4} 
+ J1/2 {\e,+4; 0,—4; p+) — | e,—$: 0,44; p,+9)}]- 


(18.56) 


Now look at the terms in the first curly brackets, and think of the e and p taken 
together. Together they form a spin-zero state (see the bottom line of Table 18-3), 
and contribute no angular momentum. Only the neutron is left, so the whole of 
the first curly bracket of (18.56) behaves under rotations like a neutron, namely 
as a state with J = 3, M = +4. Following the same reasoning, we see that 
in the second curly bracket of (18.56) the electron and neutron team up to produce 
zero angular momentum, and only the proton contribution—with m, = 4—is 
left. The terms behave like an object with J = 4, M = +4. So the whole ex- 
pression of (18.56) transforms like | J = +4, M = +4) as it should. The 
M = —4 state which corresponds to (18.57) can be written down (by changing 
the proper + 4’s to —4’s) to get 


V1/3[V/1/2 {| ¢,+4; 1,—4; p,—4) — | e.—45 2,.—-43 Dp, +4)} 
+ V 1/2 {| €,+$30,—-35 P.—>) = |e,—35n, +4; p,—4)}]: 
(18.57) 


You can easily check that this is equal to the second line of (18.54), as it should be 
if the two terms of that pair are to be the two states of a spin one-half system. So our 
results are confirmed. A deuteron and an electron can exist in six spin states, four 
of which act like the states of a spin 3 object (Table 18-5) and two of which act 
like an object of spin one-half (18.54). 

The results of Table 18-5 and of Eq. (18.54) were obtained by making use of 
the fact that the deuteron is made up of a neutron and a proton. The truth of the 
equations does not depend on that special circumstance. For any spin-one object 
put together with any spin one-half object the composition Jaws (and the coeffi- 
cients) are the same. The set of equations in Table 18-5 means that if the co- 
ordinates are rotated about, say, the y-axis—so that the states of the spin one-half 
particle and of the spin-one particle change according to Table 18-I,and Table 
18-2—the linear combinations on the right-hand side will change in the proper 
way for a spin 3 object. Under the same rotation the states of (18.54) will 
change as the states of a spin one-half object. The results depend only on the 
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Table 18-6 


Composition of a spin one-half particle (j, = 4) 
and a spin-one particle (j, = 1 


J = 3,M = 3) = |a,+4;5,41) 
J=3,M =4) = V2/3|a,+4:6,0) +V1/3| a,—4; 6,41) 
J = $,M =-4) = V1/3| 4,+4;6,-1) + V2/3 | a,—4; 60) 
J = 3,M =-#) = |a-45,-1) 
J =4,M =44) = V1/3|a,4456,0) — V2/3 | a,-45 6,41) 
J =4,M =-4) = V2/3|a,+456,-1) — V1/3 | a,—4; 6,0) 


rotation properties (that is, the spin states) of the two original particles but not 
in any way on the origins of their angular momenta. We have only made use of 
this fact to work out the formulas by choosing a special case in which one of the 
component parts is itself made up of two spin one-half particles in a symmetric 
state. We have put all our results together in Table 18-6, changing the notation 
“e”? and “d” to “a” and ‘‘b” to emphasize the generality of the conclusions. 

Suppose we have the general problem of finding the states which can be 
formed when two objects of arbitrary spins are combined. Say one has j, (so its 
z-component m, runs over the 2j, + 1 values from —j, to +j,) and the other has 
Je (with z-component my running over the values from —/, to +/,). The combined 
states are | a, 1a; b, ma), and there are (2j. + 1)(2/, + 1) different ones. Now 
what states of total spin J can be found? 

The total z-component of angular momentum M is equal to m, + mp, and 
the states can all be listed according to M [as in (18.42)]. The largest 7 is unique; 
it corresponds to ma = ja and m, = jy, and is, therefore, just j. + j». That 
means that the largest total spin J is also equal to the sum j. + jy: 


J= (M) max = Ja + je 


For the first M value smaller than (M)max, there are two states (either m, or my 
is one unit less than its maximum). They must contribute one state to the set that 
goes with J = j, + js, and the one left over will belong to a new set with J = 
ja + jp, — 1. The next M-value—the third from the top of the list—can be formed 
in three ways. (From mg = ja — 2,m, = jo; from mg = ja — 1, my = jy — 15 
and from ma = ja, ms, = j» — 2.) Two of these belong to groups already started 
above; the third tells us that states of J = j, + jp — 2 must also be included. 
This argument continues until we reach a stage where in our list we can no longer 
go one more step down in one of the m’s to make new states. 

Let j, be the smaller of j, and j; (if they are equal take either one); then only 
2j, values of J are required—going in integer steps from jg + j» down to ja — jp. 
That is, when two objects of spin j, and j, are combined, the system can have a 
total angular momentum J equal to any one of the values 


Ja + je 
Je Sa 

J=4 jatjp — 2 (18.58) 
| fa oi Jol. 


(By writing | j2 — jp | instead of j, — jy we can avoid the extra admonition that 
Ja 2 Jo-) 

For each of these J values there are the 27 + 1 states of different M@-values— 
with M going from +J to —J. Each of these is formed from linear combinations 
of the original states | a, m_; b, mp) with appropriate factors—the Clebsch-Gordon 
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coefficients for each particular term. We can consider that these coefficients give 
the “amount” of the state | ja, ma; j,™m™») which appears in the state | J, @). So 
each of the Clebsch-Gordon coefficients has, if you wish, six indices identifying 
its position in the formulas like those of Tables 18-3 and 18-6. That is, calling 
these coefficients CU, M; ja, ma; jo, mv), we could express the equality of the 
second line of Table 18-6 by writing 


C,+4; $ +4; 1,0) = V2/3, 
C444, -4 141 = V17. 


We will not calculate here the coefficients for any other special cases.t You 
can, however, find tables in many books. You might wish to try another special 
case for yourself. The next one to do would be the composition of two spin-one 
particles. We give just the final result in Table 18-7. 

These laws of the composition of angular momenta are very important in 
particle physics—where they have innumerable applications. Unfortunately, we 
have no time to look at more examples here. 


Table 18-7 
Composition of two spin-one particles (j, = 1,j, = 1) 
|J = 2,M = +2) = |a,+1; 5,41) 
| 1 
[J = 2,M = +1) = —=|a,4+1; 6,0) + —=|a,0; 6,41) 
V2 V2 
\F=2M= 0) = [at154,-1) + | a,-155,41) + | a0; 60) 
V6 V6 V6 
1 1 
|J = 2,M = —1) = ——|a,0;6,-1) + —=]a,—1; 6,0) 
VJ/2 V2 
|J = 2,M = —2) = |a,—1;6,—1) 


1 
a,+1; b,0) TP gee | a,0; b,+1) 
v2 


1 

V2 

: a,+1;6,-1) - one | a,—1; 6, +1) 
V2 v2 

oe 
V2 


1 
a,0; b,—1) Te | a,—1; 6,0) 
v2 


[J =1,M = -1) = 


wow S hoc eee ye ei) Slee) 
3 


V3 


Added Note 1: Derivation of the rotation matrix 


For those who would like to see the details, we work out here the general 
rotation matrix for a system with spin (total angular momentum) j. It is really not 
very important to work out the general case; once you have the idea, you can find 
the general results in tables in many books. On the other hand, after coming 
this far you might like to see that you can indeed understand even the very com- 
plicated formulas of quantum mechanics, such as Eq. (18.35), that come into the 
description of angular momentum. 


+ A large part of the work is done now that we have the general rotation matrix Eq. 
(18.35). 

t The material of this appendix was originally included in the body of the lecture. 
We now feel that it 1s unnecessary to include such a detailed treatment of the general case. 
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We extend the arguments of Section 18-4 to a system with spin j, which we 
consider to be made up of 2/ spin one-half objects. The state with m = j would 
be | ++ +.---+) (with plus signs). For m = j — 1, there will be 2/ terms 
like |++-°:++-—),!++-+:++—+), and so on. Let’s consider the 
general case in which there are 7 plusses and s minuses—with r + s = 2j. Under 
a rotation about the z-axis each of the r plusses will contribute e***/?, The result 
is a phase change of i(r/2 — s/2)p. You see that 
r-—s 


m=—> 


(18.59) 


Just as for J = 3, each state of definite m must be the linear combination with 
plus signs of all the states with the same r and s—that is, states corresponding to 
every possible arrangement which has r plusses and s minuses. We assume that 
you can figure out that there are (r + s)!/r!s! such arrangements. To normalize 
each state, we should divide the sum by the square root of this number. We can 
write 


t —1/2 
[ee (ttterttoos=-) 
+ (all rearrangements of order)} = | j, m) (18.60) 
with 
» rts eae re s- 
Se oa? Ne ry (18.61) 


It will help our work if we now go to still another notation. Once we have 
defined the states by Eq. (18.60), the two numbers ry and s define a state just as 
well as j and m. It will help us keep track of things if we write 


| j,m) = |), (18.62) 
where, using the equalities of (18.67) 
r=j+m, s=j—m. 
Next, we would like to write Eq. (18.60) with a new special notation as 
; e r+ sft? i 
lim) =|) = [et {| +) | —)"} perm- (18.63) 


Note that we have changed the exponent of the factor in front to plus 4. We do 
that because there are just N = (r + s)!/r!s! terms inside the curly brackets. 
Comparing (18.63) with (18.60) it is clear that 


{| +)" yt perm 
is just a shorthand way of writing 


{] + +-+-::— —) + all rearrangements} 
N > 


where NW is the number of different terms in the bracket. The reason that this 
notation is convenient is that each time we make a rotation, all of the plus signs 
contribute the same factor, so we get this factor to the 7th power. Similarly, all 
together the s minus terms contribute a factor to the sth power no matter what the 
sequence of the terms is. 

Now suppose we rotate our system by the angle @ about the y-axis. What we 
want is R,(@) |<). When R,(6) operates on each | +) it gives 


R,@|+) = |+)C+]|-)S, (18.64) 


where C = cos 6/2 and S = sin 0/2. When R,(6) operates on each | —) it gives 


R,(@)| —) =| —)C — | +)S. 
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So what we want is 


r syt |? 
(0) 2) = [LAY Roth 47" -)5 perm 


ris! 


1/2 
= [CEP ROL + ROL —N een 
1/2 
2 ee {| +)C+ | —)s)"(| —)c . 7 | +)S%} perm: (18.65) 


Now each binomial has to be expanded out to its appropriate power and the two 
expressions multiplied together. There will be terms with | +) to all powers from 
zero to (r + 5s). Let’s look at all of the terms which have | +) to the r’ power. 
They will appear always multiplied with | —) to the s’ power, where s’ = 27 — r’. 
Suppose we collect all such terms. For each permutation they will have some 
numerical coefficient involving the factors of the binomial expansion as well as 
the factors C and S. Suppose we call that factor A,;'. Then Eq. (18.65) will look like 


r+s , , 
R,(6)|3) = D> {Ae | +)" | —)"doerm. (18.66) 


r'==0 


Now let’s say that we divide A, by the factor [(r’ + s’)!/r’!s’!]!/? and call the 
quotient B,,. Equation (18.66) is then equivalent to 
r W r + sf He r’ 3! 
R,(9) | 3) = ey By [Atel {| +)” | —)* }oerm- (18.67) 


1571 
a, r'ts’! 


(We could just say that this equation defines B, by the requirement that (18.67) 
gives the same expression that appears in (18.65).) 

With this definition of B, the remaining factors on the right-hand side of 
Eq. (18.67) are just the states | 5°). So we have that 


R,(9) | 5) = 3 By | $")s (18.68) 
r'=0 


with s’ always equal to r + s — r’. This means, of course, that the coefficients 
B,- are just the matrix elements we want, namely 


(er | Ry(@) | 3) = Bre. (18.69) 


Now we just have to push through the algebra to find the various B,. Com- 
paring (18.39) with (18.37)—and remembering that r’ + s’ = r + s—we see 
that B,: is just the coefficient of a’’b*’ in the following expression: 


r'tstt 1/2 
(ae) (aC + bS)'(bC — aS)’. (18.70) 
It is now only a dirty job to make the expansions by the binomial theorem, and 
collect the terms with the given power of a and 6. If you work it all out, you find 
that the coefficient of a’‘b*’ in (18.70) is 


r’ts’! a k or—r' +2kps-+r'—2k r} s! 
ae dX Cee c “CG —-r+th0 — kb! 6D 


(18.71) 


The sum is to be taken over all integers kK which give terms of zero or greater in the 
factorials. This expression is then the matrix element we wanted. 
Finally, we can return to our original notation in terms of j, m, and m’ using 


r=jtm r=jtm, s=j-m gs =j—m. 


Making these substitutions, we get Eq. (18.34) in Section 18-4. 
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Added Note 2: Conservation of parity in photon emission 


In Section 1 of this chapter we considered the emission of light by an atom 
that goes from an excited state of spin 1 to a ground state of spin 0. If the excited 
state has its spin up (m = +1), it can emit a RHC photon along the +2-axis or 
a LHC photon along the —z-axis. Let’s call these two states of the photon | Ruy) 
and | Lan). Neither of these states has a definite parity. Letting P be the parity 
operator, P | Rup) = | Lan) and Pp | Lan) = | Rup). 

What about our earlier proof that an atom in a state of definite energy must 
have a definite parity, and our statement that parity is conserved 1n atomic proc- 
esses? Shouldn’t the final state in this problem (the state after the emission of a 
photon) have a definite parity? It does if we consider the complete final state 
which contains amplitudes for the emission photons into all sorts of angles. In 
Section 1 we chose to consider only a part of the complete final state. 

If we wish we can look only at final states that do have a definite parity. For 
example, consider a final state | ~r) which has some amplitude a to be a RHC 
photon going along +z and some amplitude 6 to be a LHC photon going along 
~—z. Wecan write 


[¥r) = @| Rup) + 8 | Lan). (18.72) 

The parity operation on this state gives 
Pl vr) = a| Lan) + B| Rup). (18.73) 
This state will be = | Pr) if 8 = aorif8 = —a. Soa final state of even parity 1s 
| ¥i") = a {Rup) + | Lan)}, (18.74) 


and a state of odd parity is 
lve) = af] Rup) — | Lan)}- (18.75) 


Next, we wish to consider the decay of an excited state of odd parity to a 
ground state of even parity. If parity is to be conserved, the final state of the 
photon must have odd parity. It must be the state in (18.75). If the amplitude to 
find | Rup) is a, the amplitude to find | Lan) is —a. 

Now notice what happens when we perform a rotation of 180° about the 
y-axis. The initial excited state of the atom becomes an m = —1 state (with no 
change in sign, according to Table 17-2). And the rotation of the final state gives 


R,(180°) | Yr) = @ {| Ran) ~ | Lup)y- (18.76) 


Comparing this equation with (18.75), you see that for the assumed parity of the 
final state, the amplitude to get a LHC photon along +z from the m = —1 
initial state is the negative of the amplitude to get a RHC photon from them = +1 
initial state. This agrees with the result we found in Section 1. 
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The Hydrogen Atom and 
The Periodic Table 


19-1 Schrodinger’s equation for the hydrogen atom 


The most dramatic success in the history of the quantum mechanics was the 
understanding of the details of the spectra of some simple atoms and the under- 
standing of the periodicities which are found in the table of chemical elements. 
In this chapter we will at last bring our quantum mechanics to the point of this 
important achievement, specifically to an understanding of the spectrum of the 
hydrogen atom. We will at the same time arrive at a qualitative explanation of the 
mysterious properties of the chemical elements. We will do this by studying in 
detail the behavior of the electron in a hydrogen atom—for the first time making 
a detailed calculation of a distribution-in-space according to the ideas we developed 
in Chapter 16. 

For a complete description of the hydrogen atom we should describe the mo- 
tions of both the proton and the electron. It is possible to do this in quantum 
mechanics in a way that is analogous to the classical idea of describing the motion 
of each particle relative to the center of gravity, but we will not do so. We will 
just discuss an approximation in which we consider the proton to be very heavy, 
so we can think of it as fixed at the center of the atom. 

We will make another approximation by forgetting that the electron has a 
spin and should be described by relativistic laws of mechanics. Some small cor- 
rections to our treatment will be required since we will be using the nonrelativistic 
Schrodinger equation and will disregard magnetic effects. Small magnetic effects 
occur because from the electron’s point-of-view the proton is a circulating charge 
which produces a magnetic field. In this field the electron will have a different 
energy with its spin up than with it down. The energy of the atom will be shifted 
a little bit from what we will calculate. We will ignore this small energy shift. 
Also we will imagine that the electron is just like a gyroscope moving around in 
space always keeping the same direction of spin. Since we will be considering a 
free atom in space the total angular momentum will be conserved. In our approxi- 
mation we will assume that the angular momentum of the electron spin stays con- 
stant, so all the rest of the angular momentum of the atom—what is usually called 
“orbital” angular momentum—will also be conserved. To an excellent approxi- 
mation the electron moves in the hydrogen atom like a particle without spin—the 
angular momentum of the motion is a constant. 

With these approximations the amplitude to find the electron at different 
places in space can be represented by a function of position in space and time. 
We let ¥(x, y, z, 2) be the amplitude to find the electron somewhere at the time ¢. 
According to the quantum mechanics the rate of change of this amplitude with 
time is given by the Hamiltonian operator working on the same function. From 
Chapter 16, 


4, » 
ih Fy; = Ky, (19.1) 
with 
p--E ein 19.2 
Om r). (19.2) 


Here, m is the electron mass, and V(r) is the potential energy of the electron in the 
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Fig. 19-1. The spherical polar co- 
ordinates r, 0, @ of the point P. 


electrostatic field of the proton. Taking V = 0 at large distances from the proton 
we can writet 
2 
Vso Ss 
Ps 


The wave function y must then satisfy the equation 


wa Ve Sy. (19.3) 


We want to look for definite energy states, so we try to find solutions which 
have the form 


ver, 1) = eT PEY(r), (19.4) 
The function ¥(r) must then be a solution of 
to (ee2) 
Sa My S aad ; (19.5) 


where E is some constant—the energy of the atom. 

Since the potential energy term depends only on the radius, it turns out to 
be much more convenient to solve this equation in polar coordinates rather than 
rectangular coordinates. The Laplacian is defined in rectangular coordinates by 


a? 3? 3 


pene Se 
ea ax? a5 aye t az? 


We want to use instead the coordinates r, 6, @ shown in Fig. 19-1. These 
coordinates are related to x, y, z by 
x = rsin cos ¢; y =rsin@sing; z= rcos@. 


It’s a rather tedious mess to work through the algebra, but you can eventually 
show that for any function f(r) = /(r, 4, ¢), 


TE) ee ae ee eee (sino 4) + L_ ofl, 196) 


r ore r2 |sin 6 00 00 sin? 6 a? 
So in terms of the polar coordinates, the equation which is to be satisfied by 
¥(r, 8, $) is 


1 3? 1f1 af... ey 1 oH _ 2m e 
r ore ) + 2 faag & (sino) + Sinz 6 ag?) ~~ A E+; ]¥. 
(19.7) 


19-2 Spherically symmetric solutions 


Let’s first try to find some very simple function that satisfies the horrible 
equation in (19.7). Although the wave function y will, in general, depend on the 
angles @ and ¢ as well as on the radius r, we can see whether there might be a special 
situation in which y does not depend on the angles. For a wave function that 
doesn’t depend on the angles, none of the amplitudes will change in any way if 
you rotate the coordinate system. That means that all of the components of the 
angular momentum are zero. Such a y must correspond to a state whose total 
angular momentum is zero. (Actually, it is only the orbital angular momentum 
which is zero because we still have the spin of the electron, but we are ignoring 
that part.) A state with zero orbital angular momentum is called by a special name. 
It is called an “‘s-state’—-you can remember ‘“‘s for spherically symmetric.’’t 


+ As usual, e2 = ¢2/4reo. 

t Since these special names are part of the common vocabulary of atomic physics, you 
will just have to learn them. We will help out by putting them together in a short “dic- 
tionary”’ later in the chapter. 
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Now if y is not going to depend on @ and ¢ then the entire Laplacian contains 
only the first term and Eq. (19.7) becomes much simpler: 


1@& 2m e” 
a ge = = a (e+ =) (19.8) 


Before you start to work on solving an equation like this, it’s a good idea to get 
rid of all excess constants like e”, m, and h, by making some scale changes. Then 
the algebra will be easier. If we make the following substitutions: 


he 
and 
me* 
E= aap © (19.10) 


then Eq. (19.8) becomes (after multiplying through by p) 


2 
a” = — (« ae 2) pb. (19.11) 


These scale changes mean that we are measuring the distance r and energy E as 
multiples of “natural” atomic units. That is, p = r/rg, where rg = h?/me’, 
is called the “Bohr radius” and is about 0.528 angstroms. Similarly, e = E/Ep, 
with Er = me*/2h?. This energy is called the “Rydberg” and is about 13.6 
electron volts. 

Since the product py appears on both sides, it is convenient to work with it 
rather than with y itself. Letting 


py =f, (19.12) 


we have the more simple-looking equation 


2 
oa =- (« + a. (19.13) 


Now we have to find some function f which satisfies Eq. (19.13)—in other 
words, we just have to solve a differential equation. Unfortunately, there is no 
very useful, general method for solving any given differential equation. You just 
have to fiddle around. Our equation is not easy, but people have found that it 
can be solved by the following procedure. First, you replace f, which 1s some 
function of p, by a product of two functions 


f(p) = e **g(p). (19.14) 
This just means that you are factoring e~° out of f(p). You can certainly do that 


for any f(p) at all. This yust shifts our problem to finding the right function g(p). 
Sticking (19.14) into (19.13), we get the following equation for g: 


82984 (2+ e+a)eno (19.15) 


a? = -€, (19.16) 
and get 
d’g dg 2 
dp? a ee < (19.17) 


You may think we are no better off than we were at Eq. (19.13), but the happy 
thing about our new equation is that it can be solved easily in terms of a power 
series inp (It is possible, in principle, to solve (19.13) that way too, but it 1s 
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much harder.) We are saying that Eq. (19.17) can be satisfied by some g(p) which 
can be written as a series, 


g(p) = 3 anp", (19.18) 
k=1 


in which the a, are constant coefficients. Now all we have to do is find a suitable 
infinite set of coefficients! Let’s check to see that such a solution will work. The 
first derivative of this g(p) is 


dg 7 k-1 
= ark, F 
dp pay nKp 


and the second derivative is 


d*g = ~ k-2 
dp? = »» ayk(k aad l)p . 
Using these expressions in (19.17) we have 


SS kk = Vagp'~? — S% 2okaxp** + 5% 2azp*-' = 0. (19.19) 
A=1 k=1 k=1 


It’s not obvious that we have succeeded; but we forge onward. It will all look 
better if we replace the first sum by an equivalent. Since the first term of the sum 
is zero, we can replace each k by k + | without changing anything in the infinite 
series; with this change the first sum can equally well be written as 


Dy + Vkae gap. 
k=l 
Now we can put all the sums together to get 


DUK + Wkang1 — 2aka, + 2a,Jp'~! = 0. (19.20) 


k=1 


This power series must vanish for all possible values of p. It can do that only 
if the coefficient of each power of p is separately zero. We will have a solution 
for the hydrogen atom if we can find a set a, for which 


(k + Dkary1 — Wak — Ya, = 0 (19.21) 


for all kK > 1. That 1s certainly easy to arrange. Pick any a, you like. Then 
generate all of the other coefficients from 


ak4, = kk + 1) ak. (19.22) 
With this you will get a2, a3, a4, and so on, and each pair will certainly satisfy 
(19.21). We get a series for g(p) which satisfies (19.17). With it we can make a 
¥, that satisfies Schrédinger’s equation. Notice that the solutions depend on the 
assumed energy (through a), but for each value of ¢, there 1s a corresponding series. 

We have a solution, but what does it represent physically? We can get an 
idea by seeing what happens far from the proton—for large values of p. Out there, 
the high-order terms of the series are the most important, so we should look at 
what happens for large k. When k >> 1, Eq. (19.22) is approximately the same as 


2a 
aka = k ak, 
which means that 
h 
dg © ae (19.23) 


But these are just the coefficients of the series for et**?, The function of g is a 
rapidly increasing exponential. Even coupled with e~*? to produce /(p}—see 
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Eq. (19.14)—it still gives a solution for f(p) which goes like e*? for large p. We 
have found a mathematical solution but not a physical one. It represents a situa- 
tion in which the electron is /east likely to be near the proton! It is always more 
likely to be found at a very large radius p. A wave function for a bound electron 
must go to zero for large p. 

We have to think whether there is some way to beat the game, and there 1s. 
Observe! If it just happened by luck that a were equal to 1/n, where nm 1s any 
integer, then Eq. (19.22) would make a,41 = 0. All higher terms would also be 
zero. We wouldn’t have an infinite series but a finite polynomial. Any polynomial 
increases more slowly than e*°, so the term e~* will eventually beat it down, and 
the function / will go to zero for large p. The only bound-state solutions are those 
for which a = 1/n, with n = 1, 2,3, 4, and so on. 

Looking back to Eq. (19.16), we see that the bound-state solutions to the 
spherically symmetric wave equation can exist only when 


we = [poe reese ee eee 


The allowed energies are just these fractions times the Rydberg, Ep = me*/2h”, 
or the energy of the nth energy level is 


E, = —Ep - (19.24) 


There is, incidentally, nothing mysterious about negative numbers for the energy. 
The energies are negative because when we chose to write V = —e?/r, we picked 
our zero point as the energy of an electron located far from the proton. When it 
is close to the proton, its energy is less, so somewhat below zero. The energy is 
lowest (most negative) for n = 1, and increases toward zero with increasing n. 

Before the discovery of quantum mechanics, it was known from experimental 
studies of the spectrum of hydrogen that the energy levels could be described by 
Eq. (19.24), where Er was found from the observations to be about 13.6 electron 
volts. Bohr then devised a model which gave the same equation and predicted 
that Ep should be me*/2h?. But it was the first great success of the Schrédinger 
theory that it could reproduce this result from a basic equation of motion for the 
electron. 

Now that we have solved our first atom, let’s look at the nature of the solution 
we got. Pulling all the pieces together, each solution looks like this: 


ie tn = fie) = _ 8n(P); (19.25) 
&n(P) = ‘ ap" (19.26) 

and _ 
aby = ery a. (19.27) 


So long as we are mainly interested in the relative probabilities of finding the 
electron at various places we can pick any number we wish for a@,. We may as well 
set a, = 1. (People often choose a, so that the wave function is ‘‘normalized,”’ 
that is, so that the integrated probability of finding the electron anywhere in the 
atom is equal to 1. We have no need to do that just now.) 

For the lowest energy state, = 1, and 


Wile) = e*. (19.28) 


For a hydrogen atom in its ground (lowest-energy) state, the amplitude to find the 
electron at any point drops off exponentially with the distance from the proton. 
It is most likely to be found right at the proton, and the characteristic spreading 
distance is about one unit in p, or about one Bohr radius, rg. 
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Fig. 19-2. The wave functions for 
the first three |! = O states of the hydro- 
gen atom. (The scales are chosen so that 
the total probabilities are equal.) 


Putting n = 2 gives the next higher level. The wave function for this state 
will have two terms. It 1s 


Y2(p) = (1 = 2) ape (19.29) 


The wave function for the next level 1s 


te 2 a 
¥3(p) (1 f + 54 p)e 0/8 (19.30) 


The wave functions for these first three levels are plotted in Fig. 19-2. You can 
see the general trend All of the wave functions approach zero rapidly for large 
p after oscillating a few times. In fact, the number of ‘“‘bumps”’ 1s just equal to 
n—or, if you prefer, the number of zero-crossings of W,, ism — 1. 


y 


19-3 States with an angular dependence 


In the states described by the ¥,,(r) we have found that the probability ampli- 
tude for finding the electron 1s spherically symmetric—depending only on r, the 
distance for the proton. Such states have zero orbital angular momentum. We 
should now inquire about states which may have some angular dependences. 

We could, if we wished, just investigate the strictly mathematical problem of 
finding the functions of r, 6, and ¢ which satisfy the differential equation (19.7)— 
putting in the additional physical conditions that the only acceptable functions 
are ones which go to zero for large r. You will find this done in many books. 
We are going to take a short cut by using the knowledge we already have about 
how amplitudes depend on angles in space. 

The hydrogen atom in any particular state 1s a particle with a certain ‘‘spin” 
j-—the quantum number of the total angular momentum. Part of this spin comes 
from the electron’s intrinsic spin, and part from the electron’s motion. Since 
each of these two components acts independently (to an excellent approximation) 
we will again ignore the spin part and think only about the “orbital” angular 
momentum. This orbital motion behaves, however, just like a spin. For example, 
if the orbital quantum number is /, the z-component of angular momentum can 
be 7,/— 1,/— 2,...,—/. (We are, as usual, measuring in units of #.) Also, 
all the rotation matrices and other properties we have worked out still apply 
(From now on we will really ignore the electron’s spin; when we speak of ‘“‘angular 
momentum” we will mean only the orbital part.) 

Since the potential V in which the electron moves depends only on r and not 
on 6 or ¢, the Hamiltonian is symmetric under all rotations. It follows that the 
angular momentum and all its components are conserved. (This is true for motion 
in any “‘central field’”’—one which depends only on r—so is not a special feature of 
the Coulomb e?/r potential ) 


19-6 


Now let’s think of some possible state of the electron; its internal angular 
structure will be characterized by the quantum number /. Depending on the 
“orientation” of the total angular momentum with respect to the z-axis, the 
z-component of angular momentum will be m, which is one of the 2/ + 1 possi- 
bilities between +/ and —/. Let’s say m = 1. With what amplitude will the elec- 
tron be found on the z-axis at some distance r? Zero. An electron on the z-axis 
cannot have any orbital angular momentum around that axis. Alright, suppose 
m is zero, then there can be some nonzero amplitude to find the electron at each 
distance from the proton. We'll call this amplitude F,(r). It is the amplitude to 
find the electron at the distance r up along the z-axis, when the atom is in the 
state | /,0), by which we mean orbital spin / and z-component m = 0. 

If we know F/(r) everything is known. For any state | /,m), we know the 
amplitude y;, (r) to find the electron anywhere in the atom. How? Watch. Suppose 
we have the atom in the state | /, m), what is the amplitude to find the electron at 
the angle 0, @ and the distance r from the origin? Put a new z-axis, say z’, at that 
angle (see Fig. 19-3), and ask what is the amplitude that the electron will be at 
the distance r along the new axis z’? We know that it cannot be found along z’ 
unless its z’-component of angular momentum, say m’, is zero. When m’ is zero, 
however, the amplitude to find the electron along z’ is Fi(r). Therefore, the result 
is the product of two factors. The first is the amplitude that an atom in the state 
| J, m) along the z-axis will be in the state | /, m’ = 0) with respect to the z’-axis. 
Multiply that amplitude by F,(r) and you have the amplitude y,n(r) to find the 
electron at (r, 6, ¢) with respect to the original axes. 

Let’s write it out. We have worked out earlier the transformation matrices 
for rotations. To go from the frame x, y, z to the frame x’, y’, z’ of Fig. 19-3, 
we can rotate first around the z-axis by the angle ¢, and then rotate about the new 
y-axis (y’) by the angle @. This combined rotation is the product 


R,(8)R.(9). 
The amplitude to find the state /, m’ = 0 after the rotation is 


(1, 0 | Ry(¢)R-(4) | J, m). (19.31) 
Our result, then, is 


Wimtr) = (1,0 | Ry(0)R-(4) | 1, m)Fi(r). (19.32) 


The orbital motion can have only integral values of /. (If the electron can be 
found anywhere at r ¥ 0, there is some amplitude to have m = 0 in that direction. 
And m = 0 states exist only for integral spins.) The rotation matrices for / = 1 
are given in Table 17-2. For larger / you can use the general formulas we worked 
out in Chapter 18. The matrices for R.(@) and R,(9) appear separately, but you 
know how to combine them. For the general case you would start with the state 
| 1, m) and operate with R,(¢) to get the new state R.(¢) | /,m). Then you operate 
on this state with R,(6) to get the state R,(6)R,(¢) | /, m) (which is just e””"® | J, m)). 
Multiplying by (/, 0 | gives the matrix element (19.31). 

The matrix elements of the rotation operation are algebraic functions of 6 
and ¢. The particular functions which appear in (19.31) also show up in many 
kinds of problems which involve waves in spherical geometries and so has been 
given a special name. Not everyone uses the same convention; but one of the most 
common ones is 


(I, 0 | R,(A)R.(4) | 1, m) = aYi (9, 4). (19.33) 


The functions Y;,,,(0, ¢) are called the spherical narmonics, and a is just a numerical 
factor which depends on the definition chosen for Y;,,,. For the usual definition, 


or a 
a= vr : (19.34) 

With this notation, the hydrogen wave functions can be written 
Vim(r) = Yim(9, )Filr). (19.35) 
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Fig. 19-3. The point (r, 9,o) is on 
the z’-axis of the x’y’z’ coordinate frame. 


Ne2™ 
Lym> x 
y 
Fig. 19-4. The decay of an excited 


state of Ne?” 


The angle functions Y7,n(8,@) are important not only in many quantum- 
mechanical problems, but also in many areas of classical physics in which the V? 
operator appears, such as electromagnetism. As another example of their use in 
quantum mechanics, consider the disintegration of an excited state of Ne?° 
(such as we discussed 1n the last chapter) which decays by emitting an a-particle 
and going into O'°: 


Ne?" — O!" + Het. 


Suppose that the excited state has some spin / (necessarily an integer) and that the 
z-component of angular momentum is m. We might now ask the following: 
given / and m, what 1s the amplitude that we will find the a-particle going off in a 
direction which makes the angle 6 with respect to the z-axis and the angle @ with 
respect to the xz-plane—as shown in Fig. 19-4. 

To solve this problem we make, first, the following observation. A decay in 
which the a-particle goes straight up along z must come from a state with m = 0. 
This is so because both O!° and the a-particle have spin zero, and because their 
motion cannot have any angular momentum about the z-axis Let’s call this 
amplitude a (per unit solid angle). Then, to find the amplitude for a decay at the 
arbitrary angle of Fig. 19-4, all we need to know is what amplitude the given initial 
state has zero angular momentum about the decay direction. The amplitude for 
the decay at @ and ¢ 1s then a times the amplitude that a state | /, m) with respect 
to the z-axis will be in the state | /,0) with respect to z’—the decay direction. This 
latter amplitude is just what we have written in (19.31). The probability to see the 
a-particle at 6, ¢ is 


P(8, 6) = a? |(/,0| Ry(8)Rz(¢) | 1, m)|?. 


As an example, consider an initial state with / = 1 and various values of m. 
From Table 17-2 we know the necessary amplitudes. They are 


(1,0| R,(@)R.(@) | 1, +1) = — a separ 
(1, 0| R,(8)R.(d) | 1,0) = cos 8, (19.36) 
(1,0 | R,(@)R.(¢) | 1, —1) = — os sine”. 


These are the three possible angular distribution amplitudes—depending on the 
m-value of the initial nucleus. 

Amplitudes such as the ones in (19.36) appear so often and are sufficiently 
important that they are given several names. If the angular distribution amplitude 
is proportional to any one of the three functions or any linear combination of them, 
we say, “‘The system has an orbital angular momentum of one.” Or we may say, 
“The Ne?°* emits a p-wave a-particle.” Or we say, “The a-particle 1s emitted in 
an / = 1 state.” Because there are so many ways of saying the same thing it is 
useful to have a dictionary. If you are going to understand what other physicists 
are talking about, you will just have to memorize the language. In Table 19-1 
we give a dictionary of orbital angular momentum. 

If the orbital angular momentum is zero, then there is no change when you 
rotate the coordinate system and there 1s no variation with angle—the “dependence” 
on angle 1s as a constant, say I. This is also called an “‘s-state’’, and there is only 
one such state—as far as angular dependence is concerned. If the orbital angular 
momentum is 1, then the amplitude of the angular variation may be any one of the 
three functions given—depending on the value of m—or it may be a linear combina- 
tion. These are called ‘“‘p-states,’’ and there are three of them. If the orbital angular 
momentum 1s 2 then there are the five functions shown. Any linear combination 
is called an “/ = 2,” or a “d-wave” amplitude. Now you can immediately guess 
what the next letter is—what should come after s, p, d? Well, of course, f, g, A, 
and so on down the alphabet! The letters don’t mean anything. (They did once 
mean something—they meant “sharp” lines, “principal” lines, “‘diffuse’’ lines and 
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Table 19-1 


Dictionary of orbital angular momentum 
(] = 7 = an integer) 


Orbital 


angular = Angular dependence Number of | Orbital 
component, Name 
momentum, fe of amplitudes states parity 
1 
0 0 1 Ss 1 + 
(Fe _ mL ander | 
v2 
1 + 0 cos 6 P 3 a= 
1 
~I —= sn6@e—'* 
V2 
+2 v6 sin? 6 e2'¢ 
4 | 
{ 
6 
+1 ve sin 6 cos 6 e'¢ 
| 
2 4 0 | 4@cos?@ — 1) d 5 + 
~1 - MES Gue pom 
2 
-2 V°® sin? @ e~24 
4 
3 | i 0 | R,(@)R ) | I, m f 
4 = Yim(8, >) Chi ae +1 (a1y 
| 
5 = P(cos 6)e™* j| oh 


“fundamental” lines of the optical spectra of atoms. But those were in the days 
when people did not know where the lines came from. After f there were no 
special names, so we now Just continue with g, /, and so on.) 

The angular functions in the table go by several names—and are sometimes 
defined with slightly different conventions about the numerical factors that appear 
out in front. Sometimes they are called “spherical harmonics,” and written as 
Y1,m(6, 6). Sometimes they are written P/"(cos #)e’”"*, and if m = 0, simply as 
P,(cos 6). The functions P,(cos 6) are called the “Legendre polynomials” in 
cos 0, and the functions P/"(cos @) are called the “associated Legendre functions.” 
You will find tables of these functions in many books. 

Notice, incidentally, that all the functions for a given / have the property that 
that they have the same parity—for odd / they change sign under an inversion and 
for even / they don’t change. So we can write that the parity of a state of orbital 
angular momentum / is (— 1)’. 

As we have seen, these angular distributions may refer to a nuclear disintegra- 
tion or some other process, or to the distribution of the amplitude to find an elec- 
tron at some place in the hydrogen atom. For instance, if an electron is in a p-state 
(1 = 1) the amplitude to find it can depend on the angle in many possible ways— 
but all are linear combinations of the three functions for / = 1 in Table 19-1. 
Let’s take the case cos 6. That’s interesting. That means that the amplitude 1s 
positive, say, in the upper part (@ < 7/2), 1s negative in the lower part (@ > 7/2), 
and is zero when @ is 90°. Squaring this amplitude we see that the probability of 
finding the electron varies with @ as shown in Fig. 19-5—and is independent of ¢ 
This angular distribution is responsible for the fact that in molecular binding the 
attraction of an electron in an/ = | state for another atom depends on direction— 
it is the origin of the directed valences of chemical attraction. 
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Fig. 19-5. A polar graph of cos? 6, 
which is the relative probability of finding 
an electron at various angles from the 
z-axis (for a given r) in an atomic state 
with } = 1 and m = 0. 


19-4 The general solution for hydrogen 
In Eq. (19.35) we have written the wave functions for the hydrogen atom as 
Yim) = Yim(6, o)Fi(’). (19.37) 


These wave functions must be solutions of the differential equation (19.7). Let’s 
see what that means. Put (19.37) into (19.7); you get 


Yim 9 Fi, Of. ,O¥im Fy 97 Yim 
7 gra VF) + asin 30 (sin 30) | resin? 0 Og? 
_ 2m 


= — > (e + - =) YimF 1. (19.38) 


Now multiply through by r?/F, and rearrange terms. The result is 


1 @ P 6 Yim) 1 @ Yim 
sin 6 00 (sin 636 / + Sint 6 ag? 


~ -|F ( Le Or) + Fr oats I] Yim. (19.39) 


The left-hand side of this equation depends on 6 and ¢, but not on r. No matter 
what value we choose for r, the left side doesn’t change. This must also be true 
for the right-hand side. Although the quantity in the square brackets has r’s all 
over the place, the whole quantity cannot depend on 7, otherwise we wouldn't 
have an equation good for all r. As you can see, the bracket also does not depend 
on @ or ¢. It must be some constant. Its value may well depend on the /-value of 
the state we are studying, since the function F; must be the one appropriate to that 
state; we’ll call the constant K;. Equation (19.35) is therefore equivalent to two 
equations: 


1 Ogg 8¥im soe 

sin 6 36 (si eer) ) + Sn2@ 992 — Ke ¥um (19.40) 
1 @? 7 
7 a VF) +3 roy e+? \F F, = K; ik (19.41) 


Now look at what we’ve done. For any state described by / and m, we know 
the functions Y;,m; we can use Eq. (19.40) to determine the constant K;. Putting 
K;, into Eq. (19.41) we have a differential equation for the function F,(r). If we 
can solve that equation for F;(r), we have all of the pieces to put into (19.37) to 
give Y(r). 

What is K,? First, notice that it must be the same for all m (which go with a 
particular /), so we can pick any m we want for Y),, and plug it into (19.40) to 
solve for K;. Perhaps the easiest one to use is Y),,. From Eq. (18.24), 


R(¢) | 1,1) = e"* | 1,1). (19.42) 
The matrix element for R,() is also quite simple: 
(1,0 | R,(9) | 7, 2) = 6 (sin 6, (19.43) 
where 5 is some number.t Combining the two, we obtain 


Y;,. « e”¢ sin! @. (19.44) 


+ You can with some work show that this comes out of Eq. (18.35), but it is also easy 
to work out from first principles following the ideas of Section 18-4. A state | /, /) can 
be made out of 2/ spin one-half particles all with spins up; while the state | /,0) would 
have / up and / down. Under the rotation the amplitude that an up-spm remains up 
1s cos 9/2, and that an up-spin goes down is sin 6/2. We are asking for the amplitude 
that / up-spins stay up, while the other / up-spins go down. The amplitude for that is 
(cos 6/2 sin 6/2)! which 1s the same as sin! 6. 


19-10 


Putting this function into (19.40) gives 
K,=/10 4+ WD. (19.45) 


Now that we have determined K;, Eq. (19.41) tells us about the radial function 
Fi(r). It1s, of course, just the Schrodinger equation with the angular part replaced 
by its equivalent K,F;/r?. Let’s rewrite (19 41) in the form we had in Eq (19.8), 
as follows: 


1d 2m e? K+ 1)h? 
Pa ae a mee | 


(19.46) 
A mysterious term has been added to the potential energy. Although we got this 
term by some mathematical shenanigan, it has a simple physical origin. We can 
give you an idea about where it comes from in terms of a semi-classical argument. 
Then perhaps you will not find it quite so mysterious. 

Think of a classical particle moving around some center of force. The total 
energy is conserved and is the sum of the potential and kinetic energies 


U = V(r) + 4m? = constant. 


In general, 7 can be resolved into a radial component 7, and a tangential compo- 
nent 76; then 


v? = yp? + (r6)’. 


Now the angular momentum mr76 1s also conserved; say it is equal to L. We can 
then write 


9g 
mr“6 = L, or r@ = ——> 


and the energy 1s 


2 


L 
= 1p)? see aave 
U = gm, + Vr) + Im 


If there were no angular momentum we would have just the first two terms. 
Adding the angular momentum L does to the energy just what adding a term 
L?/2mr* to the potential energy would do. But this is almost exactly the extra 
term in (1946) The only difference is that /(/ + 1)# appears for the angular 
momentum instead of /?h? as we might expect. But we have seen before (for ex- 
ample, Volume II, Section 34-7) that this is yust the substitution that is usually 
required to make a quasi-classical argument agree with a correct quantum- 
mechanical calculation. We can, then, understand the new term as a ‘‘pseudo- 
potential” which gives the “centrifugal force” term that appears in the equations 
of radial motion for a rotating system. (See the discussion of ‘‘pseudo-forces” in 
Volume J, Section 12-5.) 

We are now ready to solve Eq. (19.46) for Fi(r). It 1s very much like Eq. 
(19.8), so the same technique will work again. Everything goes as before until 
you get to Eq. (19.19) which will have the additional term 


—II + 1) 35 axp'~?. (19.47) 
k=1 


This term can also be written as 
—Ki + nf -»> cane (19.48) 
k=l 


(We have taken out the first term and then shifted the running index k down 
by 1.) Instead of Eq. (19.20) we have 


SMA + I) = M+ Varga — 2(ak — Dajjo’ 
Az 
; a AEE Vat 2g. (19:49) 
p 
+ See Appendix to this volume. 
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Fig. 19-6. Rough sketches showing 
the general nature of some of the hydro- 
gen wave functions. The shaded regions 
show where the amplitudes are large. 
The plus and minus signs show the relative 
sign of the amplitude in each region. 


There is only one term in p~', so it must be zero. The coefficient a; must be zero 
(unless / = 0 and we have our previous solution). Each of the other terms is 
made zero by having the square bracket come out zero for every k. This condition 
replaces Eq. (19.21) by 

_ 2(ak — 1) 


This is the only significant change from the spherically symmetric case. 

As before the series must terminate if we are to have solutions which can 
represent bound electrons. The series will end atk = nifan = 1. We get again 
the same condition on a, that it must be equal to I/n, where n is some integer. 
However, Eq. (19.50) also gives a new restriction. The index k cannot be equal to 
1, the denominator becomes zero and a), is infinite. That is, since a, = 0, Eq. 
(19.50) implies that all successive a, are zero until we get to aj4,, which can be 
nonzero. This means that k must start at 7 + 1 and end at n. 

Our final result is that for any / there are many possible solutions which we 
can call F,,; wheren > 7 + 1. Each solution has the energy 


me’ ( 1 
E, = — yz \p2) (19.51) 


The wave function for the state of this energy with the angular quantum numbers 
/and m is 


Vn, l,m =. Yijm(8, $)F n,1(p), (19.52) 
with 
pF) = eS pt. (19.53) 
kal41 


The coefficients a, are obtained from (19.50). We have, finally, a complete de- 
scription of the states of a hydrogen atom. 


19-5 The hydrogen wave functions 


Let’s review what we have discovered. The states which satisfy Schrodinger’s 
equation for an electron in a Coulomb field are characterized by three quantum 
numbers n, /, m, all integers. The angular distribution of the electron amplitude 
can have only certain forms which we call Y; ». They are labeled by /, the quantum 
number of total angular momentum, and m, the ‘“‘magnetic’? quantum number, 
which can range from —/ to +/. For each angular configuration, various possible 
radial distributions F,,,;(r) of the electron amplitude are possible; they are labeled 
by the principle quantum number n —-which can range from / +- 1 to «. The energy 
of the state depends only on nv, and increases with increasing n. 

The lowest energy, or ground, state is an s-state. It has / = 0, = O, and 
m = 0. It is a “‘nondegenerate’’ state—there is only one with this energy, and its 
wave function is spherically symmetric. The amplitude to find the electron is a 
maximum at the center, and falls off monatonically with increasing distance from 
the center. We can visualize the electron amplitude as a blob as shown in Fig. 
19-6(a). 

There are other s-states with higher energies, for n = 2,3,4,... For each 
energy there is only one version (m = 0), and they are all spherically symmetric. 
These states have amplitudes which alternate in sign one or more times with 
increasing r. There are n — 1 spherical nodal surfaces—the places where y goes 
through zero. The 2s-state (J = 0,” = 2), for example, will look as sketched in 
Fig. 19-6(b). (The dark areas indicate regions where the amplitude is large, and 
the plus and minus signs indicate the relative phases of the amplitude.) The energy 
levels of the s-states are shown in the first column of Fig. 19-7. 

Then there are the p-states—with / = 1. For each 2, which must be 2 or 
greater, there are three states of the same energy, one each form = +1,m = 0, 
and m = ~—1. The energy levels are as shown in Fig. 19-7. The angular de- 
pendences of these states are given in Table 19-1. For instance, for m = 0, if the 
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amplitude is positive for @ near zero, it will be negative for @ near 180°. There 1s 
a nodal plane coincident with the xy-plane. For n > 2 there are also spherical 
nodes. Then = 2,m = 0 amplitude 1s sketched in Fig. 19-6(c), and then = 3, 
m = 0 wave function is sketched in Fig. 19-6(d). 

You might think that since m represents a kind of “orientation” in space, 
there should be similar distributions with the peaks of amplitude along the x-axis 
or along the y-axis. Are these perhaps the m = +1 and m = —1 states? No. 
But since we have three states with equal energies, any linear combinations of the 
three will also be stauonary states of the same energy. It turns out that the ‘“‘x’’- 
state—which corresponds to the ‘‘z’’-state, or m = O state, of Fig. 19-6(c)—is 
a linear combination of the m = +1 and m = —1 states. The corresponding 
“y”.state is another combination. Specifically, we mean that 


“2” = |1,0), 

eer | 1, +1) eel 1,—1), 
/2 

Sere — (1, +1) ines | 1; = 2). 

: iV2 


These states all look the same when referred to their particular axes. 

The d-states (1 = 2) have five possible values of m for each energy, the lowest 
energy hasn = 3. The levels go as shown in Fig. 19-7. The angular dependences 
get more complicated. For instance the m = 0 states have two conical nodes, so 
the wave function reverses phase from +, to —, to + as you go around from the 
north pole to the south pole. The rough form of the amplitude is sketched in (e) 
and (f) of Fig. 19-6 for the m = 0 states with n = 3 and n = 4. Again, the 
larger n’s have spherical nodes. 

We will not try to describe any more of the possible states. You will find the 
hydrogen wave functions described in more detail in many books. Two good 
references are L. Pauling and E. B. Wilson, Jntroduction to Quantum Mechanics, 
McGraw-Hill (1935); and R. B. Leighton, Principles of Modern Physics, McGraw- 
Hill (1959). You will find in them graphs of some of the functions and pictorial 
representations of many states. 

We would like to mention one particular feature of the wave functions for 
higher /: for / > O the amplitudes are zero at the center. That 1s not surprising, 
since it’s hard for an electron to have angular momentum when its radius arm is 
very small. For this reason, the higher the /, the more the amplitudes are “pushed 
away’ from the center. If you look at the way the radial functions F(r) vary for 
small r, you find from (19.53) that 


Fran) = r’. 


Such a dependence on r means that for larger /’s you have to go farther from r = 0 
before you get an appreciable amplitude. This behavior is, incidentally, determined 
by the centrifugal force term in the radial equation, so the same thing will apply 
for any potential that varies slower than 1/r? for small r—which most atomic 
potentials do. 


19-6 The periodic table 


We would like now to apply the theory of the hydrogen atom in an approxi- 
mate way to get some understanding of the chemist’s periodic table of the elements. 
For an element with atomic number Z there are Z electrons held together by the 
electric attraction of the nucleus but with mutual repulsion of the electrons. To 
get an exact solution we would have to solve Schrédinger’s equation for Z electrons 
in a Coulomb field. For helium the equation is 


jh? 2 2 2 
ia = ~ Fww + vy + (-7 224), 
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Fig. 19-7. The energy level diagram 
for hydrogen. 


where V? 1s a Laplacian which operates on r;, the coordinate of one electron: 
V3 operates on ro; and rj = |r; —ro|. (We are again neglecting the spin of the 
electrons.) To find the stationary states and energy levels we would have to find 
solutions of the form 


y = Sry, raje UP Be 


The geometrical dependence is contained inf, which 1s a function of six variables 
—the simultaneous positions of the two electrons. No one has found an analytic 
solution, although solutions for the lowest energy states have been obtained by 
numerical methods. 

With 3, 4, or 5 electrons it is hopeless to try to obtain exact solutions, and it 1s 
going too far to say that quantum mechanics has given a precise understanding of 
the periodic table. It is possible, however, even with a sloppy approximation—and 
some fixing—to understand, at least qualitatively, many chemical properties 
which show up in the periodic table. 

The chemical properties of atoms are determined primarily by their lowest 
energy states. We can use the following approximate theory to find these states 
and their energies. First, we neglect the electron spin, except that we adopt the 
exclusion principle and say that any particular electronic state can be occupied 
by only one electron. This means that any particular orbital configuration can 
have up to two electrons—one with spin up, the other with spin down. Next we 
disregard the details of the interactions between the electrons in our first approxi- 
mation, and say that each electron moves in a central field which is the combined 
field of the nucleus and all the other electrons. For neon, which has 10 electrons, 
we say that one electron sees an average potential due to the nucleus plus the other 
nine electrons. We imagine then that in the Schrodinger equation for each electron 
we put a V(r) which is a 1/r field modified by a spherically symmetric charge 
density coming from the other electrons. 

In this model each electron acts like an independent particle. The angular 
dependence of its wave function will be just the same as the ones we had for the 
hydrogen atom. There will be s-states, p-states, and so on; and they will have the 
various possible m-values. Since V(r) no longer goes as 1/r, the radial part of the 
wave functions will be somewhat different, but it will be qualitatively the same, so 
we will have the same radial quantum numbers, n. The energies of the states will 
also be somewhat different. 


H 


With these ideas, let’s see what we get. The ground state of hydrogen has 
| = m = 0 and n = 1; we say the electron configuration is ls. The energy is 
—13.6 ev. This means that it takes 13.6 electron volts to pull the electron off the 
atom. We call this the “ionization energy’, W;. A large ionization energy means 
that it is harder to pull the electron off and, in general, that the material is chem- 
ically less active. 


He 


Now take helium. Both electrons can be in the same lowest state (one spin 
up and the other spin down). In this lowest state the electron moves in a potential 
which is for small r like a Coulomb field for z = 2 and for large r like a Coulomb 
field for z = 1. The result is a “hydrogen-like”’ 1s state with a somewhat lower 
energy. Both electrons occupy identical 1s states (1 = 0,m = 0). The observed 
1onization energy (to remove one electron) is 24.6 electron volts. Since the 1s 
“shell” is now filled—we allow only two electrons—there is practically no tendency 
for an electron to be attracted from another atom. Helium is chemically inert. 


Li 


The lithium nucleus has a charge of 3. The electron states will again be hy- 
drogen-like, and the three electrons will occupy the lowest three energy levels. 
Two will go into 1s states and the third will go into ann = 2 state. But with/ = 0 
or / = 1? Jn hydrogen these states have the same energy, but in other atoms they 
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don’t, for the following reason. Remember that a 2s state has some amplitude to 
be near the nucleus while the 2p state does not. That means that a 2s electron will 
feel some of the triple electric charge of the Li nucleus, but that a 2p electron will 
stay out where the field looks like the Coulomb field of a single charge. The extra 
attraction lowers the energy of the 2s state relative to the 2p state. The energy 
levels will be roughly as shown in Fig. 19-8—which you should compare with the 
corresponding diagram for hydrogen in Fig. 19-7. So the lithium atom will have 
two electrons in 1s states and one in a 2s. Since the 2s electron has a higher energy 
than a 1s electron it is relatively easily removed. The ionization energy of lithium 
is only 5.4 electron volts, and it is quite active chemically. 

So you can see the patterns which develop; we have given in Table 19-2 a 
list of the first 36 elements, showing the states occupied by the electrons in the 
ground state of each atom. The Table gives the ionization energy for the most 
loosely bound electron, and the number of electrons occupying each “‘shell’”’— 
by which we mean states with the same n. Since the different /-states have different 


Table 19-2 


The electron configurations of the first 36 elements 


Electron Configuration 

Zz Element Wi(ev) 
Is 2s 2p|3s 3p 3d) 4s 4p 4d 4f 

1 | H_ hydrogen 13.6 1 
2 | He helium 24.6 2 
3} Li lithium 5.4 1 
4| Be beryllium 9.3 2 
51B_ boron 8.3 2 1 
6{|C_ carbon 11.3 FILLED | 2 2 Number of electrons 
7|N__ nitrogen 14.5 (2) 23 in each state 
8 | O oxygen 13.6 2 4 
9|F fluorine 17.4 2 5 
10 | Ne neon 21.6 2 6 
11 | Na sodium 5.1 1 
12 | Mg magnesium 7.6 2 
13. | Al aluminum 6.0 2 1 
14 | Si silicon 8.1 —FILLED— 2 3 
15 | P phosphorus 10.5 2 3 
16 |S sulfur 10.4 (2) (3) |2 4 
17 | Cl chlorine 13.0 2 #5 
18 | A argon 15.8 2 6 
19 | K potassium 4.3 1 
20 | Ca calcium 6.1 2 
21 | Sc scandium 6.5 | 1] 2 
22 | Ti titanium 6.8 ; 2] 2 
231 V vanadium 6.7 ——FILLED—— | 3/ 2 
24 | Cr chromium 6.8 | 5] 1 
25 | Mn manganese 74 (2) (8) (8) | 5] 2 
26 | Fe iron 7.9 | 6| 2 
27 | Co cobalt 79 | 7] 2 
28 | Ni_ nickel 7.6 pase 2 
29 | Cu copper 77 110] 1 
30 | Zn zinc 9.4 | 10 2 
31 | Ga gallium 6.0 2 1 
32 | Ge germanium 7.9 ——FILLED—— 2 2 
33 | As arsenic 9.8 2 3 
34 | Se selenium 9.7 2 #4 
35 | Br bromine 11.8 2) ®) (18) 2 5 
36 | Kr krypton 14.0 2 6 
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Fig. 19-8. Schematic energy level 
diagram for an atomic electron with other 
electrons present. (The scale is not the 
same as Fig. 19-7.) 


energies, each /-value corresponds to a sub-shell of 2(2/ + 1) possible states (of 
different m and electron spin). These all have the same energy—except for some 
very small effects we are neglecting. 


Be 


Beryllium is like lithium except that it has two electrons in the 2s state as 
well as two in the filled Is shell. 


B to Ne 


Boron has 5 electrons. The fifth must go into a 2p state. There are2 X 3 = 6 
different 2p states, so we can keep adding electrons until we get to a total of 8. 
This takes us to neon. As we add these electrons we are also increasing Z, so the 
whole electron distribution gets pulled in closer and closer to the nucleus and the 
energy of the 2p states goes down. By the time we get to neon the ionization energy 
is up to 21.6 volts. Neon does not easily give up an electron. Also there are no 
more low-energy slots to be filled, so it won’t try to grab an extra electron. Neon 
is chemically inert. Fluorine, on the other hand, does have an empty position where 
an electron can drop into a state of low energy, so it is quite active in chemical 
reactions. 


Nato A 


With sodium the eleventh electron must start a new shell—going into a 3s 
state. The energy level of this state is much higher; the ionization energy jumps 
down; and sodium is an active chemical. From sodium to argon the s and p states 
with n = 3 are occupied in exactly the same sequence as for lithium to neon. 
Angular configurations of the electrons in the outer unfilled shell have the same 
sequence, and the progression of ionization energies is quite similar. You can see 
why the chemical properties repeat with increasing atomic number. Magnesium 
acts chemically much like beryllium, silicon like carbon, and chlorine like fluorine. 
Argon is inert like neon. 

You may have noticed that there is a slight peculiarity in the sequence of 
ionization energies between lithium and neon, and a similar one between sodium 
and argon. The last electron is bound to the oxygen atom somewhat less than 
we might expect. And sulphur is similar. Why should that be? We can under- 
stand it if we put in just a little bit of the effects of the interactions between in- 
dividual electrons. Think of what happens when we put the first 2p electron onto 
the boron atom. It has six possibilities—three possible p-states, each with two 
spins. Imagine that the electron goes with spin up into the m = 0 state, which 
we have also called the “‘z’’ state because it hugs the z-axis. Now what will happen 
in carbon? There are now two 2p electrons. If one of them goes into the “z” 
state, where will the second one go? It will have lower energy if it stays away from 
the first electron, which it can do by going into, say, the ‘‘x”’ state of the 2p shell. 
(This state is, remember, just a linear combination of the m = +l andm = —1 
states.) Next, when we go to nitrogen, the three 2p electrons will have the lowest 
energy of mutual repulsion if they go one each into the “‘x,” “y,” and “z”’ con- 
figurations. For oxygen, however, the jig is up. The fourth electron must go into 
one of the filled states—with opposite spin. It is strongly repelled by the electron 
already in that state, so its energy will not be as low as it might otherwise be, and 
it is more easily removed. That explains the break in the sequence of binding 
energies which appears between nitrogen and oxygen, and between phosphorus 
and silicon. 


K to Zn 


After argon, you would, at first, think that the new electrons would start to 
fill up the 3d states But they don’t. As we described earlier—and illustrated in 
Fig. 19-7—the higher angular momentum states get pushed up in energy. By the 
time we get to the 3d states they are pushed to an energy a little bit above the energy 
of the 4s state. So in potassium the last electron goes into the 4s state. After this 
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shell is filled (with two electrons) at calcium, the 3d states begin to be filled for 
scandium, titanium, and vanadium. 

The energies of the 3p and 4s states are so close together that small effects 
can shift the balance either way. By the time we get to put four electrons into the 
3d states, their repulsion raises the energy of the 4s state just enough that its energy 
is slightly above the 3d energy, so one electron shifts over. For chromium we don’t 
get a 4, 2 combination as we would have expected, but instead a 5, 1 combination. 
The new electron added to get manganese fills up the 4s shell again, and the states 
of the 3d shell are then occupied one by one until we reach copper. 

Since the outermost shell of manganese, iron, cobalt, and nickel have the same 
configurations, however, they all tend to have similar chemical properties. (This 
effect is much more pronounced in the rare-earth elements which all have the same 
outer shell but a progressively filling inner shell which has much less influence on 
their chemical properties.) 

In copper an electron 1s robbed from the 4s shell, finally completing the 3d 
shell. The energy of the 10, 1 combination is, however, so close to the 9, 2 con- 
figuration for copper that just the presence of another atom nearby can shift the 
balance. For this reason the two last electrons of copper are nearly equivalent, 
and copper can have a valence of either 1 or 2. (It sometimes acts as though its 
electrons were in the 9, 2 combination.) Similar things happen at other places and 
account for the fact that other metals, such as iron, combine chemically with either 
of two valences. By zinc, both the 3d and 4s shells are filled once and for all. 


Ga to Kr 


From gallium to krypton the sequence proceeds normally agai, filling the 
4p shell. The outer shells, the energies, and the chemical properties repeat the 
pattern of boron to neon and aluminum to argon. 

Krypton, like argon and neon, is known as “‘noble” gas. All three are chem- 
ically “‘inert.”” This means only that, having filled shells of relatively low energy, 
there are few situations in which there is an energy advantage for them to join ina 
simple combination with other elements. Having a filled shell 1s not enough. 
Beryllium and magnesium have filled s-shells, but the energy of these shells is too 
high to lead to stability. Similarly, one would have expected another “noble” 
element at nickel, if the energy of the 3d shell had been lower (or the 4s, higher). 
On the other hand, krypton is not completely inert; it will form a weakly-bound 
compound with chlorine. 

Since our sample has turned up most of the main features of the periodic 
table, we stop our examination at element number 36—there are still seventy or 
so more! 

We would like to bring up only one more point—that we not only can under- 
stand the valences to some extent but also can say something about the directional 
properties of the chemical bonds. Take an atom like oxygen which has four 2p 
electrons. The first three go into “x,” “‘y,’’ and “z” states and the fourth will 
double one of these states, leaving two—say “‘x”’ and “y’’—vacant. Consider then 
what happens in H2O. Each of the two hydrogens are willing to share an electron 
with the oxygen, helping the oxygen to fill a shell. These electrons will tend to go 
into the ‘‘x” and “y” vacancies. So the water molecule should have the two hy- 
drogen atoms making a right angle with respect to the center of the oxygen. The 
angle is actually 105°. We can even understand why the angle 1s larger than 90°. 
In sharing their electrons the hydrogens end up with a net positive charge. The 
electric repulsion “strains” the wave functions and pushes the angle out to 105°. 
The same situation occurs in H2S. But because the sulphur atom is larger, the 
two hydrogen atoms are farther apart, there 1s less repulsion, and the angle 1s 
only pushed out to about 93°. Selenium is even larger, so in H2Se the angle 1s 
very nearly 90°. 

We can use the same arguments to understand the geometry of ammonia, 
H3N. Nitrogen has room for three more 2p electrons, on each for the “x,” “yp,” 
and ‘‘z’* type states. The three hydrogens should join on at right angles to each 
other. The angles come out a little larger than 90°—again from the electric repul- 
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sion—but at least we see why the molecule of H3N is not flat. The angles in 
phosphene, HP, are close to 90°, and in HsAs are still closer. We assumed that 
NH; was not flat when we described it as a two-state system. And the nonflatness 
is what makes the ammonia maser possible. Now we see that also that shape can 
be understood from our quantum mechanics. 

The Schrédinger equation has been one of the great triumphs of physics. By 
providing the key to the underlying machinery of atomic structure it has given 
an explanation for atomic spectra, for chemistry, and for the nature of matter. 
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20 


Operators 


20-1 Operations and operators 


All the things we have done so far in quantum mechanics could be handled 
with ordinary algebra, although we did from time to time show you sorfie special 
ways of writing quantum-mechanical quantities and equations. We would like 
now to talk some more about some interesting and useful mathematical ways of 
describing quantum-mechanical things. There are many ways of approaching the 
subject of quantum mechanics, and most books use a different approach from the 
one we have taken. As you go on to read other books you might not see right 
away the connections of what you will find in them to what we have been doing. 
Although we will also be able to get a few useful results, the main purpose of this 
chapter is to tell you about some of the different ways of writing the same physics. 
Knowing them you should be able to understand better what other people are 
saying. When people were first working out classical mechanics they always wrote 
all the equations in terms of x-, y-, and z-components. Then someone came along 
and pointed out that all of the writing could be made much simpler by inventing 
the vector notation. It’s true that when you come down to figuring something 
out you often have to convert the vectors back to their components. But it’s 
generally much easier to see what’s going on when you work with vectors and also 
easier to do many of the calculations. In quantum mechanics we were able to 
write many things in a simpler way by using the idea of the “‘state vector.”” The 
state vector |y) has, of course, nothing to do with geometric vectors in three 
dimensions but is an abstract symbol that stands for a physical state, identified 
by the “label,” or “‘name,” y. The idea is useful because the laws of quantum 
mechanics can be written as algebraic equations in terms of these symbols. For 
instance, our fundamental law that any state can be made up from a linear com- 
bination of base states is written as 


ly =o ala, (20.1) 


where the C, are a set of ordinary (complex) numbers—the amplitudes C, = (i | p) 
—while | 1), | 2), | 3), and so on, stand for the base states in some base, or repre- 
sentation. 

If you take some physical state and do something to it—like rotating it, or 
like waiting for the time A‘—you get a different state. We say, “performing 
an operation on a state produces a new state.” We can express the same idea by 
an equation: 


lo) = Aly). (20.2) 


An operation on a state produces another state. The operator A stands for some 
particular operation. When this operation is performed on any state, say | y), it 
produces some other state | ). 

What does Eq. (20.2) mean? We define it this way. If you multiply the 
equation by (/ | and expand | ¥) according to Eq. (20.1), you get 


Gi} =O GIA AU). (20.3) 


(The states | j) are from the same set as | /).) This is now just an algebraic equation. 
The numbers (i | ¢) give the amount of each base state you will find in |¢), and 
it is given in terms of a linear superposition of the amplitudes (j | ¥) that you find 
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|v) in each base state. The numbers (i| 4 | 7) are just the coefficients which tell 
how much of (j |) goes into each sum. The operator A is described numerically 
by the set of numbers, or ‘“‘matrix,” 


Ay =(i|4 |). (20.4) 


So Eq. (20.2) is a high-class way of writing Eq. (20.3). Actually it is a little 
more than that; something more is implied. In Eq. (20.2) we do not make any 
reference to a set of base states. Equation (20.3) is an image of Eq. (20.2) in 
terms of some set of base states. But, as you know, you may use any set you wish. 
And this idea is implied in Eq. (20.2). The operator way of writing avoids making 
any particular choice. Of course, when you want to get definite you have to choose 
some set. When you make your choice, you use Eq. (20.3). So the operator 
equation (20.2) is a more abstract way of writing the algebraic equation (20.3). 
It’s similar to the difference between writing 


c=aXb 
instead of 
Cz = aybz — azby, 


Cy = a,b, — azb,, 


Cz = azby, — aybz. 


The first way is much handier. When you want results, however, you will eventually 
have to give the components with respect to some set of axes. Simularly, if you 
want to be able to say what you really mean by A, you will have to be ready to 
give the matrix A,, in terms of some set of base states. So long as you have in 
mind some set A;,, Eq. (20.2) means just the same as Eq. (20.3). (You should 
remember also that once you know a matrix for one particular set of base states 
you can always calculate the corresponding matrix that goes with any other base. 
You can transform the matrix from one “representation” to another.) 

The operator equation in (20.2) also allows a new way of thinking. If we 
imagine some operator A, we can use it with any state | y) to create a new state 
A |v). Sometimes a “‘state’’ we get this way may be very peculiar—it may not 
represent any p/ysical situation we are likely to encounter in nature. (For instance, 
we may get a state that is not normalized to represent one electron.) In other 
words, we may at times get ‘‘states” that are mathematically artificial. Such 
artificial ‘‘states”’ may still be useful, perhaps as the mid-point of some calculation. 

We have already shown you many examples of quantum-mechanical op- 
erators. We have had the rotation operator R,(0) which takes a state | y) and 
produces a new state, which is the old state as seen in a rotated coordinate system. 
We have had the parity (or inversion) operator P, which makes a new state by 
reversing all coordinates. We have had the operators é,, &,, and é, for spin one- 
half particles. 

The operator J, was defined in Chapter 17 in terms of the rotation operator 
for a small angle e. 


Rios ts i et. (20.5) 


This just means, of course, that 
RC) |v) = |v) + Zeal D)- (20.6) 


In this example, J, | ¥) is 4/ie times the state you get if you rotate | ¥) by the small 
angle € and then subtract the original state. It represents a “‘state’”’ which is the 
difference of two states. 

One more example. We had an operator p,—called the momentum operator 
(x-component) defined in an equation like (20.6). If D,{L) is the operator which 
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displaces a state along x by the distance L, then f, 1s defined by 
Bi) = 1+ 5 LOB, (20.7) 


where 4 is a small displacement. Displacing the state | y) along x by a small dis- 
tance 6 gives a new state | ~’). We are saying that this new state is the old state 
plus a small new piece 


5 Ps | ¥). 


The operators we are talking about work on a state vector like | y), which is 
an abstract description of a physical situation. They are quite different from 
algebraic operators which work on mathematical functions. For instance, d/dx 
is an “operator” that works on f(x) by changing it to a new function f’(x) = 
df/dx. Another example is the algebraic operator V?. You can see why the same 
word is used in both cases, but you should keep in mind that the two kinds of 
operators are different. A quantum-mechanical operator 4 does not work on an 
algebraic function, but on a state vector like |y). Both kinds of operators are 
used in quantum mechanics and often in similar kinds of equations, as you will 
see a little later. When you are first learning the subject it is well to keep the 
distinction always in mind. Later on, when you are more familiar with the subject, 
you will find that it 1s less important to keep any sharp distinction between the 
two kinds of operators. You will, indeed, find that most books generally use the 
same notation for both! 

We'll go on now and look at some useful things you can do with operators. 
But first, one special remark. Suppose we have an operator 4 whose matrix in 
some base is A,, = (i| A|j). The amplitude that the state 4 | y) 1s also in some 
other state | ¢) is (¢ | A| y). Is there some meaning to the complex conjugate of 
this amplitude? You should be able to show that 


(| Aly)* = W| AT 0), (20.8) 
where 4! (read “A dagger”’) is an operator whose matrix elements are 
Al, = (A))*. (20.9) 


To get the i, j element of A‘ you go to the j, i element of A (the indexes are reversed) 
and take its complex conjugate. The amplitude that the state At | 4) is in | p) is 
the complex conjugate of the amplitude that A |¥) isin |¢). The operator A? is 
called the “Hermitian adjoint” of 4. Many important operators of quantum 
mechanics have the special property that when you take the Hermitian adjoint, 
you get the same operator back. If B is such an operator, then 


Bt = 


and it is called a “self-adjoint” or ‘“‘Hermitian,”’ operator. 


20-2 Average energies 


So far we have reminded you mainly of what you already know. Now we 
would like to discuss a new question. How would you find the average energy of 
a system—say, an atom? If an atom is in a particular state of definite energy and 
you measure the energy, you will find a certain energy E. If you keep repeating 
the measurement on each one of a whole series of atoms which are all selected to 
be in the same state, all the measurements will give E, and the “average” of your 
measurements will, of course, be just E. 

Now, however, what happens if you make the measurement on some state 
|¥) which is not a stationary state? Since the system does not have a definite 
energy, one measurement would give one energy, the same measurement on another 
atom in the same state would give a different energy, and so on. What would you 
get for the average of a whole series of energy measurements? 
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We can answer the question by projecting the state | ¥) onto the set of states 
of definite energy. To remind you that this is a special base set, we’ll call the states 
|.). Each of the states | 7,) has a definite energy E,. In this representation, 


[yy => C.| 9). (20.10) 


When you make an energy measurement and get some number £,, you have found 
that the system was in the state n,. But you may get a different number for each 
measurement Sometimes you will get E,, sometimes E2, sometimes E3, and so 
on. The probability that you observe the energy £, 1s just the probability of finding 
the system in the state | »;), which is, of course, just the absolute square of the 
amplitude C; = (ny; |). The probability of finding each of the possible energies 
E, is 

Pe (C2 ]?: (20.11) 


How are these probabilities related to the mean value of a whole sequence 
of energy measurements? Let’s imagine that we get a series of measurements like 
this: £1, Ey, Ey, Eo, E1, E10, Ez, Ex, E3, Eo, Eg, E4, and so on. We continue 
for, say, a thousand measurements. When we are finished we add all the energies 
and divide by one thousand. That’s what we mean by the average. There’s also 
a short-cut to adding all the numbers. You can count up how many times you get 
£,, say that is N,, and then count up the number of times you get Eo, call that 
N»2, and so on. The sum of all the energies is certainly just 


Ni E, + NoEg + N3E£3 +-°-° = .2 N,E,. 


The average energy is this sum divided by the total number of measurements which 
is just the sum of all the N,’s, which we can call N; 


hi NE, 
Ey = St (20.12) 


We are almost there. What we mean by the probability of something happen- 
ing 1s just the number of times we expect it to happen divided by the total number 
of tries. The ratio N,/N should—for large N—be very near to P,, the probability 
of finding the state | 7,), although it will not be exactly P, because of the statistical 
fluctuations. Let’s write the predicted (or ‘“‘expected”) average energy as (E)ay; 
then we can say that 


(Bayt PE, (20.13) 


The same arguments apply for any measurement. The average value of a measured 
quantity 4 should be equal to 


Aud: Bias 


where A, are the various possible values of the observed quantity, and P, is the 
probability of getting that value. 
Let’s go back to our quantum-mechanical state | ¥). It’s average energy 1s 


(Biers: 2 (CPE. = ¥CLCEy (20.14) 


t 


Now watch this trickery! First, we write the sum as 


Next we treat the left-hand (y | as a common “factor.’’ We can take this factor 
out of the sum, and write it as 


‘v | {= j mEdm | v)}. 


This expression has the form 


W | 4), 


where | ¢) is some “‘cooked-up”’ state defined by 
I¢) = > | EAm |). (20.16) 


It is, in other words, the state you get if you take each base state | »,) in the amount 
E, (nm | y). 

Now remember what we mean by the states | 7,). They are supposed to be 
the stationary states—by which we mean that for each one, 


A|n) E, | m). 


Since E, is just a number, the right-hand side is the same as | 7,)E,, and the sum 
in Eq. (20.16) is the same as 


y. H| m)(m | Y). 
Now i appears only in the famous combination that contracts to unity, so 
>. A m<n |v) = HY | m)<n |v) = | Yy). 


Magic! Equation (20.16) is the same as 
|¢) = Aly). (20.17) 
The average energy of the state | y) can be written very prettily as 
(E)ay = W| Ay). (20.18) 


To get the average energy you operate on |y) with H, and then multiply by ( |. 
A simple result. 

Our new formula for the average energy is not only pretty. It is also useful, 
because now we don’t need to say anything about any particular set of base 
states. We don’t even have to know all of the possible energy levels. When we go 
to calculate, we'll need to describe our state in terms of some set of base states, 
but if we know the Hamiltonian matrix H,, for that set we can get the average 
energy. Equation (19.18) says that for any set of base states | 7), the average 
energy can be calculated from 


(Ehw = 2) WIDE ALDULY, (20.19) 


where the amplitudes (i | H | /) are just the elements of the matrix H,,. 
Let’s check this result for the special case that the states | /) are the definite 
energy states. For them, H|j) = E,|/j),so @|A|j) = E, 6,, and 


(Ey = DY WIDE GY) = 2 EW | ii |v), 
Wy t 
which is right. 

Equation (20.19) can, incidentally, be extended to other physical measure- 
ments which you can express as an operator. For instance, £, is the operator of 
the z-component of the angular momentum L. The average of the z-component 
for the state | y) is 


(Le)av ae 2 |L£. ly). 


One way to prove it is to think of some situation in which the energy is proportional 
to the angular momentum. Then all the arguments go through in the same way. 
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In summary, if a physical observable A is related to a suitable quantum- 
mechanical operator A, the average value of A for the state | ¥) is given by 


(Aye = W| Aly). (20.20) 
By this we mean that 
Aw = |), (20.21) 
with . 
|¢) = Aly). (20.22) 


20-3 The average energy of an atom 


Suppose we want the average energy of an atom in a State described by a 
wave function ¥(r); How do we find it? Let’s first think of a one-dimensional 
situation with a state | y) defined by the amplitude (x | ¥) = (x). We are asking 
for the special case of Eq. (20.19) applied to the coordinate representation. Follow- 
ing our usual procedure, we replace the states | 7) and | /) by | x) and | x’), and 
change the sums to integrals. We get 


LB il : dW | x)(x | A | x’)! |p) dx dx’. (20.23) 
This integral can, if we wish, be written in the following way: 
[le oy dx, (20.24) 
with 
(x6) = fe] A x) |W) de’. (20.25) 


The integral over x’ in (20.25) is the same one we had in Chapter 16—see Eq. 
(16.50) and Eq. (16.52)—and is equal to 


nh? 
ak Fri v(x) + VixW(x). 
We can therefore write 


(x |) = {- ae 4, + r(x) V(x). (20.26) 


Remember that (|x) = (x|¥)* = ¥*(x); using this equality, the average 
energy in Eq. (20.23) can be written as 


2 2 
(E)ay = i y*(x) {- x _ + r| (x) dx. (20.27) 


Given a wave function (x), you can get the average energy by doing this integral. 
You can begin to see how we can go back and forth from the state-vector ideas 
to the wave-function ideas. 

The quantity in the braces of Eq. (20.27) is an algebraic operator.[ We will 
write it as 3C 


~ hn ad? 
HK = — Im be + Y. 
With this notation Eq. (20.23) becomes 
(Bow = [YY dex. (20.28) 


The algebraic operator 5C defined here is, of course, not identical to the 
quantum-mechanical operator H. The new operator works on a function of 
position ¥(x) = (x|y) to give a new function of x, (x) = (x|@); while 


t The “operator” V(x) means “multiply by V(x).” 
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Operates on a state vector | ¥) to give another state vector | ¢), without implying 
the coordinate representation or any particular representation at all. Nor is 
strictly the same as A even in the coordinate representation. If we choose to 
work in the coordinate representation, we would interpret A in terms of a matrix 
(x | H| x’) which depends somehow on the two “indices” x and x’; that is, we 
expect—according to Eq. (20.25)—that (x |) 1s related to all the amplitudes 
(x |) by an integration. On the other hand, we find that 3¢ 1s a differential op- 
erator. We have already worked out in Section 16-5 the connection between 
(x| A| x’) and the algebraic operator 3c. 

We should make one qualification on our results. We have been assuming 
that the amplitude ¥(x) = (x |) is normalized. By this we mean that the scale 
has been chosen so that 


fiver Pax = 1; 


so the probability of finding the electron somewhere is unity. If you should choose 
to work with a ¥(x) which 1s not normalized you should write 


[¥*@eu(x) dx 
(E)av = - ————: (20.29) 
[tC dx 


It’s the same thing. 

Notice the similarity in form between Eq. (20.28) and Eq. (20.18). These 
two ways of writing the same result appear often when you work with the x-repre- 
sentation. You can go from the first form to the second with anyA which is a 
local operator, where a local operator is one which in the integral 


[ (x | A| x!)x! |) dx’ 


can be written as @ ¥(x), where @ is a differential algebraic operator. There are, 
however, operators for which this is not true. For them you must work with 
the basic equations in (20.21) and (20.22). 

You can easily extend the derivation to three dimensions. The result is thatt 


(E)ay = i Wn)iey(r)d Vol, (20.30) 
with 
7 n 4 
k= —5_Vv + VO), (20.31) 


and with the understanding that 
fl ¥|?dVol = 1. (20.32) 


The same equations can be extended to systems with several electrons in a fairly 
obvious way, but we won’t bother to write down the results. 

With Eq. (20.30) we can calculate the average energy of an atomic state 
even without knowing its energy levels. All we need is the wave function. It’s 
an important law. We'll tell you about one interesting application. Suppose you 
want to know the ground-state energy of some system—say the helium atom, but 
it’s too hard to solve Schrédinger’s equation for the wave function, because there 
are too many variables. Suppose, however, that you take a guess at the wave 
function—pick any function you like—and calculate the average energy. That is, 
you use Eq. (20.29)—generalized to three dimensions—to find what the average 
energy would be if the atom were really in the state described by this wave function. 
This energy will certainly be higher than the ground-state energy which is the lowest 


t We write d Vol for the element of volume. It is, of course, just dx dy dz, and the 
integral goes from — x to + in all three coordinates. 
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Fig. 20-1. A curve of probability 
density representing a localized particle. 


possible energy the atom can have.f Now pick another function and calculate its 
average energy. If it is lower than your first choice you are getting closer to the 
true ground-state energy. If you keep on trying all sorts of artificial states you 
will be able to get lower and lower energies, which come closer and closer to the 
ground-state energy. If you are clever, you will try some functions which have a 
few adjustable parameters. When you calculate the energy it will be expressed 
in terms of these parameters. By varying the parameters to give the lowest possible 
energy, you are trying out a whole class of functions at once. Eventually you will 
find that it is harder and harder to get lower energies and you will begin to be 
convinced that you are fairly close to the lowest possible energy. The helium atom 
has been solved in just this way—not by solving a differential equation, but by 
making up a special function with a lot of adjustable parameters which are eventu- 
ally chosen to give the lowest possible value for the average energy. 


20-4 The position operator 


What is the average value of the position of an electron in an atom? For any 
particular state | ¥) what is the average value of the coordinate x? We'll work in 
one dimension and let you extend the ideas to three dimensions or to systems with 
more than one particic. we have a state described by y(x), and we keep measuring 
x over and over again. What is the average? It is 


/ xP(x) dx, 


where P(x) is the probability of finding the electron in a little element dx at x. 
Suppose the probability density P(x) varies with x as shown in Fig. 20-1. The 
electron is most likely to be found near the peak of the curve. The average value 
of x is also somewhere near the peak. It is, in fact, just the center of gravity of 
the area under the curve. 

We have seen earlier that P(x) is just | ¥(x) |? = ¥*(x)W(x), so we can write 
the average of x as 


(x)av = / W*(x) p(x) dx. (20.33) 


Our equation for (x)ay has the same form as Eq. (20.33). For the average 
energy, the energy operator 3¢ appears between the two y’s, for the average position 
there is just x. (If you wish you can consider x to be the algebraic operator “‘multi- 
ply by x.”) We can carry the parallelism still further, expressing the average posi- 
tion in a form which corresponds to Eq. (20.18). Suppose we just write 


(x)av = Wl a) (20.34) 


ja) = X|¥), (20.35) 


with 


and then see if we can find the operator % which generates the state | «), which 
will make Eq. (20.34) agree with Eq. (20.33). That is, we must find a | a), so that 


Wa) = Ce)ev = f | x)x0r | ¥) dx. (20.36) 
First, let’s expand (w | ¢) in the x-representation. It is 
Wa) = [W| x)x|@) dx. (20.37) 


Now compare the integrals in the last two equations. You see that in the x-repre- 
sentation 
(x|a) = x(x |y). (20.38) 


t You can also look at it this way. Any function (that is, state) you choose can be 
written as a linear combination of the base states which are definite energy states. Since 
in this combination there is a mixture of higher energy states in with the lowest energy 
state, the average energy will be higher than the ground-state energy. 
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Operating on | ~) with % to get | a) is equivalent to multiplying ¥(x) = (x |y) 
by x to get a(x) = (x|a). We have a definition of % in the coordinate representa- 


tion.f 
[We have not bothered to try to get the x-representation of the matrix of the 
operator &. If you are ambitious you can try to show that 


(x |X |x’) = x d(x — x’). (20.39) 

You can then work out the amusing result that 
& |x) = x|x). (20.40) 
The operator % has the interesting property that when it works on the base states 


| x) it is equivalent to multiplying by x.] 
Do you want to know the average value of x?? It is 


ev = [ V*(x)x°V(x) dx. (20.41) 
Or, if you prefer you can write 
CO as = | a’) 


la’) = £7? | y). (20.42) 


with 


By £? we mean &£—the two operators are used one after the other. With the 
second form you can calculate (x?),, using any representation (base-states) you 
wish. If you want the average of x”, or of any polynomial in x, you can see how 
to get it. 


20-5 The momentum operator 


Now we would like to calculate the mean momentum of an electron—again, 
we'll stick to one dimension. Let P(p) dp be the probability that a measurement 
will give a momentum between p and p + dp. Then 


(p)av = 1 p P(p) dp. (20.43) 


Now we let (p | y) be the amplitude that the state |) is in a definite momentum 
state |p). This is the same amplitude we called (mom p | y) in Section 16-3 and 
is a function of p just as (x |y) is a function of x. There we chose to normalize 
the amplitude so that 


1 
P(p) = ih \(p | ¥)|’. (20.44) 
We have, then, 


(rhe = | | nreloivy $2, (20.45) 


The form is quite similar to what we had for (x)asy. 
If we want, we can play exactly the same game we did with (x),,. First, we 
can write the integral above as 


Jwleneisy 2, (20.46) 


You should now recognize this equation as just the expanded form of the amplitude 
(v | 8)—expanded in terms of the base states of definite momentum. From Eq. 


{ Equation (20.38) does not mean that |a) = x|¥). You cannot “factor out” the 
{x |, because the multipler x in front of (x |) is a number which is different for each 
state (x |. It is the value of the coordinate of the electron in the state | x). See Eq. (20.40). 
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(20.45) the state | 8) is defined im the momentum representation by 


(p{8) = pip |¥) (20.47) 
That is, we can now write 
(P)av = (¥ | B) (20.48) 
with 
|B) = p |), (20.49) 


where the operator / is defined in terms of the p-representation by Eq. (20.47). 
{Again, you can if you wish show that the matrix form of f is 


(p|h |p’) = p (p — p’), (20.50) 
and that 


Pip) = p\p). (20.51) 


It works out the same as for x.] 

Now comes an interesting question. We can write (p),, as we have done in 
Eqs. (20.45) and (20.48), and we know the meaning of the operator p in the mo- 
mentum representation. But how should we interpret in the coordinate representa- 
tion? That is what we will need to know if we have some wave function ¥(x), 
and we want to compute its average momentum. Let's make clear what we mean. 
If we start by saying that (p)a, is given by Eq. (20.48), we can expand that equation 
in terms of the p-representation to get back to Eq. (20.45). If we are given the 
p-description of the state—namely the amplitude (p |), which is an algebraic 
function of the momentum p—we can get (p |) from Eq. (20.47) and proceed 
to evaluate the integral. The question now is: What do we do if we are given a 
description of the state in the x-representation, namely the wave function ¥(x) = 
(xy)? 

Well, let’s start by expanding Eq. (20.48) in the x-representation. It is 


(Pav = [| ye | 8) ax. (20.52) 


Now, however, we need to know what the state | 6) is in the x-representation. 
If we can find it, we can carry out the integral. So our problem 1s to find the 
function B(x) = (x | B). 

We can find it in the following way. In Section 16-3 we saw how (p | 8) was 
related to (x | 8). According to Eq. (16.24), 


(p |B) = fe?x | B) de. (20.53) 


If we know (p | 8) we can solve this equation for (x | 8). What we want, of course, 
is to express the result somehow in terms of ¥(x) = (x | ¥), which we are assuming 
to be known. Suppose we start with Eq. (20.47) and again use Eq. (16.24) to write 


(P| 8) = pio l¥) = p fe '?MAx) de. (20.54) 
Since the integral is over x we can put the p inside the integral and write 
(p |B) = fe?!" py(x) dx. (20.55) 


Compare this with (20.53). You would say that (x | 8) is equal to py(x). No, No! 
The wave function (x | 8) = 8(x) can depend only on x—not on p. That's the 
whole problem. 

However, some ingenious fellow discovered that the integral in (20.55) could 
be integrated by parts. The derivative of e~*?*" with respect to x is (—1/h)pe~*?7!*, 
so the integral in (20.55) is equivalent to 


- A e (ex) dx. 
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If we integrate by parts, it becomes 


a h —ipx[h +2 a —upzi/h dy 
5 le V(x)", + ep uee ae dx. 


So long as we are considering bound states, so that ¥(x) goes to zero atx = +x, 
the bracket is zero and we have 


23 h —ipx|h dy 
(p| B) = ae a dx. (20.56) 


Now compare this result with Eq. (20.53). You see that 


(x |B) = = £ ¥(x). (20.57) 


We have the necessary piece to be able to complete Eq. (20.52). The answer is 


(P)av = [vw ‘ - V(x) dx. (20.58) 


We have found how Eq. (20.48) looks in the coordinate representation. 
Now you should begin to see an interesting pattern developing. When we 
asked for the average energy of the state | y) we said it was 


(Ev = W|¢), with |¢:) = Aly). 


The same thing is written in the coordinate world as 
(Ely = [¥*C)G(x) dx with 9(x) = RYE). 


Here 3¢ is an algebraic operator which works a function of x. When we asked 
about the average value of x, we found that it could also be written 


(X)av = la), with |a) = &|¥). 


In the coordinate world the corresponding equations are 
(av = f¥*Q)a(x) dx, with a(x) = Gd. 
When we asked about the average value of p, we wrote 


(P)av — 7 | 8), with | 8) = B|y). 


In the coordinate world the equivalent equations were 


(ve = fvexyetay ds, with at) = # 4 yon, 

In each of our three examples we start with the state | ¥) and produce another 
(hypothetical) state by a quantum-mechanical operator. In the coordinate repre- 
sentation we generate the corresponding wave function by operating on the wave 
function ¥(x) with an algebraic operator. There are the following one-to-one 
correspondences (for one-dimensional problems): 


4 - n? @? 

Fm de 

R— x, (20.59) 
. 2 _ho 

ax 


20-11 


Table 20-1 


Physical Quantity Operator Coordinate Form 
Ener; H = — ia Vv? + V(r) 
BY "2m 
Position x x 
S y 
Zz z 
a ho 
M ee 
omentum Pz Cz ae 
n * hoa 
Py Py = 7 dy 
n ha 
°, = >= 
Ma 7 i dz 


, (20.60) 


and we have inserted the x subscript on ® to remind you that we have been working 
only with the x-component of momentum. 

You can easily extend the results to three dimensions. For the other com- 
ponents ‘of the momentum, 


, “ ha 
saa aera 
. “ ho 
Pa Cee ae 


If you want, you can even think of an operator of the vector momentum and write 


& a h te] 0 0 
= +(e: = é, = = 
aa A(e 3 + sated): 
where e;, e,, and e, are the unit vectors in the three directions. It looks even more 
elegant if we write 
Z . h 
pr-P= ; v. (20.61) 
Our general resulttis that for at least some quantum-mechanical operators, 
there are corresponding algebraic operators in the coordinate representation. 
We summarize our results so far—extended to three dimensions—in Table 20-1. 
For each operator we have the two equivalent forms: 


|¢) = Alp) (20.62) 
or 


g(r) = GYy(r). (20.63) 


We will now give a few illustrations of the use of these ideas. The first one is 
just to point out the relation between @ and #. If we use @, twice, we get 


{In many books the same symbol is used for A and a, because they both stand for the 
same physics, and because it is convenient not to have to write different kinds of letters. 
You can usually tell which one is intended by the context 
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This means that we can write the equality 


a fe dis i bag 
Fm (0x02 + FF, + F263 + VO). 


Or, using the vector notation, 


6-6 + Vir). (20.64) 


(In an algebraic operator, any term without the operator symbol ( ~ ) means just a 
straight multiplication.) This equation is nice because it’s easy to remember if 
you haven’t forgotten your classical physics. Everyone knows that the energy is 
(nonrelativistically) just the kinetic energy p?/2m plus the potential energy, and 
§ is the operator of the total energy. 

This result has impressed people so much that they try to teach students all 
about classical physics before quantum mechanics. (We think differently!) But 
such parallels are often misleading. For one thing, when you have operators, the 
order of various factors is important; but that is not true for the factors in a 
classical equation. 

In Chapter 17 we defined an operator , in terms of the displacement operator 
5B, by [see Eq. (17.27)] 


Iv) = B.(6)1¥) = (1 + 4 ps) iv (20.65) 


where 6 is a small displacement. We should show you that this is equivalent to 
our new definition. According to what we have just worked out, this equation 
should mean the same as 


vo) = ve) + 


But the right-hand side is just the Taylor expansion of ¥(x + 64), which is certainly 
what you get if you displace the state to the left by 5 (or shift the coordinates to 
the right by the same amount). Our two definitions of p agree! 

Let’s use this fact to show something else. Suppose we have a bunch of parti- 
cles which we label 1, 2, 3,... , in some complicated system. (To keep things simple 
we’ll stick to one dimension.) The wave function describing the state is a function 
of all the coordinates x;, x2, x3,... We can write it as ¥(x,, X2, x3,...). Now 
displace the system (to the left) by 5. The new wave function 


W'(X1, Xa, X3,---) = W011 + 6, x2 + 5x3 + 6,...) 
can be written as 
W' (x1, Xa, X3,.+. .) = ¥(%1, Xo, X%3,-- .) 


+ ad 


x1 


OW eg OW ae N, 

+6 axs +6 ics + (20.66) 
According to Eq. (20.65) the operator of the momentum of the state | y) (let’s 
call it the total momentum) is equal to 


a ts) to] J) 
Protal = i lax; + axe + ax3 + +. 
But this is just the same as 
Protaa = Pr + Pro + Gog teee. (20.67) 


The operators of momentum obey the rule that the total momentum is the sum of 
the momenta of all the parts. Everything holds together nicely, and many of the 
things we have been saying are consistent with each other. 
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Fig. 20-2. Rotation of the axes 
around the z-axis by the small angle €. 


20-6 Angular momentum 


Let’s for fun look at another operation—the operation of orbital angular 
momentum. In Chapter 17 we defined an operator J, in terms of R,(v), the operator 
of a rotation by the angle ¢ about the z-axis. We consider here a system described 
simply by a single wave function ¥(r), which is a function of coordinates only, 
and does not take into account the fact that the electron may have its spin either 
up or down. That is, we want for the moment to disregard intrinsic angular 
momentum and think about only the orbital part. To keep the distinction clear, 
we'll call the orbital operator L,, and define it in terms of the operator of a rotation 
by an infinitesimal angle € by 


Rioiv) = (1+ dec.) Io. 


(Remember, this definition applies only to a state | ¥) which has no internal spin 
variables, but depends only on the coordinates r = x, y,x) If we look at the 
state | ¥) in a new coordinate system, rotated about the z-axis by the small angle 
€, we see a new State 


ly’) = R.(6)| y). 


If we choose to describe the state | ¥) in the coordinate representation—that 
is, by 1ts wave function ¥(r), we would expect to be able to write 


V(r) = (1 + i € 2.) (x). (20.68) 


What 1s £2? Well, a point P at x and y in the new coordinate system (really x’ 
and y’, but we will drop the primes) was formerly at x — ey and y + ex, as you 
can see from Fig. 20-2. Since the amplitude for the electron to be at P isn’t changed 
by the rotation of the coordinates we can write 


0 0 
WY, 2) = Wx + EY — €%,2) = WY, z) + &y 4 — €x x 
(remembering that € 1s a small angle). This means that 
5 h(a cs) 
&£, = > («2 oy ax (20.69) 
That’s our answer. But notice. It is equivalent to 
£, = x0, — ybr. (20.70) 


Returning to our quantum-mechanical operators, we can write 
L, = xp, — ype. (20.71) 


This formula 1s easy to remember because it looks like the familiar formula of 
classical mechanics; it is the z-component of 


L=rXp. (20.72) 


One of the fun parts of this operator business is that many classical equations 
get carried over into a quantum-mechanical form. Which ones don’t? There 
had better be some that don’t come out right, because if everything did, then 
there would be nothing different about quantum mechanics. There would be no 
new physics. Here is one equation which is different. In classical physics 


XPx — Prx = 9. 


What is it in quantum mechanics? 


XPz — Prk = 2 
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Let’s work it out in the x-representation. So that we'll know what we are doing 
we put in some wave function ¥(x). We have 


xP4(x) — P,x¥(x), 
or 


ha ha 
ae) ay v(x) — 7 ax x(x). 
Remember now that the derivatives operate on everything to the right. We get 


A h h h 
x3 _ Fy) — 32% = — y(). (20.73) 


The answer is not zero. The whole operation is equivalent simply to multiplication 
by —h/i: 


RP, — Pr® = — (20.74) 


m™.| 


If Plank’s constant were zero, the classical and quantum results would be the same, 
and there would be no quantum mechanics to learn! 
Incidentally, if any two operators A and B, when taken together like this: 
AB — BA, 
do not give zero, we say that ‘the operators do not commute.”’ And an equation 
such as (20.74) is called a ‘commutation rule.”” You can see that the commutation 
rule for p, and y is 
Px} — Spz = 0. 


There is another very important commutation rule that has to do with angular 
momenta. It is 


Ll, — Lyf, = iht,. (20.75) 


You can get some practice with X and p operators by proving it for yourself. 

It is interesting to notice that operators which do not commute can also occur 
in classical physics. We have already seen this when we have talked about rotation 
in space. If you rotate something, such as a book, by 90° around x and then 90° 
around y, you get something different from rotating first by 90° around y and then 
by 90° around x. It is, in fact, just this property of space that is responsible for 
Eq. (20.75). 


20-7 The change of averages with time 


Now we want to show you something else. How do averages change with 
time? Suppose for the moment that we have an operator A, which does not itself 
have time in it in any obvious way. We mean an operator like % or p. (We exclude 
things like, say, the operator of some external potential that was being varied with 
time, such as V(x, 2).) Now suppose we calculate (A),,, in some state | ¥), which is 


(Ajay = Wl Aly). (20.76) 


How will (A)s, depend on time? Why should it? One reason might be that the 
operator itself depended explicitly on time—for instance, if it had to do with a 
time-varying potential like V(x, t). But even if the operator does not depend on 
t, say, for example, the operator 4 = &, the corresponding average may depend 
on time. Certainly the average position of a particle could be moving. How does 
such a motion come out of Eq. (20.76) if 4 has no time dependence? Well, the 
state | ¥) might be changing with time. For nonstationary states we have often 
shown a time dependence explicitly by writing a state as | ¥(1)). We want to show 
that the rate of change of (A)av is given by a new operator we will call 4. Remem- 
ber that 4 is an operator, so that putting a dot over the A does not here mean taking 
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the time derivative, but 1s just a way of writing a new operator A which is defined by 


d * 
A Ale = WlAly). (20.77) 
Our problem is to find the operator A. 


First, we know that the rate of change of a state is given by the Hamiltonian. 
Specifically, 


in Z| y(0) = BL Yo). (20.78) 


This is just the abstract way of writing our original definition of the Hamiltonian: 


. aC, 
ih = du H,,C,. (20.79) 
If we take the complex conjugate of this equation, it is equivalent to 
» a ‘ 
—h# 5 WO| = WO| A. (20.80) 


Next, see what happens if we take the derivatives with respect to ¢ of Eq. (20.76). 
Since each y depends on t, we have 


d d . al d 
oh (Adv = e Ww 1) 4 ly + wl 4(41»): (20.81) 


Finally, using the two equations in (20.78) and (20.79) to replace the derivatives, 
we get 


d i 4 ne 
5, ‘Alo = 3 (WIAA |v) — | AMT y)). 
This equation is the same as 
d 7 AA A 
ai Ale = 3, | (HA — AA) |Y). 
Comparing this equation with Eq. (20.77), you see that 
A = 5 (AA — AR). (20.82) 


That is our interesting proposition, and it is true for any operator A. 
Incidentally, if the operator A should itse/f be time dependent, we would have 
had 


7 -ppaa a aA 
A=; (HA — AH) + 5: (20.83) 


Let us try out Eq. (20.82) on some example to see whether it really makes 
sense. For instance, what operator corresponds to ¥? We say it should be 


X= 1 (AB — XH). (20.84) 


What is this? One way to find out is to work it through in the coordinate repre- 
sentation using the algebraic operator for 5c. In this representation the commutator 
is 

7 2 nw @ | hn @ 

RX — XK = eee V(x) x—-x ro a V(x) 2 
If you operate with this or any wave function ¥(x) and work out all of the de- 
rivatives where you can, you end up after a little work with 

n° dp 


2m dx 
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But this is just the same as 


Jh » 
—ft Wi Ow, 
so we find that 
Ax = tH = -i4 Pz (20.85) 
or that 
ee ee 
: ee (20.86) 


A pretty result. It means that if the mean value of x is changing with time the 
drift of the center of gravity is the same as the mean momentum divided by m. 
Exactly like classical mechanics. 

Another example. What is the rate of change of the average momentum of a 
state? Same game. Its operator is 


p = > (Ab ~ 6A). (20.87) 


als. 


Again you can work it out in the x representation. Remember that p becomes 
d/dx, and this means that you will be taking the derivative of the potential energy 
V (in the #)—but only in the second term. It turns out that it is the only term 
which does not cancel, and you find that 


KO — GR = —ih — 
or that 


pe eee (20.88) 


Again the classical result. The right-hand side is the force, so we have derived 
Newton’s law! But remember—these are the laws for the operators which give 
the average quantities. They do not describe what goes on in detail inside an 
atom. 

Quantum mechanics has the essential difference that px is not equal to Xp. 
They differ by a little bit—by the small number #. But the whole wondrous compli- 
cations of interference, waves, and all, result from the little fact that xp — px is 
not quite zero. 

The history of this idea is also interesting. Within a period of a few months in 
1926, Heisenberg and Schrédinger independently found correct laws to describe 
atomic mechanics. Schrédinger invented his wave function ¥(x) and found his 
equation. Heisenberg, on the other hand, found that nature could be described 
by classical equations, except that xp — px should be equal to #/i, which he could 
make happen by defining them in terms of special kinds of matrices. In our lan- 
guage he was using the energy-representation, with its matrices. Both Heisenberg’s 
matrix algebra and Schrodinger’s differential equation explained the hydrogen 
atom. A few months later Schrédinger was able to show that the two theories 
were equivalent—as we have seen here. But the two different mathematical forms 
of quantum mechanics were discovered independently. 
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21 


The Schrédinger Equation in a Classical 
Context: A Seminar on Superconductivity 


21-1 Schrédinger’s equation in a magnetic field 


This lecture is only for entertainment. I would like to give the lecture in a 
somewhat different style—just to see how it works out. It’s not a part of the course 
—in the sense that it is not supposed to be a last minute effort to teach you some- 
thing new. But, rather, I imagine that I’m giving a seminar or research report on 
the subject to a more advanced audience, to people who have already been educated 
in quantum mechanics. The main difference between a seminar and a regular 
lecture is that the seminar speaker does not carry out all the steps, or all the 
algebra. He says: “If you do such and such, this is what comes out,” instead 
of showing all of the details. So in this lecture I’ll describe the ideas all the way 
along but just give you the results of the computations. You should realize that 
you're not supposed to understand everything immediately, but believe (more or 
less) that things would come out if you went through the steps. 

All that aside, this is a subject I want to talk about. It is recent and modern 
and would be a perfectly legitimate talk to give at a research seminar. My subject 
is the Schrédinger equation in a classical setting—the case of superconductivity. 

Ordinarily, the wave function which appears in the Schrodinger equation 
applies to only one or two particles. And the wave function itself is not some- 
thing that has a classical meaning—unlike the electric field, or the vector potential, 
or things of that kind. The wave function for a single particle is a ‘“‘field”—in 
the sense that it is a function of position—but it does not generally have a classical 
significance. Nevertheless, there are some situations in which a quantum me- 
chanical wave function does have classical significance, and they are the ones I 
would like to take up. The peculiar quantum mechanical behavior of matter on 
a small scale doesn’t usually make itself felt on a large scale except in the standard 
way that it produces Newton’s laws—the laws of the so-called classical mechanics. 
But there are certain situations in which the peculiarities of quantum mechanics 
can come out in a special way on a large scale. 

At low temperatures, when the energy of a system has been reduced very, 
very low, instead of a large number of states being involved, only a very, very 
small number of states near the ground state are involved. Under those circum- 
stances the quantum mechanical character of that ground state can appear on a 
macroscopic scale. It is the purpose of this lecture to show a connection between 
quantum mechanics and large-scale effects—not the usual discussion of the way 
that quantum mechanics reproduces Newtonian mechanics on the average, but a 
special situation in which quantum mechanics will produce its own characteristic 
effects on a large or “macroscopic” scale. 

I will begin by reminding you of some of the properties of the Schrodinger 
equation.t I want to describe the behavior of a particle in a magnetic field using 
the Schrédinger equation, because the superconductive phenomena are involved 
with magnetic fields. An external magnetic field is described by a vector potential, 
and the problem is: what are the laws of quantum mechanics in a vector potential? 
The principle that describes the behavior of quantum mechanics in a vector 
potential is very simple. The amplitude that a particle goes from one place to 
another along a certain route when there’s a field present is the same as the ampli- 


+ I’m not really reminding you, because I haven’t shown you some of these equations 
before; but remember the spirit of this seminar. 
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Fig. 21-1. The amplitude to go from 
a to b along the path T' is proportional to 


exp (iq/h) [PA - ds. 


tude that it would go along the same route when there’s no field, multiplied by the 
exponential of the line integral of the vector potential, times the electric charge 
divided by Planck’s constant! (see Fig. 21-1): 


ob 
(6 | @)in a = (6 | @)a=o* exp a Aas} (21.1) 


It is a basic statement of quantum mechanics. 
Now without the vector potential the Schrodinger equation of a charged 
particle (nonrelativistic, no spin) is 


hob» 1 t )-( ) 
757 = Re Hal Vi Vv) + ao, (21.2) 


where ¢ 1s the electric potential so that g@ Is the potential energy.f Equation (21.1) 
1s equivalent to the statement that in a magnetic field the gradients in the Hamuilton- 
1an are replaced in each case by the gradient minus gA, so that Eq. (21.2) becomes 


ho A 1 (h h 
- 7 sy = 5 (' Vv oa)-(! v- A) ¥ + agp. (21.3) 


This is the Schrodinger equation for a particle with charge g moving in an elec- 
tromagnetic field 4, @ (nonrelativistic, no spin). 

To show that this 1s true I’d like to illustrate by a simple example tin which 
instead of having a continuous situation we have a line of atoms along the x-axis 
with the spacing 6 and we have an amplitude — XK for an electron to jump from 
one atom to another when there is no field.{ Now according to Eq. (21.1) if 
there’s a vector potential in the x-direction A,(x, ), the amplitude to jump will 
be altered from what it was before by a factor exp (ig/HA,b), the exponent being 
iq/h times the vector potential integrated from one atom to the next. For simplicity 
we will write (q/#)Az = f(x), since A; will, in general, depend on x. If the ampli- 
tude to find the electron at the atom “n’’ located at x is called C(x) = C,, then 
the rate of change of that amplitude is given by the following equation: 


— 2 2 Cay = Excl) — Ke FDC + 6) 


1 Or 
— Ket Merb, — 5), (21.4) 


There are three pieces. First, there’s some energy £, 1f the electron 1s located 
at x. As usual, that gives the term E)C(x). Next, there is the term —KC(x + 4), 
which 1s the amplitude for the electron to have yumped backwards one step from 
atom “n + 1,” located at x + b. However, in doing so in a vector potential, the 
phase of the amplitude must be shifted according to the rule in Eq. (21.1). If A, 
is not changing appreciably in one atomic spacing, the integral can be written as 
Just the value of A, at the midpoint, times the spacing b. So (g/h) times the integral 
1s just bBf(x + 6/2). Since the electron 1s yumping backwards, 1 showed this 
phase shift with a minus sign. That gives the second piece. In the same manner 
there’s a certain amplitude to have jumped from the other side, but this time we 
need the vector potential at a distance (6/2) on the other side of x, times the dis- 
tance b. That gives the third piece. The sum gives the equation for the amplitude 
to be at x in a vector potential 

Now we know that if the function C(x) 1s smooth enough (we take the long 
wavelength limit), and if we let the atoms get closer together, Eq. (16 4) will 
approach the behavior of an electron in free space. So the next step is to expand 
both sides of (21.4) in powers of 6, assuming & is very small. For example, if 6 
is zero the right-hand side ts yust (Ey — 2K)C(x), so in the zeroth approximation 


1 Volume II, Section 15-5. 

+ Not to be confused with our earlier use of ¢ for a state label! 

{ K is the same quantity that was called A in the problem of a linear lattice with no 
magnetic field See Chapter 13. 
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the energy is Eg — 2K. Next comes the terms in b. But because the two ex- 
ponentials have opposite signs, only even powers of b remain. So if you make a 
Taylor expansion of C(x), of f(x), and of the exponentials, and then collect the 
terms in 5”, you get 


- h C(x) 
1 or 


= E,C(x) ~ 2KC(x) 
— Kb? {C'"(x) — 2f C(x) — fC) — $7()COD}. (21.5) 


(The “primes” mean differentiation with respect to x.) 
Now this horrible combination of things looks quite complicated. But 
mathematically it’s exactly the same as 


= 2C@) = (Ey — 2K)C(x) — KB? BE = ifeo| 2 = ifts)| C(x). (21.6) 


I 


The second bracket operating on C(x) gives C’(x) plus if(x)C(x). The first bracket 
operating on these two terms gives the C’’ term and terms in the first derivative 
of f(x) and the first derivative of C(x). Now remember that the solutions for zero 
magnetic field? represent a particle with an effective mass meg given by 


h 


Ke =— . 
Meff 


If you then set Eg = ~2K, and put back f(x) = (g/A)Az, you can easily check 
that Eq. (21.6) is the same as the first part of Eq. (21.3). (The origin of the potential 
energy term is well known, so I haven’t bothered to include it in this discussion.) 
The proposition of Eq. (21.1) that the vector potential changes all the amplitudes 
by the exponential factor is the same as the rule that the momentum operator, 
(h/i)V gets replaced by 


hy — 4A, 


as you see in the Schrodinger equation of (21.3). 


21-2 The equation of continuity for probabilities 


Now I turn to a second point. An important part of the Schrodinger equation 
for a single particle is the idea that the probability to find the particle at a position 
is given by the absolute square of the wave function. It is also characteristic of 
the quantum mechanics that probability is conserved in a local sense. When the 
probability of finding the electron somewhere decreases, while the probability of 
the electron being elsewhere increases (keeping the total probability unchanged), 
something must be going on in between. In other words, the electron has a con- 
tinuity in the sense that if the probability decreases at one place and builds up 
at another place, there must be some kind of flow between. If you put a wall, for 
example, in the way, it will have an influence and the probabilities will not be the 
same. So the conservation of probability alone is not the complete statement of 
the conservation law, just as the conservation of energy alone is not as deep and 
important as the /ocal conservation of energy.* If energy is disappearing, there 
must be a flow of energy to correspond. In the same way, we would like to find a 
“current” of probability such that if there is any change in the probability density 
(the probability of being found in a unit volume), it can be considered as coming 
from an inflow or an outflow due to some current. This current would be a vector 
which could be interpreted this way—the x component would be the net prob- 
ability per second and per unit area that a particle passes in the x direction across 
a plane parallel to the y-z plane. Passage toward +-~x is considered a positive 
flow, and passage in the opposite direction, a negative flow. 


2 Section 13-3. 
3 Volume II, Section 27-1. 


Is there such a current? Well, you know that the probability density P(r, 1) 
is given in terms of the wave function by 


Pr, 1) = V(r, OW, 2. (21.7) 


I am asking: Is there a current J such that 
= =-VvV-J? (21.8) 


If I take the time derivative of Eq. (21.7), I get two terms: 


aye 


OP _ Ow oy* 
ar y* a +y 7 (21.9) 


Now use the Schrodinger equation—Eq. (21.3)—for d¥/d1; and take the complex 
conjugate of it to get d¥*/dt—each i gets its sign reversed. You get 


oP j 1 fh h 
La bya) (be e)u eo 
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The potential terms and a lot of other stuff cancel out. And it turns out that what 
is left can indeed be written as a perfect divergence. The whole equation is equiva- 
lent to 


P I h h 
= -v- u(t w - aa)y + o(—*v — aa)vr}: (21.11) 


It is really not as complicated as it seems. It is a symmetrical combination of 
y* times a certain operation on y, plus y* times the complex conjugate operation 
on y. It is some quantity plus its own complex conjugate, so the whole thing is 
real—as it ought to be. The operation can be remembered this way: it is just the 
momentum operator @ minus gA. I could write the current in Eq. (21.8) as 


_1f}@— 4A, «| — @A : 
eifesetrelse aun 


m 


There is then a current J which completes Eq. (21.8). 

Equation (21.10) shows that the probability is conserved locally. If a particle 
disappears from one region it cannot appear in another without something going 
on in between. Imagine that the first region is surrounded by a closed surface far 
enough out that there is zero probability to find the electron at the surface The 
total probability to find the electron somewhere inside the surface is the volume 
integral of P. But according to Gauss’s theorem the volume integral of the di- 
vergence J is equal to the surface integral of J. If ¥ is zero at the surface, Eq. 
(21.10) says that J is zero, so the total probability to find the particle inside can’t 
change. Only if some of the probability approaches the boundary can some of it 
leak out. We can say that it only gets out by moving through the surface—and 
that is local conservation. 


21-3 Two kinds of momentum 


The equation for the current is rather interesting, and sometimes causes a 
certain amount of worry. You would think the current would be something like 
the density of particles times the velocity. The density should be something like 
y*, which is o.k. And each term in Eq. (21.12) looks like the typical form for the 
average-value of the operator 

® — gd 
a 3 (21.13) 
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so maybe we should think of it as the velocity of flow. It looks as though we have 
two suggestions for relations of velocity to momentum, because we would also 
think that momentum divided by mass, ®/m, should be a velocity. The two possi- 
bilities differ by the vector potential. 

It happens that these two possibilities were also discovered in classical physics, 
when it was found that momentum could be defined in two ways.* One of them 
is called “kinematic momentum,” but for absolute clarity I will in this lecture call 
it the ‘“‘“mv-momentum.” This 1s the momentum obtained by multiplying mass 
by velocity. The other is a more mathematical, more abstract momentum, some- 
times called the “‘dynamical momentum,” which I’ll call “‘p-momentum.” The 
two possibilities are 


mu-momentum = mu, (21.14) 
p-momentum = mu + @qA. (21.15) 


It turns out that in quantum mechanics with magnetic fields it is the p-momentum 
which is connected to the gradient operator ®, so it follows that (21.13) is the 
operator of a velocity. 

I'd like to make a brief digression to show you what this is all about—why 
there must be something like Eq. (21.15) in the quantum mechanics. The wave 
function changes with time according to the Schrodinger equation in Eq. (21.3). 
If I would suddenly change the vector potential, the wave function wouldn't 
change at the first instant; only its rate of change changes. Now think of what 
would happen in the following circumstance. Suppose I have a long solenoid, in 
which I can produce a flux of magnetic field (B-field), as shown in Fig. 21-2. And 
there is a charged particle sitting nearby. Suppose this flux nearly instantaneously 
builds up from zero to something. I start with zero vector potential and then | 
turn on a vector potential. That means that I produce suddenly a circumferential 
vector potential A. You'll remember that the line integral of A around a loop is 
the same as the flux of B through the loop.® Now what happens if I suddenly turn 
on a vector potential? According to the quantum mechanical equation the sudden 
change of A does not make a sudden change of y; the wave function is still the 
same. So the gradient is also unchanged. 

But remember what happens electrically when I suddenly turn on a flux. 
During the short time that the flux is rising, there’s an electric field generated 
whose line integral is the rate of change of the flux with time: 


E=—-2. (21.16) 


That electric field is enormous if the flux is changing rapidly, and it gives a force 
on the particle. The force is the charge times the electric field, and so during the 
build up of the flux the particle obtains a total impulse (that 1s, a change in mv) 
equal to —qgA. In other words, if you suddenly turn on a vector potential at a 
charge, this charge immediately picks up an “mv” momentum equal to —gA. 
But there 1s something that isn’t changed immediately and that’s the difference 
between mv and —gA. And so the sum p = mv + QA is something which is not 
changed when you make a sudden change in the vector potential. This quantity 
p is what we have called the p-momentum and is of importance in classical me- 
chanics in the theory of dynamics, but it also has a direct significance in quantum 
mechanics. It depends on the character of the wave function, and it is the one to 
be identified with the operator 


6=4y, 


+ See, for example, J.D Jackson, Classical Electrodynamics, John Wiley and Sons, Inc. 
New York (1962), p. 408. 
° Volume II, Chapter 14, Section 14-1. 


Fig. 21-2. The electric field outside 
a solenoid with an increasing current. 


21-4 The meaning of the wave function 


When Schrodinger first discovered his equation he discovered the conservation 
law of Eq. (21.9) as a consequence of his equation. But he imagined incorrectly 
that P was the electric charge density of the electron and that J was the electric 
current density, so he thought that the electrons interacted with the electromagnetic 
field through these charges and currents. When he solved his equations for the 
hydrogen atom and calculated y, he wasn’t calculating the probability of anything 
—there were no amplitudes at that trme—the interpretation was completely differ- 
ent. The atomic nucleus was stationary but there were currents moving around; 
the charges P and currents J would generate electromagnetic fields and the thing 
would radiate light. He soon found on doing a number of problems that it didn’t 
work out quite right. It was at this point that Born made an essential contribution 
to our ideas regarding quantum mechanics. It was Born who correctly (as far 
as we know) interpreted the y of the Schrodinger equation in terms of a probability 
amplitude—that very difficult idea that the square of the amplitude is not the 
charge density but 1s only the probability per unit volume of finding an electron 
there, and that when you do find the electron some place the entire charge is there. 
That whole idea is due to Born. 

The wave function ¥(r) for an electron in an atom does not, then, describe 
a smeared-out electron with a smooth charge density. The electron is either here, 
or there, or somewhere else, but wherever it is, it is a point charge. On the other 
hand, think of a situation in which there are an enormous number of particles in 
exactly the same state, a very large number of them with'exactly the same wave 
function. Then what? One of them is here and one of them is there, and the 
probability of finding any one of them at a given place is proportional to y¥4*. 
But since there are so many particles, if I look in any volume dx dy dz I will 
generally find a number close to yy* dx dy dz. So in a situation in which y is the 
wave function for each of an enormous number of particles which are all in the 
same state, ¥w* can be interpreted as the density of particles. If, under these 
circumstances, each particle carries the same charge g, we can, in fact, go further 
and interpret y*y as the density of electricity. Normally, yy* is given the dimen- 
sions of a probability density, then y should be multiplied by q to give the dimen- 
sions of a charge density. For our present purposes we can put this constant 
factor into y, and take ¥* itself as the electric charge density. With this under- 
standing, J (the current of probability 1 have calculated) becomes directly the 
electric current density. 

So in the situation in which we can have very many particles in exactly the 
same state, there is possible a new physical interpretation of the wave functions, 
The charge density and the electric current can be calculated directly from the 
wave functions and the wave functions take on a physical meaning which extends 
into classical, macroscopic situations. 

Something similar can happen with neutral particles. When we have the 
wave function of a single photon, it 1s the amplitude to find a photon somewhere. 
Although we haven’t ever written it down there is an equation for the photon wave 
function analogous to the Schrodinger equation for the electron. The photon 
equation is just the same as Maxwell’s equations for the electromagnetic field, 
and the wave function is the same as the vector potential 4. The wave function 
turns out to be just the vector potential. The quantum physics is the same thing 
as the classical physics because photons are noninteracting Bose particles and 
many of them can be in the same state—as you know, they /ike to be in the same 
state. The moment that you have billions in the same state (that is, in the same 
electromagnetic wave), you can measure the wave function, which 1s the vector 
potential, directly. Of course, it worked historically the other way. The first ob- 
servations were on situations with many photons in the same state, and so we were 
able to discover the correct equation for a single photon by observing directly 
with our hands on a macroscopic level the nature of wave function. 

Now the trouble with the electron 1s that you cannot put more than one in 
the same state. Therefore, it was long believed that the wave function of the 


21-6 


Schrodinger equation would never have a macroscopic representation analogous 
to the macroscopic representation of the amplitude for photons. On the other 
hand, it is now realized that the phenomena of superconductivity presents us with 
just this situation. 


21-5 Superconductivity 


As you know, very many metals become superconducting below a certain 
lemperature°—the temperature is different for different metals. When you reduce 
the temperature sufficiently the metals conduct electricity without any resistance 
This phenomenon has been observed for a very large number of metals but not for 
all, and the theory of this phenomenon has caused a great deal of difficulty. It 
took a very long time to understand what was going on inside of superconductors, 
and I will only describe enough of it for our present purposes. It turns out that 
due to the interactions of the electrons with the vibrations of the atoms in the 
lattice, there is a small net effective attraction between the electrons. The result 
is that the electrons form together, if | may speak very qualitatively and crudely, 
bound pairs. 

Now you know that a single electron is a Fermi particle. But a bound pair 
would act as a Bose particle, because if 1 exchange both electrons in a pair I change 
the sign of the wave function twice, and that means that I don’t change anything. 
A pair is a Bose particle. 

The energy of pairing—that is, the net attraction—is very, very weak. Only 
a tiny temperature 1s needed to throw the electrons apart by thermal agitation, 
and convert them back to “normal” electrons. But when you make the tempera- 
ture sufficiently low that they have to do their very best to get into the absolutely 
lowest state; then they do collect in pairs. 

I don’t wish you to imagine that the pairs are really held together very closely 
like a point particle. As a matter of fact, one of the great difficulties of under- 
standing this phenomena originally was that that is not the way things are. The 
two electrons which form the pair are really spread over a considerable distance; 
and the mean distance between pairs 1s relatively smaller than the size of a single 
pair. Several pairs are occupying the same space at the same time. Both the reason 
why electrons in a metal form pairs and an estimate of the energy given up in 
forming a pair have been a triumph of recent times. This fundamental point in the 
theory of superconductivity was first explained in the theory of Bardeen, Cooper, 
and Schrieffer,’ but that 1s not the subject of this seminar. We will accept, however, 
the idea that the electrons do, in some manner or other, work in pairs, that we 
can think of these pairs as behaving more or less like particles, and that we can 
therefore talk about the wave function for a “pair.” 

Now the Schrodinger equation for the pair will be more or less like Eq. (21.3). 
There will be one difference in that the charge q will be twice the charge of an elec- 
tron. Also, we don’t know the inertia—or effective mass—for the pair in the crystal 
lattice, so we don’t know what number to put in for m. Nor should we think that 
if we go to very high frequencies (or short wavelengths), this 1s exactly the right 
form, because the kinetic energy that corresponds to very rapidly varying wave 
functions may be so great as to break up the pairs. At finite temperatures there 
are always a few pairs which are broken up according to the usual Boltzmann 
theory. The probability that a pair is broken is proportional to exp (— E,jair/KT). 
The electrons that are not bound in pairs are called “normal’’ electrons and will 
move around in the crystal in the ordinary way. I will, however, consider only 
the situation at essentially zero temperature—or, in any case, | will disregard the 
complications produced by those electrons which are not in pairs. 


© First discovered by Onnes in 1911; H. K. Onnes, Comm. Phys. Lab , Univ. Leyden, 
Nos. 119, 120, 122 (1911). You will find a nice up-to-date discussion of the subject in 
E. A. Lynton, Superconductivity, John Wiley and Sons, Inc., New York, 1962. 

? J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 1175 (1957). 


Since electron pairs are bosons, when there are a lot of them in a given state 
there is an especially large amplitude for other pairs toa go to the same state. So 
nearly all of the pairs will be locked down at the lowest energy in exactly the same 
state—it won't be easy to get one of them into another state. There’s more ampli- 
tude to go into the same state than into an unoccupied state by the famous factor 
s/n, where n is the occupancy of the lowest state. So we would expect all the pairs 
to be moving in the same state. 

What then will our theory look like? I'll call y the wave function of a pair 
in the lowest energy state. However, since yy* is going to be proportional to the 
charge density p, I can just as well write y as the square root of the charge density 
times some phase factor: 


Wr) = p(re'?, (21.17) 


where p and @ are real functions of r. (Any complex function can, of course, be 
written this way.) It’s clear what! we mean when we talk about the charge density, 
but what 1s the physical meaning of the phase 6 of the wave function? Well, let’s 
see what happens if we substitute ¥(r) into Eq. (21.12), and express the current 
density in terms of these new variables p and @. It’s just a change of variables and 
I won’t go through all the algebra, but it comes out 


_ A q ) 
r= 4 (wp —44 a (21.18) 


Since both the current density and the charge density have a direct physical meaning 
for the superconducting electron gas, both p and @ are real things. The phase is 
just as observable as p; it is a piece of the current density J. The absolute phase is 
not observable, but if the gradient of the phase is known everywhere, the phase is 
known except for a constant. You can define the phase at one point, and then the 
phase everywhere is determined. 

Incidentally, the equation for the current can be analyzed a little nicer, when 
you think that the current density J is in fact the charge density times the velocity 
of motion of the fluid of electrons, or pv. Equation (21.18) is then equivalent to 


mv = 4V6 — @A. (21.19) 


Notice that there are two pieces in the mv-momentum; one is a contribution from 
the vector potential, and the other, a contribution from the behavior of the 
wave function. In other words, the quantity # V@ is just what we have called the 
p-momentum. 


21-6 The Meissner effect 


Now we can describe some of the phenomena of superconductivity. First, 
there is no electrical resistance. There’s no resistance because all the electrons are 
collectively in the same state. In the ordinary flow of current you knock one 
electron or the other out of the regular flow, gradually deteriorating the general 
momentum. But here to get one electron away from what all the others are doing 
is very hard because of the tendency of all Bose particles to go in the same state. 
A current once started, just keeps on going forever. 

It’s also easy to understand that if you have a piece of metal in the super- 
conducting state and turn on a magnetic field which isn’t too strong (we won’t 
go into the details of how strong), the magnetic field can’t penetrate the metal. If, as 
you build up the magnetic field, any of it were to build up inside the metal, there 
would be a rate of change of flux which would produce an electric field, and an 
electric field would immediately generate a current which, by Lenz’s law, would 
oppose the flux. Since all the electrons will move together, an infinitesimal electric 
field will generate enough current to oppose completely any applied magnetic field. 
So if you turn the field on after you’ve cooled a metal to the superconducting state, 
it will be excluded. 
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Even more interesting is a related phenomenon discovered experimentally 
by Meissner.® If you have a piece of the metal at a high temperature (so that it is a 
normal conductor) and establish a magnetic field through it, and then you lower 
the temperature below the critical temperature (where the metal becomes a super- 
conductor), the field is expelled. In other words, it starts up its own current—and 
in just the right amount to push the field out. 

We can see the reason for that in the equations, and I'd like to explain how. 
Suppose that we take a piece of superconducting maternal which is in one lump. 
Then in a steady situation of any kind the divergence of the current must be zero 
because there’s no place for it to go. It is convenient to choose to make the 
divergence of A equal to zero. (I should explain why choosing this convention 
doesn't mean any loss of generality, but I don’t want to take the time.) Taking 
the divergence of Eq. (21.18), then gives that the Laplacian of @ is equal to zero. 
One moment. What about the variation of p? I forgot to mention an important 
point. There is a background of positive charge in this metal due to the atomic 
ions of the lattice. If the charge density p is uniform there is no net charge and no 
electric field. If there would be any accumulation of electrons in one region the 
charge wouldn’t be neutralized and there would be a terrific repulsion pushing the 
electrons apart.f So in ordinary circumstances the charge density of the electrons 
in the superconductor is almost perfectly uniform—I can take p as a constant. 
Now the only way that V?@ can be zero everywhere inside the lump of metal is 
for 9 to be a constant. And that means that there is no contribution to J from 
p-momentum. Equation (21.18) then says that the current is proportional to p 
times A. So everywhere in a lump of superconducting material the current is 
necessarily proportional to the vector potential: 


Jap 4 A. (21.20) 


Since p and q have the same (negative) sign, and since p is a constant, I can set 
pq/m = —(some constant); then 


J = —(some constant)A. (21.21) 


This equation was originally proposed by London and London? to explain the 
experimental observations of superconductivity—long before the quantum me- 
chanical origin of the effect was understood. 

Now we can use Eq. (21.20) in the equations of electromagnetism to solve 
for the fields. The vector potential is related to the current density by 


1 


2 ——} —_— — 
V°A = Gc? (21.22) 
If 1 use Eq. (21.21) for J, I have 
V7A = d7A, (21.23) 
where )* 1s just a new constant; 
2 q_ 
“=p ume? (21.24) 


We can now try to solve this equation for A and see what happens in detail. 
For example, in one dimension Eq. (21.23) has exponential solutions of the form 
e~** and et**, These solutions mean that the vector potential must decrease 
exponentially as you go from the surface into the material. (It can’t increase 


8 W. Meissner and R. Ochsenfeld, Naturwiss. 21, 787 (1933). 

® H. London and F. London, Proc. Roy. Soc (London) A149, 71 (1935); Physica 2, 
341 (1935). 

+ Actually if the electric field were too strong, pairs would be broken up and the 
“normal” electrons created would move in to help neutralize any excess of positive charge. 
Still, it takes energy to make these normal electrons, so the main point 1s that a nearly 
uniform density p 1s highly favored energetically. 
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Fig 21-3 (a) A superconducting cy!- 
inder 1s a magnetic field; (b) the magnetic 
field B as a function of r. 


because there would be a blow up.) If the piece of metal is very large compared 
to 1/X, the field only penetrates to a thin layer at the surface—a layer about 1/A 
in thickness. The entire remainder of the interior 1s free of field, as sketched in 
Fig. 21-3. This is the explanation of the Meissner effect. 

How big 1s the distance \? Well, remember that ry, the ‘electromagnetic 
radius” of the electron (2.8 X 107!* cm), is given by 


Writing p as q-N, where N 1s the number of electrons per cubic centimeter, we have 
2 = 87Nro. (21.25) 


For a metal such as lead there are about 3 X 10°? atoms per cm”, so if each one 
contributed only one conduction electron, 1/A would be about 2 x 107° cm. 
That gives you the order of magnitude 


21-7 Flux quantization 


The London equation (21.21) was proposed to account for the observed 
facts of superconductivity including the Meissner effect. In recent times, however, 
there have been some even more dramatic predictions. One prediction made by 
London was so peculiar that nobody paid much attention to it until recently. 
I will now discuss it. This time instead of taking a single lump, suppose we take 
a ring whose thickness is large compared to 1/A, and try to see what would happen 
if we started with a magnetic field through the ring, then cooled it to the super- 
conducting state, and afterward removed the original source of B. The sequence of 
events 1s sketched in Fig 21-4. In the normal state there will be a field in the body 
of the ring as sketched in part (a) of the figure. When the ring is made super- 
conducting, the field 1s forced outside of the marerial (as we have just seen). 
There will then be some flux through the hole of the ring as sketched in part (b). 
If the external field is now removed, the lines of field going through the hole are 
“trapped” as shown in part (c). The flux @ through the center can’t decrease 
because 06/02 must be equal to the line integral of E around the ring, which 1s 
zero in a superconductor. As the external field is removed a super current starts 
flowing around the ring to keep the flux through the ring a constant. (It’s the 
old eddy-current idea, only with zero resistance.) These currents will, however, 
all flow near the surface (down to a depth 1/)), as can be shown by the same kind 
of analysis that I made for the solid block. These currents can keep the magnetic 
field out of the body of the ring, and produce the permanently trapped magnetic 
field as well. 

Now, however, there 1s an essential difference, and our equations predict a 
surprising effect. The argument I made above that @ must be a constant in a solid 
block does not apply for a ring, as you can see from the following arguments. 

Well inside the body of the ring the current density J 1s zero; so Eq. (21.18) 
gives 

AV6é = @A. (21.26) 


Now consider what we get if we take the line integral of A around a curve I, 
which goes around the ring near the center of its cross-section so that it never 
gets near the surface, as drawn in Fig. 21-5. From Eq. (21.26), 


nb vo-ds = ap Ad (21.27) 
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Now you know that the line integral of A around any loop is equal to the flux 
of B through the loop 
$a ‘ds 


f ved 


The line integral of a gradient from one point to another (say from point | to point 
2) is the difference of the values of the function at the two points. Namely, 


I 
s 


Equation (21.27) the becomes 


1S 


&. (21.28) 


2 
/ Vé-ds = 0. — 4). 
1 


If we let the two end points | and 2 come together to make a closed loop you might 
at first think that 6. would equal 6;, so that the integral in Eq. (21.28) would be 
zero. That would be true for a closed loop in a simply-connected piece of super- 
conductor, but it is not necessarily true for a ring-shaped piece. The only physical 
requirement we can make is that there can be only one value of the wave function 
for each point. Whatever 6 does as you go around the ring, when you get back to 
the starting point the 9 you get must give the same value for the wave function 


y= pe", 


This will happen if @ changes by 27, where 7 is any integer. So if we make one 
complete turn around the ring the left-hand side of Eq. (21.27) must be #- 27. 
Using Eq. (21.28), I get that 


2anh = ge. (21.29) 


The trapped flux must always be an integer times 27h/q! If you would think of the 
ring as a classical object with an ideally perfect (that is, infinite) conductivity, 
you would think that whatever flux was initially found through it would just stay 
there—any amount of flux at all could be trapped. But the quantum-mechanical 
theory of superconductivity says that the flux can be zero, or 27h/q, or 41h/q, 
or 67h/g, and so on, but no value in between. It must be a multiple of a basic 
quantum mechanical unit. 

London?® predicted that the flux trapped by a superconducting ring would 
be quantized and said that the possible values of the flux would be given by Eq. 
(21.29) with q equal to the electronic charge. According to London the basic 
unit of flux should be 27/g-, which is about 4 X 1077 gauss = cm”. To visual- 
ize such a flux, think of a tiny cylinder a tenth of a millimeter in diameter; the 
magnetic field inside it when it contains this amount of flux is about one percent 
of the earth’s magnetic field. It should be possible to observe such a flux by a 
sensitive magnetic measurement. 

In 1961 such a quantized flux was looked for and found by Deaver and 
Fairbank!! at Stanford University and at about the same time by Doll and 
Nabauer !? in Germany. 

In the experiment of Deaver and Fairbank, a tiny cylinder of superconductor 
was made by electroplating a thin layer of tin on a one-centimeter length of No. 
56 (1.3 X 107-3 cm diameter) copper wire. The tin becomes superconducting 
below 3.8°K, while the copper remains a normal metal. The wire was put in a 
small controlled magnetic field, and the temperature reduced until the tin became 
superconducting. Then the exeternal source of field was removed. You would 


10 F, London, Superfluids; John Wiley and Sons, Inc., New York, 1950, Vol. I, p. 152 
11 B.S. Deaver, Jr., and W. M. Fairbank, Phys. Rev. Letters 7, 43 (1961). 
12 R, Doll and M. Nabauer, Phys. Rev. Letters 7, 51 (1961). 
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(a) 


(b) 


(c) 


Fig. 21-4. A ring in a magnetic 
field: (a) in the normal state; (b) in the 
superconducting state; (c) after the ex- 
ternal field is removed. 


Fig. 21-5. The curve I" inside o 
superconducting ring 


expect this to generate a current by Lenz’s law so that the flux inside would not 
change. The little cylinder should now have magnetic moment proportional to the 
flux inside. The magnetic moment was measured by jiggling the wire up and down 
(like the needle on a sewing machine, but at the rate of 100 cycles per second) 
inside a pair of little coils at the ends of the tin cylinder. The induced voltage in 
the coils was then a measure of the magnetic moment. 

When the experiment was done by Deaver and Fairbank, they found that the 
flux was quantized, but that the basic unit was only one-half as large as London 
had predicted. Doll and Nabauer got the same result. At first this was quite mys- 
terious,f but we now understand why it should be so. According to the Bardeen, 
Cooper, and Schrieffer theory of superconductivity, the q which appears in Eq. 
(21.29) is the charge of a pair of electrons and so is equal to 2g,. The basic flux 
unit is 

th =7 
@y = re = 2 X 107‘ gauss-cm (21.30) 
or one-half the amount predicted by London. Everything, now fits together, and 
the measurements show the existence of the predicted purely quantum-mechanical 
effect on a large scale. 


21-8 The dynamics of superconductivity 


The Meissner effect and the flux quantization are two confirmations of our 
general ideas. Just for the sake of completeness I would like to show you what 
the complete equations of a superconducting fluid would be from this point of 
view—it is rather interesting. Up to this point I have only put the expression for 
y into equations for charge density and current. If I put it into the complete 
Schrédinger equation I get equations for p and 9. It should be interesting to see 
what develops, because here we have a “fluid” of electron pairs with a charge 
density p and a mysterious 6@—we can try to see what kind of equations we get for 
such a “fluid’’! So we substitute the wave function of Eq. (21.17) into the Schro- 
dinger equation (21.3) and remember that p and @ are real functions of x, ), and 
z. If we separate real and imaginary parts we obtain then two equations. To 
write them in a shorter form I will—following Eq. (21.19)—write 


Le eee eae (21.31) 
m m 


One of the equations I get is then 
— = V-pu. (21.32) 


Since pv is first J, this is yust the continuity equation once more. The other equation 
I obtain tells how @ varies; it is 


FY) mM» n> {1 i 
h-— = — =v + qd — 51 (Vp) - (21.33) 
at 2 Tryp | 


Those who are thoroughly familiar with hydrodynamics (of which I’m sure few 
of you are) will recognize this as the equation of motion for an electrically charged 
fluid if we identify #0 as the “velocity potential’”’—except that the last term, which 
should be the energy of compression of the fluid, has a rather strange dependence 
on the density p. In any case, the equation says that rate of change of the quantity 
hé is given by a kinetic energy term, 4mv?, plus a potential energy term, q@, with 
an additional term, containing the factor h?, which we could call a ‘‘quantum 
mechanical energy.”” We have seen that inside a superconductor p 1s kept very 


+ It has once been suggested by Onsager that this might happen (see F. London, Ref. 
10), although no one else ever understood why. 
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uniform by the electrostatic forces, so this term can almost certainly be neglected 
in every practical application provided we have only one superconducting region. 
If we have a boundary between two superconductors {or other circumstances in 
which the value of p may change rapidly) this term can become important. 

For those who are not so familiar with the equations of hydrodynamics, 
I can rewrite Eq. (21.33) in a form that makes the physics more apparent by using 
Eq. (21.31) to express @ in terms of v. Taking the gradient of the whole of Eq. 
(21.33) and expressing V@ in terms of A and v by using (21.31), I get 


2 
aes a ( Vo *A) yx (xv) ~ x VW v & (4 vv). 


or m o1 2m \v/ 
(21.34) 
What does this equation mean? First, remember that 
ve AoE. (21.35) 
Next, notice that if I take the curl of Eq. (21.19), I get 
vxv=-40xA4, (21.36) 


since the curl of a gradient is always zero. But V X A is the magnetic field B, 
so the first two terms can be written as 


LE+ux B). 


Finally, you should understand that dv/dt stands for the rate of change of the 
velocity of the fluid at a point. If you concentrate on a particular particle, its 
acceleration is the total derivative of v (or, as it is sometimes called in fluid dy- 
namics, the ‘‘comoving acceleration”), which is related to dv/dr by}? 


dv dv 
a beta tui = Fy + (vu Vy. (21.37) 
This extra term also appears as the third term on the right side of Eq. (21.25). 
Taking it to the left side, I can write Eq. (21.25) in the following way: 


| 2 = 
m sd = qE+vX B)- Vv us (4. vve): (21.38) 


comoving 


We also have from Eq. (21.36) that 


vxv=—4B. (21.39) 
m 


These two equations are the equations of motion of the superconducting 
electron fluid. The first equation is just Newton’s law for a charged fluid in an 
electromagnetic field. It says that the acceleration of each particle of the fluid 
whose charge is g comes from the ordinary Lorentz force g(E + v X B) plus an 
additional force, which is the gradient of some mystical quantum mechanical 
potential—a force which 1s not very big except at the junction between two super- 
conductors. The second equation says that the fluid 1s “ideal’—the curl of v has 
zero divergence (the divergence of B is always zero). That means that the velocity 
can be expressed in terms of velocity potential. Ordinarily one writes that ¥V X< 
v = 0 for an ideal fluid, but for an ideal charged fiuid in a magnetic field, this gets 
modified to Eq. (21.40). 

So, Schrédinger’s equation for the electron pairs in a superconductor gives 
us the equations of motion of an electrically charged ideal fluid. Superconductivity 
is the same as the problem of the hydrodynamics of a charged liquid. If you want 


13 See Volume II, Section 40-2. 
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Fig. 21-6. Two superconductors sep- 
arated by a thin insulator. 


to solve any problem about superconductors you take these equations for the 
fluid [or the equivalent pair, Eqs. (21.32) and (21.33)], and combine them with 
Maxwell’s equations to get the fields. (The charges and currents you use to get 
the fields must, of course, include the ones from the superconductor as well as 
from the external sources.) 

Incidentally, I believe that Eq. (21.38) is not quite correct, but ought to have 
an additional term involving the density. This new term does not depend on 
quantum mechanics, but comes from the ordinary energy associated with varia- 
tions of density. Just as in an ordinary fluid there should be a potential energy 
density proportional to the square of the deviation of p from po, the undisturbed 
density (which is, here, also equal to the charge density of the crystal lattice). 
Since there will be forces proportional to the gradient of this energy, there should 
be another term in Eq. (21.38) of the form: (const) V(p — po)”. This term did 
not appear from the analysis because it comes from the interactions between parti- 
cles, which I neglected in using an independent-particle approximation. It is, 
however, just the force I referred to when I made the qualitative statement that 
electrostatic forces would tend to keep p nearly constant inside a superconductor. 


21-9 The Josephson junction 


I would like to discuss next a very interesting situation that was noticed by 
Josephson !* while analyzing what might happen at a junction between two super- 
conductors. Suppose we have two superconductors which are connected by a 
thin layer of insulating material as in Fig. 21-6. Such an arrangement is now 
called a “Josephson junction.” If the insulating layer is thick, the electrons can’t 
get through; but if the layer is thin enough, there can be an appreciable quantum 
mechanical amplitude for electrons to jump across. This is just another example 
of the quantum-mechanical penetration of a barrier. Josephson analyzed this 
situation and discovered that a number of strange phenomenon should occur. 

In order to analyze such a junction I’fl call the amplitude to find an electron 
on one side, ~;, and the amplitude to find it on the other, yz. In the superconduct- 
ing state the wave function, ¥; is the common wave function of all the electrons 
on one side, and w2 is the corresponding function on the other side. I could do 
this problem for different kinds of superconductors, but let us take a very simple 
situation in which the material is the same on both sides so that the junction is 
symmetrical and simple. Also, for a moment let there be no magnetic field. Then 
the two amplitudes should be related in the following way: 


in Ft = Ui + Kibo 
i 

9 

ih *a = Un. + Ky. 


The constant K is a characteristic of the junction. If K were zero, these two 
equations would just describe the lowest energy state—with energy U—of each 
superconductor. But there is coupling between the two sides by the amplitude K 
that there may be leakage from one side to the other. (It is just the “‘flip-flop” 
amplitude of a two-state system.) If the two sides are identical, U; would equal 
U, and I could just subtract them off. But now suppose that we connect the two 
superconducting regions to the two terminals of a battery so that there is a po- 
tential difference V across the junction. Then U,; — U2 = gV. I can, for con- 
venience, define the zero of energy to be halfway between, then the two equations 
are 


0 V 
ine = a, + Kb 
(21.40) 
Ove QV 
ap ee ae 


14 B. D. Josephson, Physics Lerrers 1, 251 (1962). 
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These are the standard equations for two quantum mechanical states coupled 
together. This time, let’s analyze these equations in another way. Let’s make the 


substitutions 
v1 = Voie", 
yve= Vv poe”, 


where 6, and 6 are the phases on the two sides of the junction and p, and po 
are the density of electrons at those two points. Remember that in actual practice 
p and po are almost exactly the same and are equal to po, the normal density of 
electrons in the superconducting material. Now if you substitute these equations 
for ¥, and 2 into (21.40), you get four equations by equating the real and imaginary 
parts in each case. Letting (@2 — 61) = 6, for short, the result is 


(21.41) 


2 : 
+ ji Kv p2p; sin 4, 


pi = 
(21.42) 
2 : 
b2 = — 5 Kv pep; sin 4, 
= + * 2 cos = a 
At (21.43) 
5 = Ke qv 
Sema aie ye oe 
The first two equations say that 6; = —f». “But,” you say, “they must 


both be zero if p; and p2 are both constant and equal to zero.”’ Not quite. These 
equations are not the whole story. They say what 6; and p2 would be if there 
were no extra electric forces due to an unbalance between the electron fluid and 
the background of positive ions. They tell how the densities would start to change, 
and therefore describe the kind of current that would begin to flow. This current 
from side 1 to side 2 would be just 6;(or —/o), or 


J= au V pip? sin 5. (21.44) 


Such a current would soon charge up side 2, except that we have forgotten that 
the two sides are connected by wires to the battery. The current that flows will 
not charge up region 2 (or discharge region 1) because currents will flow to keep 
the potential constant. These currents from the battery have not been included 
in our equations. When they are included, ; and p» do not in fact change, but 
the current across the junction is still given by Eq. (21.44). 

Since p; and p» do remain constant and equal to po, let’s set 2Kpo/h = Jo, 


and write 
J = Josin 6. (21.45) 


Jo, like K, is then a number which is a characteristic of the particular junction. 
The other pair of equations (21.43) tells us about @, and 92. We are interested 
in the difference 6 = 62 — 6, to use Eq. (21.45); what we get is 


i= 4-4 =. (21.46) 
That means that we can write 


a) = bo + fF f V(t) dt, (21.47) 


where 6o is the value of 6 at t = 0. Remember also that g is the charge of a pair, 
namely, g = 2ge. In Eqs. (21.45) and (21.47) we have an important result, the 
general theory of the Josephson junction. 
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Now what are the consequences? First, put on a de voltage. If you put ona 
de voltage, Vy, the argument of the sine becomes (59 + (¢/h)Vot) Since h isa 
small number (compared to ordinary voltage and times), the sine oscillates rather 
rapidly and the net current is nothing. (In practice, since the temperature 1s not 
zero, you would get a small current due to the conduction by ‘“‘normal”’ electrons.) 
On the other hand if you have zero voltage across the junction, you can get a cur- 
rent! With no voltage the current can be any amount between +Jy and —Jp 
(depending on the value of 69). But try to put a voltage across it and the current 
goes to zero. This strange behavior has recently been observed experimentally,‘ 

There is another way of getting a current—by applying a voltage at a very 
high frequency in addition to a de voltage. Let 


V = Vo + vcos wt, 
where v K V. Then 4(t) 1s 


5p + 4 Vot + 4 “ Sin wr. 


Now for Ax small, 
sin (x + Ax) = sinx + Axcosx. 


Using this approximation for sin 6, | get 
és i q ere 4 : 
J= Jo [sin (8 +5 Vt) + 7 sin wt cos (0 a vot] 
The first term is zero on the average, but the second term is not if 
o> ; Vi. 


There should be a current if the ac voltage has just this frequency. Shapiro!® 
claims to have observed such a resonance effect. 

If you look up papers on the subject you will find that they often write the 
formula for the current as 


J= Jo sin (6 + of [a : as) (21.48) 


where the integral is to be taken across the junction. The reason for this ts that 
when there’s a vector potential across the junction the flip-flop amplitude is 
modified in phase in the way that we explained earlier If you chase that extra 
phase through, it comes out as given above. 

Finally, I would like to describe a very dramatic and interesting experiment 
which has recently been made on the interference of the currents from each of 
two junctions. In quantum mechanics we’re used to the interference between 
amplitudes from two different slits. Now we’re going to do the interference be- 
tween two junctions caused by the difference in the phase of the arrival of the 
currents through two different paths. In Fig. 21-7, I show two different junctions, 
“a” and “b’’, connected in parallel. The ends, P and Q, are connected to our elec- 
trical intruments which measure any current flow. The external current, Jtotal, 
will be the sum of the currents through the two junctions. Let J, and J, be the 
currents through the two junctions, and let their phases be 5, and 6,. Now the 
phase difference of the wave functions between P and Q must be the same whether 
you go on one route or the other. Along the route through junction ‘“‘a’’, the phase 
difference between P and Q is 4, plus the line integral of the vector potential along 
the upper route: 


APhasep_.g = 5, + - i A-ds. (21.49) 
upper 


15 Pp, W. Anderson and J. M. Rowell, Phys Rey Letters 10, 230 (1963). 
16S. Shapiro, Phys. Rev. Letters 11, 80 (1963). 
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Why’ Because the phase @ ts related to A by Eq. (21.26). If you integrate that 
equation along some path, the left-hand side gives the phase change, which 1s then 
just proportional to the Ime integral of A, as we have written here. The phase 
change along the lower route can be written similarly 


APhasep_g = dy) + 24e | A-ds, (21.50) 
lower 

These two must be equal; and if | subtract them I get that the difference of the 

deltas must be the line integral of A around the circuit: 


bb — 6, = 24 A-ds. 
i: 
Here the integral is around the closed loop I of Fig. 21-7 which circles through 
both junctions. The integral over A is the magnetic flux @ through the loop. So 
the two 6’s are going to differ by 2q./h times the magnetic flux & which passes 
between the two branches of the circuit: 


& — 8, = 2a, (21.51) 


1 can control this phase difference by changing the magnetic field on the circuit, 
so I can adjust the differences in phases and see whether or not the total current 
that flows through the two junctions shows any interference of the two parts. 
The total current will be the sum of J, and 4. For convenience, I will write 


5. bo + 4, = by — £o. 


Then, 
Jiotal = Jo {sin (40 + ), + sin (0 _ 7) 


A b 

= Jo sin 5g cos (21.52) 

Now we don’t know anything about 69, and nature can adjust that anyway 

she wants depending on the circumstances. In particular, it will depend on the 

external voltage we apply to the junction. No matter what we do, however, sind, 

can never get bigger than 1. So the maximum current for any given © 1s given by 
Snax => Jo cos qb ‘1 


h 


This maximum current will vary with & and will itself have maxima whenever 


=n Ls > 
de 
with m some integer. That is to say that the current takes on its maximum values 
where the flux linkage has just those quantized values we found in Eq. (21.30)! 
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Fig. 21-7. 
in parallel. 


Two Josephson junctions 


Fig. 21-8. Arecording of the current 
through a pair of Josephson junctions as a 
function of the magnetic field in the region 
between the two junctions (see Fig. 21~7). 
[This recording was provided by R. C. 
Jaklevic, J. Lambe, A. H. Silver, and J. E. 
Mercereau of the Scientific Laboratory, 
Ford Motor Company ] 
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The Josephson current through a double junction was recently measured'* 
as a function of the magnetic field in the area between the junctions. The results 
are shown in Fig. 21-8. There 1s a general background of current from various 
effects we have neglected, but the rapid oscillations of the current with changes in 
the magnetic field are due to the interference term cos ¢-@/nh of Eq. (21.52). 

One of the intriguing questions about quantum mechanics is the question of 
whether the vector potential exists in a place where there’s no field.'® This experi- 
ment I have just described has also been done with a tiny solenoid between the 
two junctions so that the only significant magnetic B field is inside the solenoid 
and a negligible amount 1s on the superconducting wires themselves. Yet it is 
reported that the amount of current depends oscillatorily on the flux of magnetic 
field inside that solenoid even though that field never touches the wires—another 
demonstration of the ‘‘physical reality” of the vector potential.?° 

I don’t know what will come next. But look what can be done. First, notice 
that the interference between two junctions can be used to make a sensitive mag- 
netometer. If a pair of junctions is made with an enclosed area of, say, | mm?, 
the maxima in the curve of Fig. 21-8 would be separated by 2 X 107° gauss. It 
1s certainly possible to tell when you are 1/10 of the way between two peaks; so 
it should be possible to use such a junction to measure magnetic fields as small as 
2 X 10~" gauss—or to measure larger fields to such a precision. One should be 
able to go even farther. Suppose for example we put a set of 10 or 20 junctions 
close together and equally spaced. Then we can have the interference between 
10 or 20 slits and as we change the magnetic field we will get very sharp maxima 
and minima. Instead of a 2-slit interference we can have a 20- or perhaps even a 
100-slit interferometer for measuring the magnetic field. Perhaps we can predict 
that the measurement of magnetic fields will—by using the effects of quantum- 
mechanical interference—eventually become almost as precise as the measurement 
of wavelength of light. 

These then are some illustrations of things that are happening in modern 
times—the transistor, the laser, and now these junctions, whose ultimate practical 
applications are still not known. The quantum mechanics which was discovered 
in 1926 has had nearly 40 years of development, and rather suddenly it has begun 
to be exploited in many practical and real ways. We are really getting control of 
nature on a very delicate and beautiful level. 

I am sorry to say, gentlemen, that to participate in this adventure 1t is ab- 
solutely imperative that you learn quantum mechanics as soon as possible. It was 
our hope that in this course we would find a way to make comprehensible to you 
at the earliest possible moment the mysteries of this part of physics 


17 Jaklevic, Lambe, Silver, and Mercereau, Phys. Rev Leriers 12, 159 (1964). 
18 Jaklevic, Lambe, Silva. and Mercereau, Phys Rev. Letters 12, 274 (1964). 
19 See Volume IH, Chapter 15, Section 15-5. 
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Feynman’s Epilogue 


Well, I’ve been talking to you for two years and now I’m going to quit. In 
some ways I would like to apologize, and other ways not. I hope—in fact, I know— 
that two or three dozen of you have been able to follow everything with great 
excitement, and have had a good time with it. But I also know that “the powers of 
instruction are of very little efficacy except in those happy circumstances in which 
they are practically superfluous.”” So, for the two or three dozen who have under- 
stood everything, may I say I have done nothing but shown you the things. For 
the others, if I have made you hate the subject, I’m sorry. I never taught elementary 
physics before, and I apologize. I just hope that I haven’t caused a serious trouble 
to you, and that you do not leave this exciting business. I hope that someone else 
can teach it to you in a way that doesn’t give you indigestion, and that you will 
find someday that, after all, it isn’t as horrible as it looks. 

Finally, may I add that the main purpose of my teaching has not been to 
prepare you for some examination—it was not even to prepare you to serve in- 
dustry or the military. I wanted most to give you some appreciation of the wonder- 
ful world and the physicist’s way of looking at it, which, I believe, is a major part 
of the true culture of modern times. (There are probably professors of other sub- 
jects who would object, but I believe that they are completely wrong.) 

Perhaps you will not only have some appreciation of this culture; it is even 
possible that you may want to join in the greatest adventure that the human mind 
has ever begun. 
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Benzene molecule, I1I-10-10 ff, 

I-15-7 ff 

Bernoulli’s theorem, II-40-6 ff 

Bessel function, II—-23-6 

Betatron, II-17-5 

Biot-Savart law, II-14-10 

Birefringence, I-33-3 ff 

Blackbody radiation, I-41-5 f 

Blackbody spectrum, II-4-8 ff 

Boehm, I-52-10 

Bohm, II-7-7, 1-15-12 

Bohr. N., I-42-9, II-5-3 

Bohr magneton, II-34-12 


Bohr radius, I-38~6, I1I~2-6, I1-19-3 


Boltzmann, L., I-41-2 

Boltzmann factor, HI-14—-4 

Boltzmann’s law, I-40-2 f 

Bopp, II-28-8 

Born, M., I-37-1, I-38-9, II-28-7, 
l-1-1, M1-2-9, IlI-21-6 

Boron, IiI-19-16 


Bose particles, I-4—1 ff, I1I-15-6 f 


Boundary layer, II-41-9 
Boundary-value problems, II—7-1 
Boyle’s law, I-40-8 

“Boys” camera, II-9-10 

Bragg, L., II-30-9 


Bragg-Nye crystal model, H-—30-9 ff 
Breaking-drop theory, II-9-9 
Bremsstrahlung, I-34—6 f 

Brewster’s angle, I-33-6 

Briggs, H., I-22-6 

Brown, R., -41-1 

Brownian motion, I-1-8, -6-5, I-41-1 ff 
Brush discharge, II-9-9 

Bulk modulus, II-38-3 

Butadiene molecule, [11-15-10 


Calculus, differential, I-8—4, f-2-1 ff 
integral, I-3-1 ff 
of variations, II-19-3 
Cantilever beam, II-38-10 
Capacitance, I-23-5 
mutual, II-22-17 
Capacitor, I-14—-9, I-23-5, II-22-3 ff, 
II-23-2 ff 
parallel-plate, I~14-9, II-6-11 ff, 1-8-3 
Capacity, II-6-12 
of a condenser, II-8-2 
Capillary action, I-51-8 
Carnot, S., I-4~2, I-44-2 ff 
Carnot cycle, I-44—5 f, I-45-2 
Carrier signal, I-48-3 
Carriers, negative, III-14-2 
positive, II-14-2 
Catalyst, I-42-8 
Cavendish, H., I-7-9 
Cavendish’s experiment, I-7-9 
Cavity resonator, II—23-1 ff 
Center of mass, I-18~-1 f, I-19-1 ff 
Centrifugal force, I-7—5, I-12-11 
Cerenkov, P. A., I-51-2 
Cerenkov radiation, I-51-2 
Charge, conservation of, I-4—7, II-13-1 f 
on electron, I-12-7 
line of, II-5-3 f 
motion of, II-29-1 ff 
sheet of, II-5-4 
sphere of, II-5—-4 f 
Charge density, I-54 
Charge separation, H-9-7 ff 
Charged conductor, $I-8-2 ff 
Chemical energy, I-4-2 
Chemical kinetics, I-42-7 f 
Chemical reaction, I-1-6 ff 
Chlorophyll molecule, I1I-15-11 
Chromaticity, I-35-6 f 
Circuits, alternating-current, [I-22-1 ff 
equivalent, IJ-22-10 f 
Circuit elements, II-23-1 f 
active, II-22-5 
passive, II-22-5 
Circular motion, I-21-4 
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Circulation, 1-1-5, 1-3-8 ff 
Classical electron radius, [I-28-3 
Classical limit, IfI-7-10 
Clausius, R., I-44-2, I-44-3 
Clausius-Clapeyron equation, 
1-45-6 ff 
Clausius-Mossotti equation, I-11-6 f, 
II-32-7 
Cleavage plane, II-30-1 
Coaxial line, II-24-1 
Coefficient, absorption, [I-32-8 
of coupling, II-17-14 
of friction, I-12-4 
gravitational, I-7-9 
of viscosity, II-41-2 
Collision, I-16-6 
elastic, I-10-7 
Colloidal particles, 1I-7-8 ff 
Color vision, I-35-1 ff 
physiochemistry of, I-35-9 f 
Commutation rule, III-20-15 
Complex impedance, I-23-7 
Complex numbers, I-22-7 ff, I-23-1 ff 
Complex variable, II-7-2 ff 
Compound eye, I~36-6 ff 
Compression, adiabatic, I-39-5 
isothermal, I-44-5 
Condenser, parallel-plate, I-14-9, 
I-6-11 ff, 1-8-3 
Conduction band, II-14-1 
Conductivity, IIE-32-10 
thermal, II-2-8, II-12-2 
Conductor, II-1-2 
Cones, I-35-1 
Conservation, of angular momentum, 
1-4-7, 1-18-6 ff, I-20-5 
of charge, I-4-7, II-13-1 f 
of energy, I-3-2, I-4-1 ff, II-27-1 f, 
II-42-10 
of linear momentum, I-4-7, I-10-1 ff 
of potential energy, III-7-6 ff 
of strangeness, [I-11-12 
Contraction hypothesis; I-15-3 
Copernicus, I-7-1 
Coriolis force, I-19-8 f 
Cornea, I-35-1 
Cosmic rays, II-9-2 
Couette flow, II-41—10 ff 
Coulomb’s law, I-28-2, Il-4-2 ff, 
TI-5-6 
Coupling, coefficient of, II-17-14 
Covalent bond, II-30-2 
Cross product, II-2-8, II-31-8 
Cross section for scattering, I-32-7 
Crystal, 1I—-30-1 ff 
geometry of, [I-30-1 f 
Crystal diffraction, I-38—4 f, III-2-4 f 
Crystal lattice, II-30-3 f 
propagation, IH-13-1 ff 
imperfections, HI—-13-10 f 
Cubic cell, 11-30-7 
Curie law, T-11-5 
Curie temperature, [I-36-13 
Curie-Weiss law, II-11-9 
Curl operator, II-2-8, II-3-1 
Current, Amperian, II-36-2 
atomic, II-13-5 f 
eddy, II-16-6 
electric, IT-13-1 f 
induced, II-16-1 ff 
Current density, II-13-1 
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Curvature, intrinsic, II-42-5 

mean, II-42-6 

negative, II-42-4 

positive, II-42-4 

in three-dimensional space, II-42-5 f 
Curved space, II-42-1 ff 
Cutoff frequency, II-22-14 


D’Alembertian, II-25-8 
Debye length, II-7-9 
Dedekind, R., I-22-4 
definite energy, states, IM-13—3 ff 
Degrees of freedom, I-25-2, I-39-12 
Demagnetization, adiabatic, 1I-35-9 f 
Density, I-1-4 
Derivative, I-8-5 ff 
partial, I-14-9 
Diamagnetism, II-34-1 ff 
diamond lattice, II-14-1 
Dicke, R. H., I-7-11 
Dielectric, 11—-10-1 ff, 11-11-1 ff 
Dielectric constant, II-10-1 f 
Differential calculus, I-8-4, M-2-1 ff 
Diffraction, I-30-1 ff 
by screen, I-31-10 f 
Diffraction grating, I-29-5, I-30-3 ff 
Diffusion, I-43-1 ff 
of neutrons, II-12~6 ff 
Dipole, II-21-5 ff 
electric, [I-6-2 ff 
magnetic, II-14~-7 f 
Dipole moment, I-12-6, II-6-7 
Dipole potential, II-6-4 ff 
Dipole radiator, I-28-5 f, I-29-3 ff 
Dirac, P., 1-52-10, 1-2-1, 1I-28-7, 
: WYI-8-2, II-12-6 
Dirac equation, I-20-6 
Dislocation, II-30-8, II-30-9 
Dispersion, I-31-6 ff 
Distance, I-5-5 ff 
Distance measurement, color brightness, 
I-5-6 
triangulation, I-5-6 
Divergence, II-25-7 
Divergence operator, II-2-7, II-3-1 
Domain, II-37-6 
Donor site, II-14—4 
Doppler effect, I-17-8, I-23-9, I-34-7 f, 
1-38-6, II-42-9, III-2-6, TI-12-9 
Dot product, M—2-4, II-25-3 
Double stars, I-7-6 
Drag coefficient, II-41-7 
“Dry” water, II-40-1 ff 
Dyes, IiI-10-12 
Dynamical momentum, IIT-21-5 
Dynamics, I-7-2 f, I-9-1 ff 
relativistic, I-15-9 f 


Eddy current, II-16-6 

Effective mass, III-13-7 

Efficiency of ideal engine, I-44-7 f 

Eigenstates, IMI-11-22 

Eigenvalues, III-11-21 

Einstein, A., I-2-6, I-7-11, I-12-12, 
I-15-1, I-16-1, I-41-8, I-42-8, 
1-42-9, II-42-1, II-42-6, II-42-8, 
TI-42-13 f 

Elastic collision, I-10—7 

Elastic constants, II-39-6, II-39-10 f 


Elastic energy, I-4—2, I-4-6 
Elastic materials, II-39-1 ff 
Elastica, 1I-38-12 
Elasticity, [I-38-1 ff 
Elasticity tensor, IT-39-4 ff 
Electret, II-11-8 
Electric charge density, II-2-8, II-4-3, 
IlI-21-6 
Electric current, II-13-1 f 
in the atmosphere, II-9-2 f 
Electric current density, 1-2-8, I1[-21-6 
Electric dipole, II-6—2 ff 
Electric dipole matrix element, IIJ-9-15 
Electric field, I-2-4, I-12-7 f, II-1-2, 
II-1-3, IF-6-1 ff, 1-7-1 ff 
relativity of, II-13-6 ff 
Electric flux, II-1-4 
Electric force, I-2-3 ff, II-1-1 ff, II-13-1 
Electric potential, T-4-4 
Electric susceptibility, 1-10-4 
Electrical energy, I-4-2, II-15-3 ff 
Electrical forces, -1-1 ff, W-13-1 
Electrodynamics, 1-1-3 
relativistic notation, II-25-1 ff 
Electromagnet, II-36-9 ff 
Electromagnetic energy, I-29-2 
Electromagnetic field, I-2-2, I-2-5, I-10-9 
Electromagnetic mass, II-28-3 f 
Electromagnetic radiation, I-26-1, 
I-28-1 ff 
Electromagnetic waves, II-21-1 f 
cosmic rays, 1-2-5 
gamma rays, I-2-5 
infrared, I-2~5, I-23-8, I-26-1 
light, I-2-5 
ultraviolet, I-2~5, I-26-1 
x-rays, I-2-5, I~26-1 
Electromagnetism, [J-1-1 ff 
laws of, II-1-5 ff 
Electromotive force, II-16-2 
Electron, I-2-4, I-37-1, I-37-4 ff, 
IiI-1-1, 111-1—4 ff 
charge on, I~12-7 
radius of, classical, I-32-4 
Electron cloud, I-6-11 
Electron configuration, TII-19-15 
Electron-hole pairs, I1I-14-3 
Electron microscope, II-29-3 f 
Electron-ray tube, I-12-9 
Electron volt (unit), I-34-4 
Electronic polarization, II-11-1 ff 
Electrostatic energy, II-8-1 ff 
of charges, II-8-1 f 
of ionic crystal, 1-8-4 ff 
in nuclei, 1-8-6 ff 
of a point charge, II-8-12 
Electrostatic equations, II-10-6 f 
Electrostatic field, 1-5-1 ff, 1-7-1 f 
energy in, II-8-9 ff 
of a grid, II-7-10 f 
Electrostatic lens, II-29-2 f 
Electrostatic potential, equations of, I-6-1 
Electrostatics, 1-4-1 ff, 1-5-1 
Ellipse, I-7-1 
Emissivity, 1I-6-14 
Energy, II-22-11 f 
chemical, I-42 
of a condenser, II-8-2 ff 
conservation of, I-3-2, I-4-1 ff, 
Ii-27-1 f 
elastic, I-4—-2, I-46 


electrical, I-4-2, II-15~-3 ff 
electromagnetic, I-29-2 
electrostatic, II-8-1 ff ; 
in electrostatic field, IE-8-9 ff 
gravitational, I-4—2 ff 
heat, I-4—2, I-4-6, I-10-7, I-10-8 
kinetic, I~1-7, I-4-2, I-4—5 f, I1-39-4 
magnetic, [1-17-12 ff 
mass, I-~4—2, I-4-7 
mechanical, II-15-3 ff 
nuclear, ~4-2 
potential, I-4—4, I-13-1 ff, I-14-1 ff 
radiant, I-4-2 
relativistic, I-16—1 ff 
Energy density, II-27-2 
Energy diagram, II-14-1 
Energy flux, II-27-2 
Energy level diagram, I1I-14-3 
Energy levels, I-38-7 f, INI-12-7 ff, 
I-2-7 f 
Energy theorem, I-50-7 f 
Enthalpy, I-45-5 
Entropy, I-44-10 ff, -46-7 ff 
Eotvés, L., -7-11 
Equation of motion, 11-42-14 
Equilibrium, I-1-6 
Equipotential surfaces, II-4-11 f 
Equivalent circuits, II—-22-10 f 
Ethylene molecule, III-15-8 
Euclid, I-5-6 
Euclidean geometry, I-12-3 
Euler force, 11-38-11 
Evaporation, I-1-5 f 
of a liquid, I-40-3 f, I-42-1 ff 
Excess radius, [J-42-4 | 
Exchange force, II-37—2 
Excited state, II-8—-7, III-13-9 
Exciton, IIJ-13-9 
Exclusion principle, III-4-12 ff 
Expansion, adiabatic, I-44-5 
isothermal, J-44—-5 
Exponential atmosphere, I-40-1 f 
Eye, compound, I-36-6 ff 
human, I-35-1 f, I-36-3 ff 


Farad (unit), I-25-7, II-6-13 
Faraday, M., II-10-1 
Faraday’s law of induction, II-17-2 
Fermat, P., I-26-3 ; 
Fermi (unit), I-5-10 
Fermi, E., I-5-10 
Fermi particles, III-4—1 ff, I1-15-7 f 
Ferrite, II-37-12 
Ferroelectricity, II-11-8 ff 
Ferromagnetic crystal,. 111-15-1 
Ferromagnetic insulators, 1-37-12 
Ferromagnetism, II-34-1 f, II-36-1 ff, 
U-37-1 ff | 
Feynman, R., II-28-8 
Fields, I-2-2, I-2-4, I-2-5, I-10-9, 
I-12-7 ff, I-13-8 f, I-14~7 ff 
in a cavity, II-5-8 f 
of a charged conductor, H-6-8 
of a conductor, II~5—7 f 
electric, I-2-4, I-12~7 f, II-1-2, 
II-1-3, Ii-6-1 ff, 1-7-1 ff 
electrostatic, II-5—1 ff, 1-7-1 f 
magnetic, I¥-1-2, II-1-3, II-13-1, 
II-14-1 ff 
magnetizing, II-36-7 


scalar, II-2-2 ff 
superposition of, I-12-9 
two-dimensional, 1-7-2 ff 
vector, II-1-4 f, 1-2-1 ff 
Field energy, 1I-27-1 ff 
of a point charge, II-28-1 f 
Field equation, II-42-14 
Field index, II-29-5 
Field-ion microscope, II-6-14 
Field lines, II-4-11 
Field momentum, [I-27-9 ff 
of a moving charge, II-28-2 f 
Field strength, II-1-4 
Filter, [I-22-14 ff 
Flow, fluid, 1112-8 ff 
irrotational, II-40-5 
viscous, II-41-4 f 
Fluid flow, II-12-8 ff 
Fluorine, [1-19-16 
Flux, I-4-7 ff 
electric, II-1-4 
of a vector field, II-3-2 ff 
Flux quantization, III-21-10 
Flux rule, II-17-1 ff 
Focal length, I-27-1 ff 
Focus, I-26-5 
Force, centrifugal, I-7-5, I-12-11 
components of, I-9-3 
conservative, I-14~3 ff 
Coriolis, I-19-8 f 
electrical, I-2-3 ff, II-1-1 ff, If-13-1 
electromotive, II-16-2 
gravitational, I-2-3 
Lorentz, I-13-1, II-15-14 
magnetic, II-1-2, II-13-1 
molecular, I-1-3; I-12-6 f 
moment of, I-18-5 
nonconservative, I-14-6 f 
nuclear, J-12-12, III-10-6 ff 
pseudo, I-12~-10 ff 
Fourier, J., I-50-2 f 
Fourier analysis, I-50-2 ff 
Fourier theorem, II-7-11 
Fourier transform, I-25-4 
Four-vectors, I-15-8 f, J-17-5 ff, 
Il-25-1 ff 
Fovea, I-35-1 
Frank, I., I-51-2 
Franklin, B., II-5-6 
Frequency, angular, I-21-3, I-29-2 
of oscillation, [-2-5 
plasma, II-7-6, II-32-12 
Fresnel’s reflection formulas, I-33-8 
Friction, I-10—5, I-12-3 ff 
coefficient of, I-12-4 


Galileo, I-5-1, 1-7-2, I-9-1, I-52-3 
Galilean relativity, I-10-3 

Galilean transformation, J-12-11 
Gallium, INI-19-17 

Galvanometer, H—1-8, II-16-1 
Garnet, IJ-37-12 

Gauss (unit), I-34-4 

Gauss, K., II-16-2 

Gauss’ law, II-4—9 f, II-5-1 ff 
Gauss’ theorem, II-3—5, I1I-21-4 
Gaussian surface, II-10-1 

Geiger, II-5-3 

Gell-Mann, M., I-2-9 

Generator, alternating-current, II-17-6 ff 


electric, 1I-16-1 ff, If-22-5 ff 

van de Graaff, II-5-9, II-8-7 
Geometrical optics, 1-26-1, I-27~1 f 
Gerlach, II-35-3 
Gradient operator, 1-2-4, I[-3-1 
Gravitation, I-2-3, I-7-1 ff, I-12-2, 

II-42-1 

Gravitational acceleration, I-9-4 
Gravitational coefficient, I-7-9 
Gravitational energy, I-4—2 ff 
Gravitational field, I-12-8 ff, I-13-8 f 
Gravity, I-13-3 ff, II-42-8 ff 

acceleration of, I-9-4 
Green’s function, I-25-4 
Ground state, II-8-7, III-7-2 
Gyroscope, I-20-5 ff 


Hall effect, I1I-14-7 

Hamiltonian matrix, ITI-8—-10 f 

Hamilton’s first principal function, 

II-19-8 

Harmonic motion, I-21-4, I-23-1 ff 

Harmonic oscillator, I-10-1, I~21-1 ff 
forced, I-21-5 f, I-23-3 ff 

Harmonics, I-50-1 ff 

Heat, I-1-3, I-13-3 

Heat conduction, II-3-6 ff 

Heat diffusion equation, II-3-8 


’ Heat energy, I-4—2, I-4-6, I-10-7, 


-10-8 

Heat engines, I-44-1 ff 

Heat flow, II-2-8 f, 1I-12-2 ff 

Heisenberg, W., I-6-10, I-37-1, I-37-9, 
1-37-11, I-37-12, I-38-9, III-1-1, 
TI-1-9, II-1-11, f1-1-12, 
ItI-2-9, ITI—20-17 

Helium, IIJ-19-14 

Helmholtz, H., I-35-7, II-40-10 

Henry (unit), I-25—7 

Hermitian adjoint, IN-20-3 

Hess, II-9-2 

Hexagonal cell, II-30-7 

High-voltage breakdown, II-6-13 f 

Hooke’s law, I-12-6, II-38-1 f 

Huygens, C., I-15-2, I-26-2 

Hydrodynamics, II-40-2 ff 

Hydrogen, ITI-19-14 

Hydrogen atom, II-19-1 ff 

Hydrogen, hyperfine splitting in, 
III-12-1 ff 

Hydrogen molecular ion, I1I-10-1 ff 

Hydrogen molecule, ITI-10-8 ff 

Hydrogen wave functions, III-19-12 

Hydrostatics, II-40-1 ff 

Hyperfine splitting in hydrogen, 
III-12-1 ff 

Hypocycloid, I-34-3 

Hysteresis curve, II-37-5 ff 

Hysteresis loop, H-36-8 


Ideal gas law, I-39-10 ff 

Identical particles, III-3-9 ff, I1I-4-1 ff 

Illumination, I[-12-10 ff 

Image charge, II-6-9 

Impedance, [—25-8 f, II-22-1 ff 
complex, I-23-7 

Impure semiconductors, I1]-14-4 

Incidence, angle of, I-26-3 

Inclined plane, I-4-4 
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Independent particle approximation, 


Iil-15-1 ff 
Index of refraction, I-31-1 ff 
Induced currents, IT-16—1 ff 


Inductance, I-23-6, II-16-4 f, II-17-12 


ff, I[-22-2 f 
mutual, II-17-9 ff, 11-22-16 
self-, 1I-16—4, II-17-11 f 
Induction, laws of, II-17-1 ff 
Inductor, I-23-6 
Inertia, I-2-3, I-7-11 
moment of, I-18—7, I-19-5 ff 
principle of, I-9-1 
Infeld, H-28-7 
Infrared radiation, I-23-8, I-26-1 
Integral, I-8-7 f 
Integral calculus, 1-3-1 ff 
Insulator, [J-1—2, II-10-1 
Interference, I-28-6, I-29-1 ff 
two-slit, 1-3-5 ff 
Interfering amplitudes, I1I-5—10 ff 
Interfering waves, I-37-4, I11-1-4 
Interferometer, I-15—5 
Internal reflection, II-33-12 
Ion, I-1-6 
Ionic bond, II-30-2 
Ionic conductivity, I-43-6 f 
Tonic polarizability, 1I-11-8 
Ionization energy, I-42-5 
Ionosphere, II-7—5, II-9-3 
Irrotational flow, II-40-5 
Isotherm, II-2-3 
Isothermal atmosphere, I-40—2 
Isothermal compression, I-44-5 
Isothermal expansion, I-44-5 
Isothermal surfaces, II-2-3 
Isotopes, I-3-4 ff 


Jeans, J., I-40-9, I-41-6 f, II-2-6 
Johnson noise, I-41~—2, I-41-8 
Josephson junction, I1-21-14 ff 
Joule (unit), I-13-3 

Joule heating, I-24-2 

Junction, HI-14-8 ff 


K4rmén vortex street, II-41-9 
Kepler, J., I-7-1 


Kepler’s laws, I-7-1 f, I-9-1, I-18-6 


Kerr cell, I-33-5 
Kilocalorie (unit), 1I-8—5 
Kinematic momentum, III~21—5 


Kinetic energy, I-1-7, I-4-2, 1-4-5 f, 


I-39-4 
rotational, I-19-7 ff 
Kinetic theory, -42-1 ff 
of gases, I-39-1 ff 


Kirchhoff’s laws, I-25-9, 11-22-7 ff 


Kronecker delta, II-31-6 
Krypton, ITI-19-17 


Lamb, II-5-6 

Lamé elastic constants, II-39-6 
Landé g-factor, II-34-4 
Laplace, P., I-47-7 

Laplace equation, II-6-1, II-7—1 
Laplacian operator, II-2-10 
Larmor frequency, II-34—7 
Larmor’s theorem, II-34-6 f 
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Laser, I-32-6, I-42-10, I1I-9-13 
Laughton, II-5-6 
Laws, of electromagnetism, II-1—5 ff 
of induction, IJ-17-1 ff 
of quantum mechanics, III-13-1 
Least action, principle of, II-19-1 ff 
Least time, principle of, I-26-3 ff, I-26-8 
Legendre functions, I1I—-19-9 
Leibnitz, G. W., -8-4 
Lens formula, I-27-6 
Lenz’s rule, II-16—4, II-34-2 
Leverrier, U., I-7-5 
Liénard-Wiechert potentials, II-21—11 
Light, II-21-1 f 
absorption of, I1I-9-14 f 
momentum of, I-34-10 f 
polarized, I-32-9 
scattering of, I-32-5 ff 
speed of, I-15-1, II-18-8 f 
Light waves, I-48-1 
Lightning, II-9-10 f 
Line of charge, II-5-3 f 
Line integral, II-3—1 
Linear momentum, conservation of, 
1-4-7, I-10-1 ff 
Linear systems, I-25-1 ff 
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[Note: We advise that this chapter be read while listening to the recording 
of Professor Feynman’s lecture.] 

The title of this lecture is ‘The Motion of Planets Around the Sun.” 

... After the bad news you just heard announced, I have some good 
news for the same reason, that since the exam is coming up Tuesday, 
nobody wants to give a lecture that you have to study, so I’m giving a 
lecture that’s just for the fun of it, for your entertainment [applause]. All 
right, all right, I won’t be able to give it. Save all that for the end and then 
make up your mind. 

The history of our subject of physics [arrived] at one of the most 
dramatic moments when Newton suddenly understood so much from so 
little. And the history of this discovery is of course the long story about 
Copernicus, Tycho [Brahe] making his measurements of the positions of 
the planets, and Kepler finding the laws which empirically describe the 
motion of these planets. It was then that Newton discovered that he could 
understand the motion of the planets by stating another law. And you know 
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all this from the lecture on gravitation, so I continue directly from there 
with a quick summary of that material. 

In the first place, Kepler observed that the planets went in ellipses 
around the Sun, with the Sun as the focus of the ellipse. He also 
observed—he had three observations to describe the [orbits]—that the area 
that’s swept out by a line drawn from the Sun to the orbit is proportional, 
this area here, is proportional to the time. Finally, to connect planets in 
different orbits, he discovered that the planets with different orbits have 
periods, or times of rotation around the complete orbit, which bear a 3/2 
power ratio to the major axis of the ellipse. If there were circles (to make it 
easy), it would mean that the square of the time to go around the circle is 
proportional to the cube of the radius of the circle. 

Now, Newton was able to discover two things from this. First he 
noticed that equal areas and equal times meant, from his point of view 
about inertia, that the material would continue in a straight line at a 
uniform velocity if it were not disturbed, that the deviations from the 
uniform velocity are always directed toward the Sun, and that equal areas 
and equal times is equivalent to the statement that the forces are toward the 
Sun. So he used one of Kepler’s laws already to deduce that the forces 
were toward the Sun. And then it is easy to argue—especially for the 
special case of circles from the third law—that for such circles the force 
which would be directed toward the Sun would have to go inversely as the 
square of the distance. 

The reason for that is something like this. Suppose that we take a 
certain fractional part of an orbit, some fixed angle, a small angle, and a 
particle has a certain velocity in one part of the orbit and another velocity 
later on. Then the changes in velocity for a fixed angle are evidently 
proportional to the velocity. And the change in velocity during an interval 
of time—during a fixed time—which is the force, is evidently proportional 
to the velocity in the orbit times the time that it takes to go across this 
fraction of the orbit. I mean, divided by the time. So the velocity changes 
proportional to the velocity. And the time over which that change has taken 
place is proportional to the time that it takes to go around the whole orbit— 
because it is a fixed angle, like one-hundredth of the orbit. Therefore the 
centripetal acceleration, or change per second of the velocity in the direc- 
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tion of the center, is proportional to the velocity on the orbit divided by the 
time that it takes to go around.’ 

You can put that in many different ways, because of course the time it 
takes to go around is related to the velocity by this relation. That the speed 
times the time is the distance around—or, rather, that the speed times the 
time is proportional to the radius. And so you can either substitute for the 
time, obtaining your famous v’/R. Or better, I'll substitute for the velocity 
R/T. The velocity is evidently proportional to the radius divided by the 
time that it takes to go around, so that the centrifugal acceleration goes as 
the radius and inversely as the square of the time to go around. But Kepler 
tells us that the time to go around squared is proportional to the cube of the 
radius. That is, the denominator is proportional to the cube of the radius, 
and therefore the acceleration toward the center is inversely as the square 
of the distance. So Newton was able to deduce—in fact, [Robert] Hooke 
deduced earlier than Newton in the same way—that this force would be 
inversely as the square of the distance. So from two of Kepler’s laws, we 
come [away] with only two conclusions. No one can verify anything that 
way. This may be of no particular interest, because the number of 
hypotheses entered is equal to the number of facts checked as the number 
of guesses used. 

On the other hand, what Newton discovered—and which was the most 
dramatic of his discoveries—was that the third law (Feynman means the 
First Law] of Kepler was now a consequence of the other two. Given that 
the force is toward the Sun, and given that the force varies inversely as the 
square of the distance, to calculate that subtle combination of variations 
and velocity to determine the shape of the orbit and to discover that it is an 
ellipse is Newton’s contribution, and therefore he felt that the science was 
moving forward, because he could understand three things in terms of two. 

As you well know, he understood ultimately many more than three 
things—that the orbits in fact are not ellipses, that they perturb each other, 
that the motion of the Jupiter satellites is also understood, the motion of the 
Moon around the Earth ndsoon, but let us just concentrate on this one 


' Feynman is saying Av/At is proportional to v/T. See Chapter 3, page 108. He refers to Av/At as “the 


centripetal acceleration” above, and below he calls it “the centrifugal acceleration” 
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item, in which we disregard the interactions of one planet with another. 

I can summarize what Newton said and in this way about a planet: that 
the changes in the velocity in equal times are directed toward the Sun, and 
in size they are inversely as the square of the distance. It is now our 
problem to demonstrate—and it is the purpose of this lecture mainly to 
demonstrate—that therefore the orbit is an ellipse. 

It is not difficult, when one knows the calculus, and to write the 
differential equations and to solve them, to show that it’s an ellipse. I 
believe in the lectures here—or at least in the book— [you] calculated the 
orbit by numerical methods and saw that it looked like an ellipse. That’s 
not exactly the same thing as proving that it is exactly an ellipse. The 
Mathematics Department ordinarily is left the job of proving that it’s an 
ellipse, so that they have something to do over there with their differential 
equations. [Laughter] 

I prefer to give you a demonstration that it’s an ellipse in a completely 
strange, unique, [and] different way than you are used to. I am going to 
give what I will call an elementary demonstration. [But] “elementary” does 
not mean easy to understand. “Elementary” means that very little is 
required to know ahead of time in order to understand it, except to have an 
infinite amount of intelligence. It is not necessary to have knowledge but to 
have intelligence, in order to understand an elementary demonstration. 
There may be a large number of steps that are very hard to follow, but each 
step does not require already knowing calculus, already knowing Fourier 
transforms, and so on. So by an elementary demonstration I mean one that 
goes back as far as one can with regard to how much has to be learned. 

Of course, an elementary demonstration in this sense could be first to 
teach [you] calculus and then to make the demonstration. This, however, is 
longer than a demonstration which I wish to present. Secondly, this 
demonstration is interesting for another reason—it uses completely 
geometrical methods. Perhaps some of you were delighted in geometry in 
school with the fun of trying or having the ingenuity to discover the right 
construction lines. The elegance and beauty of geometrical demonstration 
is often appreciated by lots of people. On the other hand, after Descartes, 
all geometry can be reduced to algebra, and today all mechanics and all 
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these things are reduced to analysis with symbols on pieces of paper and 
not by geometrical methods. 

On the other hand, in the beginning of our science—that is, in the time 
of Newton—the geometrical method of analysis in the historical tradition 
of Euclid was very much the way to do things. And as a matter of fact, 
Newton’s Principia is written in a practically completely geometrical 
way—all the calculus things being done by making geometric diagrams. 
We do it now by writing analytic symbols on the blackboard, but for your 
entertainment and interest I want you to ride in a buggy for its elegance, 
instead of in a fancy automobile. So we are going to derive this fact by 
purely geometrical arguments—well, by essentially geometrical 
arguments, because I don’t know what that means, anything precise I don’t 
know what it means, like purely geometrical arguments—but essentially 
geometrical arguments, and see how well we get on. 

So our problem is to demonstrate that if this is true—that the changes in 
velocities are directed toward the Sun, and they are inversely as the square 
of the distance in equal times—that the orbit is an ellipse. We then have 
first to understand—we must start with something—we first must know 
what an ellipse is. If there is no available definition of an ellipse, it is going 
to be impossible to demonstrate the theory. And furthermore, if you cannot 
understand the meaning of this proposition, of course you also cannot 
demonstrate the theorem. So, many people have said, “Oh yeah, but you’ve 
got to know something about an ellipse.” I know—you can’t state the 
statement otherwise. And also you have to have some understanding of this 
idea. That’s also true. But beyond that, I don’t think we need much extra 
knowledge, but a large amount of attention, please, and careful thinking. 
That’s not easy, and it’s quite a job, and it’s not worthwhile. It is much 
easier to do it by the calculus, but you’re going to do it that way anyway, 
and you must remember that this is just to see how it would look. 

There are several ways of defining an ellipse, and I have to choose one, 
and I will suppose that the one with which everyone is familiar is the fact 
that an ellipse can be made, or the ellipse is the curve that can be made, by 
taking one string and two tacks and putting a pencil here and going around. 
Or mathematically, it is the locus (nowadays they say the set of all points) 
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—all right, the set of all points—such that the sum of the distance FP and 
the distance F'’P [F and F’ being] the two fixed points, remains constant. I 
suppose you know that’s the definition of an ellipse. You may have heard 
another definition of an ellipse: if you wish, these two points are called the 
foci, and this focus means that light emitted from F will bounce to F’ from 


any point on the ellipse. 

Let me just demonstrate the equivalence of those two propositions, at least. 
So the next step is to demonstrate that light will be reflected from F to F’’. 
The light is reflected as though the surface here were a plane tangent to the 
actual curve. What I therefore have to demonstrate is this—and you know, 
of course, that the law of reflection for light from a plane is that the 
angle[s] of incidence and reflection are the same. Therefore, what I have to 
prove is this: that if I were to draw a line here, such that its angles made 
with the two lines FP and F’’P are equal, that that line is then tangent to the 
ellipse. 


Proof: Here’s the line drawn as described. Make the image point of Ff’ 
in this line. That is to say, extend the perpendicular from F’ to the line the 
same distance on the other side, to obtain G’, the image of F’. Now 
connect the point P to G’. Notice [that] because of the equal angles, that 
this angle here is the vertical angle. Well, this angle is equal to this angle, 
because these two right triangles are exactly the same. It’s an image, so this 
side is the same as that side, and these two angles are equal; this is a 
straight line. So that PG’ here is exactly equal to the F'’P part, and 
incidentally, FG’ is a straight line, so that the /P + F’P, which is the sum 
of these two distances, is in fact FP + G’P, because F’P = G’P. Now, the 
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point is that if you take any other point on the tangent—say, Q—and you 
took the sum of these two distances to Q, it is easy to see that the distance 
F’Q is, again, the same as G’Q. So that the sum of these two distances, 
F’Q to F, is the same as the distance from F to Q and Q to G’. In other 
words, the sum of the distances from the two foci on any point on the line 
is equal to the distance from F to G’, by going up to that point and across. 
Evidently larger, evidently always larger than going on the straight line 
across. In other words, the sum of the two distances to a point Q is greater 
than it is for the ellipse—for any point QO except for point P. For any point 
on this line, then, the sum of the distances to these two points is greater 
than it is for a point on the ellipse. 


G 


iY 
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Now I take the following to be evident and perhaps you can devise a 
proof to satisfy you—that if the ellipse is the curve in which the sum of the 
two points is a constant, that the points outside the ellipse have the sum to 
the two points greater and the points inside the ellipse have the sum to the 
two points less; so that since these points on the line have a sum greater 
than a point on the ellipse, all this line lies outside the ellipse with the sole 
exception of the point P, whence it must be tangent and does not intersect 
at two points nor ever come inside. All right, so the thing is therefore 
tangent, and we know that the reflection law is right. 

I have another property to describe about an ellipse, the reason for 
which will be completely obscure to you, but it’s something which I will 
need later in this demonstration. 

May I say that although the methods of Newton were geometrical, he 
was writing in a time in which the knowledge of the conic sections was the 
thing that everybody knew very well, and so he perpetually uses (for me) 
completely obscure properties of the conic sections, and I have, of course, 
to demonstrate my properties as I go along. I would like, however, for you 
to take the same diagram again, which I made here, and draw it over again. 
It’s drawn exactly the same here: F’ and F, there’s that tangent line, here’s 
the image point G’ of F’. However, I would like for you to imagine what 
happens to the image point G’ as the point P goes around the ellipse. It is 
evident, as I already indicated, that PG’ is the same as F’’P, so that FP + 
F’P is a constant, [and that] means that FP + PG’ is a constant. In other 
words, that FG’ is a constant. In short, the image point G’ runs around the 
point / in a circle of constant radius. All right. At the same time. I draw a 
line from F’’ to G’ and I find [that] my tangent is perpendicular to it. That’s 
the same statement as all that was before. I just want to summarize that, to 
remind you of a property of an ellipse, which is this: that as a point G’ goes 
around a circle, a line drawn from an eccentric point to this point G’— this 
is an off-center point to the point G’—will always be perpendicular to the 
tangent of the ellipse. Or the other way around: the tangent is always 
perpendicular to the line—or a line—drawn from an eccentric point. All 
right, that’s all, [and] we’ll come back to it and we’ll remember, and we 
will review it again, so don’t worry. That’s just a summary of some of the 
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properties of an ellipse, starting from the facts. That’s the ellipse. 

On the other hand, we have to learn dynamics, we have to put them 
together. So now we have to explain what dynamics is all about. I want this 
proposition, that’s the geometry; now the mechanics, what this proposition 
means. What Newton means by this is this: that if this is the Sun, for 
instance, the center of the attraction, and at a given instant a particle were 
to, say, be here, and let me suppose that it moves to another point, from A 
to B, in a certain interval of time. Then, [if] there were no forces acting 
toward the Sun, this particle would continue in the same direction and go 
exactly the same distance to a point c. But during this motion there’s an 
impulse toward the Sun, which, for the purposes of analysis, we will 
imagine all the curves at the middle instant—in other words, at this instant. 
In other words, we concentrate all our impulses in an approximate way of 
thinking to this middle moment. And, therefore, the impulse is in the 
direction of the Sun, and this might represent the change in motion. That 
means that instead of this moving to here, it moves to a new point, which is 
C, which is different than c, because the ultimate motion is this motion 
compounded from the original plus the additional impulse given toward the 
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Diagram from Feynman’s lecture notes. 


center of the Sun. So that the ultimate motion is along the line BC, and at 
the end of the second interval of moment of time the particle will be at C. I 
emphasize that Cc is parallel to and equal to BY, let us say, the impulse 
given from the Sun. It is therefore parallel to a line from B to the center of 
the Sun. Finally, the rest of the statement is that the size of BV will vary 
inversely as the square of the distance as we go around the orbit. 

I have drawn this same thing over again here—exactly the same way, 
no change at all, excepting color makes it more interesting. Here’s the 
motion that the particle would have—has in the first instant of time—and 
the motion which it would continue to have if it were to continue for the 
second interval of time with no force. May I point out to you that the areas 
that would be swept through in that case would be equal during those two 
intervals of time. For these two distances, AB and Bc, are evidently equal, 
and therefore the two triangles SAB and SBc, which are the two areas, will 
be equal: for they have equal bases and a common altitude. If you extend 
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the base and draw the altitude, it’s the same altitude for both triangles; and 
since the bases are equal, the areas then swept through are equal. 

On the other hand, the actual motion is not to the point c but to the 
point C, which differs from the position c by a displacement in the 
direction of the Sun at the moment B, that is, in the blue line parallel to the 
original blue line. Now I would like to point out to you that the area that 
would be most occupied—I mean, which would be swept out in that 
second interval of time even if there were a force: namely, the area SBC— 
is the same as the area that there would be if there were no force—namely, 
SBc. The reason is that we have two triangles which have a common base 


Figure in Chapter 3 
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and who have an equal altitude, for they lie between parallel lines. Since 
the area[s] of the triangle SBC and the triangle SAB are equal—but since 
those points A, B, and C represented positions in succession at equal times 
in the orbit—we see that the area[s] moved through in equal times are 
equal. We can also see that the orbit remains a plane, that the point c being 
in the plane and the line Cc being in the plane of ABS, the remaining 
motion is in the plane ABS. 


Cy et altitude of SBC 


\ eo Altitude of SBc 
) ee 
B ‘ 
this is parallel 
to Ce 


And I have drawn a succession of such impulses around this imaginary 
polygonal orbit. Of course, to find the actual orbit, we need to make the 
same analysis with a much smaller interval of time—and a much finer rate 
of impulsing—until we get the limiting case, in which we have a curve. 
And in the limiting case in which we have a curve—the area swept by this 
thing—the curve will lie in a plane, and the area swept will be proportional 
to the time. So that’s how we know that we have equal areas in equal 
times. The demonstration that you have just seen is an exact copy of one in 
the Principia Mathematica by Newton, and the ingenuity and delight 
which you may or may not have gotten from it is that already existing in 
the beginning of time. 

Now the remaining demonstration is not one which comes from New- 
ton, because I found I couldn’t follow it myself very well, because it 
involves so many properties of conic sections. So I cooked up another one. 

We have equal areas and equal times. I would like now to consider what 
the orbit would look like if instead of using equal time, one were to think 
of the succession of positions which correspond to equal angles from the 
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center of the Sun. In other words, I repicture the orbit with the succession 
of points, J, K, L, M, N, which correspond not to equal instants, like they 
did in the diagram before, but rather [to] equal angles of inclination from 
the original position. To make this a little bit simpler, although it is not at 
all essential, I have supposed that the original motion was perpendicular to 
the Sun at the first point—but that’s not essential, it just makes the 
diagrams cleaner. 


ta 


ah 
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Diagram from Feynman’s lecture notes. 


Now we know from the proposition previously that equal [areas] 
occupy equal times to be swept through. Now listen: I would point out to 
you that . . . equal angles, which is what I’m aiming for, means that areas 
are not equal, no, but they are proportional to the square of the distance 
from the Sun; for if I have a triangle of a given angle, it is clear that if I 
make two of them that they are similar; and the proportional area of similar 
triangles is proportional to the square of their dimensions.” Equal angles 
therefore means—since areas are proportional to time—equal angles 
therefore means that the times to be swept through these equal angles are 
proportional to the square of the distance. In other words, these points—J/, 
K, L, and so on—do not represent pictures of the orbit at equal times, no, 


>This is the point explained in the footnote to Chapter 3, page 115. 
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but they represent pictures of the orbit with successions of times which are 
proportional to the square of the distance. 

Now, the dynamical law is that there are equal changes in velocity, 
no—that the changes in velocity vary inversely as the square of the 
distance from the Sun—that is, the changes of velocity in equal times. 
Another way of saying the same thing is that equal changes of velocity will 
occupy times proportional to the square of the distance. It’s the same thing. 
If I take more time, I get more change in the velocity, and, although they 
are falling off for equal times inversely as the square, if I make my times 
proportional to the square of the distance, then the changes in velocity will 
be equal. Or, the dynamical law is: equal changes in velocity occur in 
times proportional to the square of the distance. But look, equal angles 
were times proportional to the square of the distance. And so we have the 
conclusion, from the law of gravitation, that equal changes of velocity will 
occur in equal angles in the orbit. That’s the central core from which all 
will be deduced—that equal changes in velocity occur when the orbit is 
moving through equal angles. So I now draw on this diagram a little line to 
represent the velocities. Unlike the other diagram, those lines are not the 
complete line from J to K, for in that diagram those were proportional to 
the velocities, for the times were equal, and the length divided by equal 
times represented the velocities. But here I must use some other scale to 
represent how far the particle would have gone in a given unit of time, 
rather than in the times which are, in fact, proportional to the square of the 
distance. So these represent the velocities in succession. It is quite difficult 
in that diagram to find out what the changes are. 

I therefore make another diagram over here, which I’ll call the diagram 
of the velocities, in which I draw a picture on a magnified scale only for 
convenience. These are supposed to represent exactly these same lines. 
This would represent the motion per second of a particle at J or in a given 
interval of time, at J. This would represent the motion that a particle 
would’ve made from the beginning in a given interval of time. And, I put 
them all at a common origin, so that I can compare the velocities. So I have 
then a series of the velocities for the succession of these points. 
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Diagram from 
Feynman’s lecture notes. 


Now, what are the changes in the velocity? The point is that in the first 
motion, this is the velocity. However, there is an impulse toward the Sun, 
and so there is a change in velocity, indicated by the green line that 
produces the second velocity, vx. Likewise, there’s another impulse toward 
the Sun again, but this time the Sun is at a different angle, which produces 
the next change in the velocity, vz, and so on. Now, the proposition that the 
changes in the velocities were equal— for equal angles, which is the one 
that we deduced—means that the lengths of these succession of segments 
are all the same. That’s what it means. 

And what about their mutual angles? Since this is in the direction of the 
Sun at this radius, since this is at the direction of the Sun at that radius, and 
since this is the direction of the Sun at that radius, and so on, and since 
these radii each successively have a common angle to one another—-so it is 
likewise true that these little changes in the velocity have, mutually to one 
another, equal angles. In short, we are constructing a regular polygon. A 
succession of equal steps, each turn through an equal angle, will produce a 
series of points on the surface underlying a circle. It will produce a circle. 
Therefore, the end of the velocity vector—if they call it that, the ends of 
these velocity points; you’re not supposed to know what a vector is in this 
elementary description—will lie on a circle. I draw the circle again. 
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I review what we found out. I take the continuous limit, where the 
intervals of angle are very tiny indeed, to obtain a continuous curve. Let 0 
be the angle, total angle, to some point P, and let vp represent the velocity 
of that point in the same way as before. Then the diagram of velocities will 
look like this. This is the origin of the velocity diagram, the same as over 
there, and this is the velocity vector corresponding to this point P. Then 
this lies on a circle, but always not necessarily the center of that circle. 
However, the angle that you’ve turned through in the circle is the same 9 
as here. The reason for that is that the angle turned through from the 
beginning by this thing is proportional to the angle turned through by the 
orbit, because it’s the succession of the same number of small angles. And 
therefore, this angle in, here, is the same angle as in, here. 


this angle a P 
is the same 
as this one 


(orbit diagram) (velocity diagram) 
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So here is the problem, here’s what we have discovered: that if we draw 
a circle and take an off-center point, then take an angle in the orbit—any 
angle you want in the orbit—and draw the corresponding angle inside this 
constructed circle and draw a line from the eccentric point, then this line 
will be the direction of the tangent. Because the velocity is evidently the 
direction of motion at the moment and is in the direction of the tangent to 
the curve. So our problem is to find the curve such that if we draw a point 
from an eccentric center, the direction of the tangent of that curve will 
always be parallel to that when the angle of the curve is given by the angle 
in the center of that circle. 

In order to make still clearer why it is going to come out in this thing, 
I'll turn the velocity diagram 900, so that the angles correspond exactly 
and are parallel to each other. This diagram under here, then, is precisely 
the same diagram as the one you see above, but turned 90°—only to make 
it easier to think. This, then, is the velocity vector, except that it’s turned 
900 because the whole diagram is turned 90~. That is, this is perpendicular 
evidently to that, and therefore this is evidently perpendicular to that. In 
short, we must find the curve such that if we put the orbit in it, I think P’ve 
started—yes, so I’ll just say it and then I’ll draw it again—if we put the 
orbit in it at a given point, here, where this line intersects the orbit (never 
mind the scales, they’re all imaginary, I mean, it’s all in proportion), where 
this line intersects the orbit, the tangent should be perpendicular to that line 
from an eccentric point. 
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I draw it again, to show you how it is. You know now what the answer 
is. But here’s a picture again of the same velocity circle, but this time the 
orbit is drawn inside at a different scale, so that we can see this picture laid 
right over this picture, so the angles correspond. So since the angles 
correspond, I can draw the single line to represent both the point P on the 
orbit and the point p on the velocity circle. Now what we have discovered 
is that the orbit is of such a character that a line drawn from the eccentric 
point—here, from an extension of this point onto a circle outside—will 
always be perpendicular to the tangent to the curve. Now that curve is an 
ellipse, and you can find that out by the following construction. 


Construct the following curve. The curve I’m going to construct will 
satisfy all the conditions. Construct the following curve. Always take the 
perpendicular bisector of this line and ask for its intersection with the other 
line, Cp, and call that intersection point P. This is the perpendicular 
bisector. Now I'll prove two things. First, that the locus of this point that’s 
been generated there is an ellipse, and, second, that this line is a tangent 
there, too—that is, to the ellipse—and therefore satisfies the conditions, 
and all is well. 

First, that it’s an ellipse: Since this was the perpendicular bisector, it is 
at equal distances from 0 and p. It is therefore clear that Pp is equal to PO. 
That means that CP + PO, which is therefore equal to CP + Pp, is the 
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radius of the circle, which is evidently constant. So the curve is an ellipse, 


or the sum of these two distances is a constant. 


And next, this line is tangent to the ellipse because, since .. . the two 
triangles are congruent, this angle here is equal to this angle here. But if I 
this angle is equal 
to this one \ Pp 
Pp 
‘this angle 
is equal to 


amis one 
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extend this line on the other side, [then] also is that angle equal. So 
therefore the line in question makes an equal angle with the two lines to the 
foci. But we proved that that was one of the properties of an ellipse—the 
reflection property. Therefore, the solution to the problem is an ellipse—or 
the other way around, really, is what I proved: that the ellipse is a possible 
solution to the problem. And it is this solution. So the orbits are ellipses. 
Elementary, but difficult. 

I have considerable more time, and so I will say a few things about this. 
In the first place, I would like to say how I got this demonstration— the 
fact that the velocities went in a circle. The demonstration Lof3 this point 
was due to Mr. Fano and I read it. And after that, to prove that it was an 
ellipse took me an awful long time: that is, the obvious, simple step—you 
turn it this way, and you draw that and all that. Very hard, and like all these 
elementary demonstrations they require a large amount—like any 
geometrical demonstration—of ingenuity. But once presented, it’s 
elegantly simple. I mean, it’s just finished. But the fun of it is that you’ve 
made a kind of a carefully put-together piece of pieces. 

It is not easy to use the geometrical method to discover things. It is very 
difficult, but the elegance of the demonstrations after the discoveries are 
made is really very great. The power of the analytic method is that it is 
much easier to discover things than to prove things. But not in any degree 
of elegance. it’s a lot of dirty paper, with x’s and y’s and crossed out, 
cancellations and so on. 

I would like to point out a number of interesting cases. It of course can 
happen that the point 0 lies on the circle, or even that the point 0 lies 
outside the circle. It turns out that the point 0 lying on the circle does not 
produce, of course, an ellipse; it produces a parabola. And the point 0 lying 
outside the circle, which is another possibility, produces a different curve, 
a hyperbola. I leave some of those things for you to play with. On the other 
hand, I would like now to make some application of this and to continue 
the argument that Mr. Fano originally made, for another purpose. He was 
going in a different direction, and I’d like to show you that. 

What he [Fano] was trying to do was to make an elementary demon- 
stration of a law which was very important in the history of physics in 
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1914. And that had to do with the so-called Rutherford’s law of scattering. 
If we have an infinitely heavy nucleus—which we don’t have, but 
suppose—and if we shoot a particle by that nucleus, then it will be repelled 
by an inverse-square law, because of the electrical force. If q~ is the charge 
on an electron, then the charge on the nucleus is Z times 

q~ when Z is the atomic number. Then the force between the two things is 
given by 4-rr~ times the square of the distance, which for simplicity I will 
write temporarily as z/R’—the constant over R*. I don’t know whether 
you’ve done this in the class or not; but I'll suppose, I'll define another 
thing because, q~’ / ~ will be written e” for short. Then this thing is just Ze? 
/ R’. Anyway, that’s the force inversely as the square of the distance, but 
it’s a repulsion. And now the problem is the following: If I shoot a lot of 
particles at these nuclei, where I can’t see the nuclei, how many of them 
will be deflected through various angles? What percentage will be 
deflected more than 300? What percentage will be deflected more than 
450? And how are they distributed in angles? And that was the problem 
that Rutherford wanted solved, and when he had the correct solution, he 
then checked it against experiment. 

[At this point. Feynman goes off in the wrong direction. He’ll correct 
himself in a moment. ] 

And he found that the ones that were supposed to be deflected through 
large angles were not there. In other words, the number of particles 
deflected through large angles was much less than you would think, and he 
therefore deduced that the force was not as strong as AR? for small 
distances. Because it is obvious that to get the large angle, you need a lot 
of force, and it corresponds to the [particles] that hit [the nucleus] almost 
head-on. So those which come very close to the nucleus do not seem to 
come out the way they ought to, and the reason is that the nucleus has a 
size... I’ve got the story backwards. If the nucleus had a big size, then 
those which were supposed to come out at large angles wouldn’t get their 
full force, because they would get inside the charge distribution and would 
be deflected less. I got mixed up. Excuse me. I start again. 

Rutherford deduced how it should go if all the forces were concentrated 
at the center. In his day, it was supposed that the charge in an atom was 
distributed uniformly over the atom, and in order to discover this 
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distribution, he thought that if he scattered these particles, they would 
show a weaker deflection—they would never show a very large deflection 
corresponding to a very close approach to the repulsion center because (in] 
the close approach there’s no center. He, however, did find the large-angle 
deflections, and deduced that the nucleus was small and that the atom had 
all its mass at a very small central point. I got it backwards. It was later that 
it was demonstrated, by the same thing again, that the nucleus has a size. 
But the first demonstration was that the atom is not as big, for this kind of 
electrical purposes, as the whole atom is known to be: that is, all the charge 
was concentrated at the center, and thus the nucleus was discovered. 
However, we need now to understand this: we need to know what the law 
is for the angle of deflection here, and that we can obtain in this way. 

Suppose that we do the same thing as we did before, and we draw the 
orbit. Here is the charge, and here is the motion of a particle going around, 
only this time it’s repulsion. I start the picture at this point, for the fun of it, 
and I draw my velocity circles as before. This is the velocity. We know 
that the velocity, the initial velocity at this point— I should use the same 
colors so you know what I’m doing, this should be blue, this orbit is red— 
now the velocity changes lie on a circle. But the changes in the velocity 
this time are repulsions, and the sign is reversed. And after some minor 
thought, you can see that the deflections go like that, and that the center of 
the calculation [which] used to be called the origin of the velocity space 0, 
lies on the outside of the circle. And the succession of small velocity 
changes lie on the circle, and the succession of velocities then in the orbit 
are these lines, until a very interesting point comes: until we get to this 
tangent. 

At this tangent point to the curve—what does it mean? It means that all 
the changes in velocity are in the direction of the velocity. But the changes 
in the velocity are in the direction of the Sun, and that means that this 
velocity, in this part of the diagram, is in the direction of the Sun, because 
it is in the direction of the changes. That is to say, this point here, as we 
approach this point here—which I could call x, say— corresponds to 
coming from infinity toward the Sun along a line here. That is, very far out 
we are directed toward the Sun very closely (not the Sun, but the nucleus) 
and then as it comes around here—this diagram should be the other way, 
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path of the o particle 


yy 


O 


("orbit" diagram) (velocity diagram) 


the other way, the arrows should be here, I got the changes the wrong way 
in time—comes around here and goes out this way and, going out that way, 
corresponds to going with the velocity off in this direction. 

Now, if we draw then the orbit more carefully, it will look very much 
like this. It goes around like this. If] call this point, here, V,,, then the 
velocity that the particle has at the beginning is V,,. If, on the same scale, 
I call the radius of this circle V—the velocity corresponding to the radius 
of the circle—I’m going to make up some equation, I’m not going to do it 
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completely geometrically, but to save time and so on, I’ve done all the 
work. One should not ride in the buggy all the time. One has the fun of it 
and then gets out. Now first I want to find the velocity of the center, the 
radius of the velocity circle. In other words, I’m now going to come down 
and make some of these geometric things more analytic. 

I will suppose that the force is some constant: the force—the accelera- 
tion, rather—is some constant over R°. For gravity, this constant is GM 
and, for electricity, it is Ze’Im, over m because of the acceleration. That is 
to say, the changes in velocity are always equal to z/R’ times the time. Now 
let us suppose that we call ~, which is a constant for the motion, the area 
swept by the orbit per second. That is then this way: 
that the time—if I wanted to change this to angle, I have the following— 
RO would be the area. ffl divide that by the rate that area is swept 
through—this tells me how much time it takes to sweep an angle. The time 
is, then, for given angles, proportional to the square of the distance. All this 
I’m saying now analytically, where I said in words before. Substitute this 
~t, in here, to find out how the changes in the velocity are with respect to 
angle, and one obtains R’L/9Jo~, or the R’’s cancel, and it means that the 
changes in velocity are as advertised: for equal angles, equal. 

Now then, the velocity diagram—although this isn’t the piece of the 
orbit that you can get to, never mind—these are changes in the velocity and 
these are changes in the angle in the orbit. So ~V is also equal by the 
geometry of that circle to the radius of the circle, which I call VR X ~O. In 
other words, we have that the radius of the velocity circle is equal to zia, 
where ct is the rate of area swept per second and z is a constant having to 
do with the law of force. Now, the angle through which this planet has 
deflected is this one, here, and I call it, the angle of deflection from the 
planet—I mean the charged particle from the nucleus. It is evident from my 
discussion that it’s the same as this angle in here, 4, because these 
velocities are parallel to the two original directions. It is clear, therefore, 
that we can find ~ if we can get the relation with 4~ and VR. You see, 
look, tangent of ~/2 = VR/V.X, and that gives us the angle. The only thing 
is that we need—we have to substitute for VR, zlaR, and we have that 
much. 
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Now, it doesn’t do us much good until we know a for this orbit. An 
interesting idea is this: think of this thing as approaching this, so that if 
there were no force it would miss by a certain distance, b. This is called the 
impact parameter. We imagine that the thing comes from infinity aimed for 
the force center, but is missing—because it misses, it is deflected. By how 
much is it deflected, if it was aimed to miss by b? That’s the question. If 
it’s aimed to miss by a distance 6, how much will it get deflected? 

So I need now only determine how a is related to b. V,. is the distance 
gone in | second, so if I were to draw way out here a horrible-looking area, 
a triangle—a terrible-looking triangle, then the—I got a factor of 2 
somewhere, yeah, the area of a triangle is 1/2 R’. There are two factors, 
two, which you will straighten out please when the time comes. There is 
1/2 in here and, there is 1/2 somewhere else, which I’m now going to 
make. The area of this triangle is the base V.,. times the height 5 times 1/2. 
Now that triangle is a triangle through which a particle would sweep—the 
radius would sweep in I second. And this is, therefore, a. So, therefore, we 
have that this goes as z/bV,.’. That tells us that given the impact distance, 
the aiming accuracy, what angle we would find in the deflection in terms 
of the speed at which the particle approaches and the known law of force. 
So it’s completely finished. 

One more thing that is rather interesting. Suppose that you would like to 
know with what probability, what chance is there of getting a deflection 
more than a certain amount. Let’s say you pick a certain 4— ~, say—and 
you want to make sure that you get greater than fr~. That only means that 
you have to hit inside an area closer than the b which belongs to that ~. 
Any collision closer than b will produce a deflection bigger than ~, where b 
is bg, belonging to ~ through this equation. If you come further away, I 
have less deflection, less force. So, therefore, the so-called cross section of 
area that you have to hit for deflection, to be greater than 4 (I’ll leave off 
the naught), is -rrb’, where b is Z/Va$ tan? 412. In other words, it is 
irz’IV.,? tan’ ~12. And that’s the law of Rutherford’s scattering. That tells 
you the probability of the area you have to hit—the effective area that you 
have to hit—in order to get a deflection more than a certain amount. This z 
is equal to Ze*Im; this is a fourth power, and it is a very famous formula. 
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It is so famous that, as usual, it was not written in this form when it was 
first deduced, and so I, just for the famousness of it, will write it in a 
form—well, Pll leave you to write it in a form. I'll write just the answer, 
and I'll let you see if you can show it. Instead of asking for the cross 
section for a deflection greater than a certain angle, we can ask for the 
piece of cross section, du, that corresponds to the deflection in the range d~ 
that the angle should be between, here, and there. You just have to 
differentiate this thing, and the final result for that thing is given as the 
famous formula of Rutherford, which is 4 Z’e* times 2rr sin~ d~ divided by 
4m’ V,.* times the sine of the fourth power of ~!2. This I write only because 
it’s a famous one that comes up very much in physics. The combination 2ir 
sin4 d~ is really the solid angle that you have in range d4~. So in a unit of 
solid angle, the cross section goes inversely as the fourth power of the sine 
of 4/2. And it was this law which was discovered to be true for scattering 
of a particles from atoms, which showed that the atoms had a hard center 
in the middle...a nucleus. And it was by this formula that the nucleus was 
discovered. 

Thank you very much. 
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ove the line, notes for the final steps of the proof of the law of ellipses. 
3elow the line, Rutherford’s law of scattering. 


